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PREFACE 


Electromagnetic Field Theory is the study of characteristics of electric, magnetic and combined 
fields. The history of electromagnetism dates back over several thousand years, and in the twenty- 
first century, its applications are far reaching. Electromagnetism manifests as both electric fields and 
magnetic fields. In fact, all the forces involved in interactions between atoms can be explained by 
electromagnetic force, together with how these particles carry momentum by their movement. Use 
of any electric or magnetic or electromagnetic device involves the presence of electromagnetism. Its 
increased usefulness in science and engineering has made it gain an important position in various areas 
of technology or physical research. 

Electromagnetic Field Theory is designed for undergraduate and postgraduate students studying 
electromagnetic field theory. The highlight of the book is its lucid and easy-to-understand language, with 
in-depth coverage of all the important topics sequentially which are supported by numerous illustrations. 
The book begins with a discussion on experimental laws and gradually synthesises them in the form of 
Maxwell’s equations in an adoptive approach. The latter part of the book takes the axiomatic way of 
presentation, starting with Maxwell’s equations, identifying each with the appropriate experimental law, 
and then specialising the general equations to static and time-varying situations for analysis. 

Being one of the extreme events of the human intellect, electromagnetic theory is, therefore, the 
foundation of the technologies of electrical and computer engineering. The study of electromagnetism 
and electromagnetic field theory thus becomes imperative for all branches of engineering dealing with 
electricity and electronics and related applications. 


Salient Features of the Book 


e Simple and lucid language 

e In-depth discussion on vector algebra and coordinate systems to build strong fundamentals for 
the course 

e Comprehensive coverage of topics like electric and magnetic fields, wave propagation, wave 
guides and antenna 
Exhaustive treatment of electrostatics and electromagnetic waves and their applications 
Complexities of subject overcome through easy explanation, illustrative examples and simplified 
derivations 

e Excellent pedagogy with several hundreds of solved examples, review questions, exercises and 
multiple-choice-questions. 


Solved Examples: 300 
Exercises: 157 
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Multiple Choice Questions: 189 
Review Questions: 130 


Illustrative examples are interspersed throughout the book at appropriate locations. Most questions 
have been selected carefully from different university question papers and competitive examinations. 
With so many years of teaching experience, we have found that such illustrations permit a level of 
understanding otherwise unattainable. As an aid to both, the instructor and the student, multiple-choice 
questions, review questions and the exercise problems provided at the end of each chapter progress 
from easy to hard levels. 


Structure of the Book 


The book is organized in seven chapters with the first chapter beginning with a discussion on vector 
which is the most basic requirement in the study of electromagnetism. In the subsequent chapters, the 
effects of non-varying electric charges, uniformly varying electric charges and varying electric charges 
with accelerating or decelerating velocity, have been discussed in detail. The concluding chapters cover 
some of the practical applications, such as transmission lines, waveguides. 


Chapter 1 gives an introduction to vector analysis with an emphasis on scalar and vector fields, 
properties of vectors, vector algebra, coordinate systems, general curvilinear coordinates, differential 
elements, vector calculus, Gauss’ divergence theorem, Stokes’ theorem and classifications of vector 
fields. Since the book has been written with a vector approach of the fundamental quantities, and 
the knowledge of vector is indispensable for the study of electromagnetism, this chapter serves as a 
foundation for the study of electromagnetic theory. 


Chapter 2 elaborates on the basic physics behind the interaction of static electric charges with the 
nature and associated phenomena. It explains electric fields and discusses electric charge, Coulomb’s 
law, superposition of charges and electric fields, electric flux displacement and flux density, electric 
potential, potential gradient, equipotential surfaces, electric dipoles, Poisson’s and Laplace’s equations, 
uniqueness theorem, capacitance, method of images, electric boundary conditions and Dirac—Delta 
representations among others. Chapter 3 provides the basis for understanding the physics behind the 
interaction of static magnetic charges, in the form of either magnets or moving electric charges, with 
the nature and associated phenomena. This chapter is divided into two parts. Part / deals with behavior 
of different electrical materials in an electric field and Part II deals with magnetostatic field. The Biot- 
Savart law and Ampere's law are discussed in this part. Chapters 2 and 3 together cover the concept of 
electrostatics to the core. 


The following two chapters enlighten the concepts of electromagnetic fields and wave propagation. 
The functions of different practical electromagnetic devices and their accessories can be understood 
after completing these chapters. Both these chapters also open up the scope of different research 
activities related to electromagnetic wave phenomena. Chapter 4 discusses electromagnetic fields with 
special emphasis on time-varying fields. The topics taken up are Faraday's law of induction, induced 
emf, and inconsistencies in Ampere's law, Maxwell's equations and potentials for electromagnetic 
fields. Chapter 5 is on electromagnetic wave propagation, reflection, refraction and polarisation 
of electromagnetic waves. It also covers Helmholtz equation, properties of electromagnetic waves, 
standing electromagnetic waves, intrinsic impedance, propagation of uniform plane waves through 
different media, Poynting theorem and Poynting vector. 
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Chapter 6 covers transmission lines, their types, modes, parameters, equations, characteristic and 
input impedance, and the Smith chart. The concluding chapter, Chapter 7, explains waveguides and 
their properties and types—rectangular, circular-power losses and attenuation, cavity resonator and 
resonant cavities, dielectric slab waveguides, transmission line analogy, and finally, the applications of 
waveguides. Both these chapters describe two different applications of electromagnetic field theory— 
Transmission lines and waveguides, which provide the base for understanding the functionaries of 
many modern electromagnetic devices. 

In addition, each chapter contains a summary and a list of important formulae for quick review. A 
large number of solved examples, short-answer-type question-answers, exercise problems, objective- 
type questions and review questions taken from different university question papers and other 
competitive examinations have also been included. These features make it an indispensable source of 
study of electromagnetic theory for students and practicing engineers alike. The book will help them 
improve their problem solving capability and also will guide them prepare for different competitive 
examinations. 


Web Supplements 


The following additional information is available at http://www.mhhe.com/ghosh/eft 1 


e Chapter on Antennas and Wave Propagation 
e Additional Exercises 
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VISUAL WALKTHROUGH 





Learning Objectives ^ Learning Objectives offer an overview 


of chapter ideas. Each chapter opens with 
a list of objectives that will be discussed 


This chapter deals with the following topics: 
m Sources of electrostatics 
Basic laws of electrostatics 


To acquire knowledge of fundamental quantities of electrostatics 


Boundary conditions in electrostatics 


Concepts of capacitance 


and explained throughout the chapter. 





Introduction at the beginning of each 
chapter lays a foundation for the topics 
that have been explained in detail in the 
succeeding pages. 


Example 4.1 An infinite straight wire carries a current J is placed 
to the left of a rectangular loop of wire with width w and length /, as shown 
in Fig. 4.2. 


(a) Determine the magnetic flux through the rectangular loop due to the 
current J. 

(b) Suppose that the current is a function of time with /(f) = a + bt, where 
a and b are positive constants. What is the induced emf in the loop 
and the direction of the induced current? 


Solution 
(a) Using Ampere's law, 


$Ë- dS = biolen 
the magnetic field due to a current-carrying wire at a distance r away is 


— Hol 
B= nr 


Fig.4.2 Rectangular 


4.1 INTRODUCTION 


In the previous chapters, we have studied different concepts of electrostatic and magnetostatic fields. 
In general, electrostatic fields are produced by stationary charges and magnetostatic fields are produced 
by motion of electric charges with uniform velocity (i.e. steady currents). However, if the current is 
time-varying, the field produced is also time-varying and is known as electromagnetic fields or waves. 

In this chapter, we will discuss the concepts of electromagnetic fields and contribution of Maxwell 
to the laws of electromagnetism. 


4.2 FARADAY’S LAW OF INDUCTION FOR 
TIME-VARYING FIELDS 


English physicist Michael Faraday and American scientist Joseph Henry independently and 
simultaneously, in 1831, observed experimentally that any change in the magnetic environment of a 
coil of wire will cause a voltage (emf) to be induced in the coil. If the circuit is a closed one, this emf 
will cause flow of current. This phenomenon is known as electromagnetic induction. The results of 
Faraday and Henry’s experiment led to two laws: 





1. Neumann’s Law: When a magnetic field linked with a coil or circuit is changed in any manner, 
the emf induced in the circuit is proportional to the rate of change of the flux-linkage with the circuit. 


2. Lenz's Law: The direction of the induced emf is such that it will oppose the change of flux producing 
it. 


S9 ——W——- 





| Illustrated Examples have been care- 

fully selected from various university 

| question papers and competitive exami- 

nations. These examples will help stu- 

dents achieve a level of understanding 

which is not possible through theory 
alone. 











loop near a wire 


NOTE 


Vector Representation of Surface 


Differential surface area is defined as a vector whose magnitude corresponds to the area of the 
surface and whose direction is perpendicular to the surface. 





Notes offer additional information on = - dS = dSà, 
h . . . h k For closed surface, the outward normal direction is taken as positive direction. For an open surface, 
t e topics discussed int e boo . the normal created by positive periphery according to the right-hand cork screw rule is taken to be 
positive. 


Ifthe surface is not a plane, then the surface is subdivided into smaller elements that are considered 
to be plane and a vector surface is considered for each of these elemental surfaces. Vector addition 
of these elemental vector surfaces gives the total surface. 











Summary 


e Faraday's law states that the emf induced in a closed circuit is proportional to the rate of change of 
the magnetic flux-linkage and the direction of the current flow in the closed circuit is such that it 
opposes the change of the flux. 


* Different forms of Faraday's law are: 
Differential Form: vxE--88 Summary at the end of each chapter act 
as an overview of all the topics discussed 


Integral Form: $£.di --4 |B.d$ ^ ; 
: s in that particular chapter. 


e Induced emf for different cases are as follows: 


Stationary loop in time varying magnetic field (transformer emf) 


Moving loop in static magnetic field (motional emf) 


£,-4E, di 2 $9 x B) dÏ 
C [^] 





























Important Formulae 
Faraday's law Es do 
^ dr 
Integral form of Faraday's law £2.77 4r 
$E dl = al? dS 
Differential form of Faraday’s law wick OB 
List of Important Formulae after Sum- XE 
mary will help students review all the Transformer EME z,-- 2B. as 
E ó B s 
important formulae in a short period of GEE neissa 
time! c 
EMF induced in Faraday disc generator E= T Ba? 
m2 
Modified Ampere’s circuital law X22 AD 
VxH=J+ Em 
Inhomogeneous wave equation " av p = QA 
V dp uiv iar V 4-ue& vou 

















Exercises 





[NOTE: * marked problems are important university problems] 


© Easy Chapter-end Exercises have been divid- 


1. A conductor 1 cm in length is parallel to the z-axis and rotates at radius of 25 cm at 1200 r.p.m. d . h l 1 di d 
Find the induced voltage, if the radial field is given by B = 0.54, T. [15708mvj | €d into three levels as easy, medium an 


2. Asquare conducting loop with sides 25 cm long is located in a magnetic field of 1 A/m varying i i : 
at a frequency of 5 MHz. The field is perpendicular to the plane of the loop. What voltage will be hard which will help students assess their 


read on a voltmeter connected in series with one side of the loop? [2.54 V] level of understanding 
3. Asquare loop of wire 25 cm has a voltmeter (of infinite impedance) connected in series with one 

side. Determine the voltage indicated by the meter when the loop is placed in an alternating field, 

the maximum intensity of which is 1 A/m. The plane of the loop is perpendicular to the magnetic 

field, the frequency is 10 MHz. [4.93 V] 





Review Questions 





Review Questions include theoretical [NOTE: * marked questions are important university questions.] 


1. State and explain Faraday's law of electromagnetic induction. 


questions to allow students to confirm *2, From the fundamental principle, establish the relation (i) V x E= -9 and Gi) Vx H=J+ 2D 








š . 9 ot 
their mastery of topics and concepts 3. Show that the electric field E induced by a time-varying magnetic field B is given by the 
expression Vx Ë = -2 : 
Multiple Choice Questions 

1. Maxwell's equations in differential form from Ampere's law are obtained from 
(a) M. M. F. area (b) Electric potential area 
(c) Magnetic flux volume (d) Electric current area. . . . 

2. Maxwell’s equations are not completely symmetrical because Set of Multiple Choice Questions at the 
(a) isolated magnetic charges do not exist. : 
(b) it is difficult to get curl of a vector in spherical coordinates. end of each chapter Serves as an exercise 
(e) Dis always cero. for students for quick understanding and 
(d) V x H does not exist in free space. 6 

3. A circular disc of 1 m radius rotates at 150 radians per second anticlockwise on ó-r plane with flux analysis 


density B = 107a, tesla. The voltage induced between two stationary brushes connected at the 
centre and at the circumference will be 
(a) 0.15 V (b) 0.075 V (c) 1.0V (d) 0.85 V 
4. A conductor 4 m long lies along the y-axis with a current 10.0 A in the a, direction, the force on 
the conductor if the field in the region be B — 0.05a, T is 
(a) -2.0a, N (b) 2.02, N (c) 2.0a,N (d) -2.0a,N 





VECTOR ANALYSIS 





Learning Objectives 
This chapter deals with the following topics: 


W Vector algebra and calculus 
m Different laws of vector 





11 INTRODUCTION 


Electromagnetics 1s the branch of physics or electrical engineering in which the electric and magnetic 
phenomena are studied. The basic knowledge for analysing the performance of any electrical network is 
the knowledge of circuit theory. However, the approach of circuit theory is a simplified approximation 
of a more exact field theory. Field theory 1s more difficult than circuit theory because of the larger 
number of variables involved. For most electromagnetic field problems, there are three space variables 
and thus, the solutions become complex. 

This can be overcome by the use of vector analysis. Thus, knowledge of vector analysis is an 
essential prerequisite to the study of electromagnetic field theory. The use of vector analysis in the 
study of electromagnetic field theory results in less time for solutions. 


1.2 SCALAR AND VECTOR QUANTITIES 


A quantity that has only magnitude is said to be a scalar quantity. Examples of scalar quantities are 
time, mass, distance, temperature, work, electric potential, etc. Scalar quantities are represented by 
italic letters, e.g., A, B, a, b, and F. 

A quantity that has both magnitude and direction is called a vector quantity. Examples of vector 
quantities are force, velocity, displacement, electric field intensity, etc. Vector quantities are represented 
by a letter with an arrow on the top, such as 4 and B or with a bold letter, such as F, a, B. 


13 FIELDS 


If at each point of a region, there is a value of some physical function, the region is called a field. 
Fields may be classified as scalar fields and vector fields. 
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1.3.1 Scalar Fields 


If the value of the physical function at each point is a scalar quantity, then the field is known as a scalar 
field. 

Some examples of scalar fields are: temperature distribution in a building, sound intensity in a 
theatre, height of the surface of the earth above sea level and electric potential in a region. 

A scalar field independent of time is called a stationary or steady-state scalar field. 


1.3.2 Vector Fields 


If the value of the physical function at each point is a vector quantity, then the field is known as a vector 
field. 

Some examples of vector fields are: gravitational force on a body in space, wind velocity in the 
atmosphere and the force on a charge body placed in an electric field. 

A time-independent vector is called a stationary vector field. 


14 PROPERTIES OF VECTORS 


We will consider the following essential properties that enable us to represent physical quantities as 
vectors: 


1. Vectors can exist at any point in space. 

2. Vectors have both the direction and the magnitude. 

3. Any two vectors that have the same direction and magnitude are equal no matter where they are 
located in space; this is called vector equality. 

4. Unit vector: A vector A has both magnitude and direction. The magnitude of Aisa scalar written 
as A or | Al. A unit vector à , along A is defined as a vector whose magnitude is unity and its 
direction is along A. 

In general, any vector can be represented by its magnitude and its direction as follows. 


A= 4à,- |A|á, (1.1) 


where A or | A| represents the magnitude of the vector and a, direction of the vector A. 
This a, is called a unit vector. 
From Eq. (1.1), the unit vector is given as 


- Å 
a,=4= (1.2) 


Note that, |a 4l =1 
In Cartesian coordinates, the unit vectors along the three axes, e.g., x-axis, y-axis and z-axis, are 


represented as (a,, à, a.) or as (i, j, k). 





5. Component vectors: Any vector A in Cartesian coordinates may be represented as (A,, A, A.) or 
A- A,a, + Aa, + Ad, (1.3) 
where A,, A,, A, are called the component vectors in x, y and z directions, respectively. 
Using the Pythagorean Theorem, the magnitude of Ais given as 


A=|A|=,/ Ap + 4) + A? 
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The unit vector along Ais given as 





" A A Aa A,a, + Aa, 
A 


MI fae e+ 


ay= 
6. Vector decomposition: Choosing a coordinate system with an 
origin and axes, we can decompose any vector into component * 
vectors along each coordinate axis. In Fig. 1.1, we choose A 4 ^z 
Cartesian coordinates. A vector at P can be decomposed into 
the vector sum 


(1.4) 


A=A,+4,+4, 
where, A, is the x-component vector pointing in the positive a 
or negative x-direction, and 4, is the y-component vector E 
pointing in the positive or negative y-direction and A, is Ay 
the z-component vector pointing in the positive or negative 
z-direction (Fig. 1.1). 

7. Direction angles and direction cosines of a vector: The direction cosines of a vector are merely 
the cosines of the angles that the vector makes with the x, y, and z axes, respectively. We label 
these angles o (angle with the x-axis), D (angle with the y-axis), and y(angle with the z-axis). 
Given a vector (A,, A, A.) in three-space, the direction cosines of this vector are given as 


Fig. 1.1 Vector decomposition 





A 
l= cos @ = —————— (1.5a) 
J++ 
A, 
m = cos B= (1.5b) 
A+A 
A 
n =cos y= z (1.5c) 





far at & 


Here, the direction angles æ, D, y are the angles that the vector makes with the positive x-, y- and 
z-axes, respectively. In formulas, it is usually the direction cosines that occur, rather than the 
direction angles. We have 


cos? æ cos? B + cos? y =1 (1.54) 


Direction cosines define the orientation of a vector in three dimensions. 


15 VECTOR ALGEBRA 


We consider the addition, subtraction and multiplication of vectors. 


1.5.1 Vector Addition and Subtraction 


Let Á and B be two vectors given as 
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We define a new vector, C = 4+ B, the vector addition of A and B and is given as 


C=(A+B)=(A4,4,+ 4,4, + 4,ā,) + (B,a, + By, + Bà.) 
=(A,+ B,)a,+(A,+ B,)a, + (4, + B,)a, 


Similarly, we define a new vector, D=A- B, the vector subtraction of A and B and is given as 


D=(A-B)= (La, + 4a, + 4a.) -(Ba, Ba, + Ba) 


-(4,-B)a *(4;—- Ba e04 = Ba. 
Physically, vector subtraction (A — B) is the addition of vector A and vector B after reversing the 
direction of vector B. 


Graphically, vector addition and subtraction are obtained by the triangle or parallelogram rules as 
explained below. 


Triangular Rule of Vector Addition An arrow is drawn that represents the vector A. The tail 
of the arrow that represents the vector B is placed at the tip of the arrow for A as shown in Fig. 1.2 
(a). The arrow that starts at the tail of 4 and goes to the tip of B is defined to be the vector addition, 
C — A4 B This is the triangle rule of vector addition. 








D, 





> 
-B 





(c) 
Fig. 1.2 (a) Vector addition triangle rule, (b) vector addition parallelogram rule, (c) vector subtraction 
triangle rule, and (d) vector subtraction parallelogram rule 


Parallelogram Rule of Vector Addition The vectors A and B can be drawn with their tails 
at the same point. The two vectors form the sides of a parallelogram. The diagonal of the parallelogram 


corresponds to the vector C = A + B, as shown in Fig. 1.2 (b). This is the parallelogram rule of vector 
addition. 


Vector addition and subtraction satisfies the following properties: 


1. Commutivity: The order of adding vectors does not matter. 


A-B-B«4A 


Vector Analysis 5 





2. Associativity: When adding three vectors, it does not matter which two we start with 
A+(B+C)=(A+B)+C 
3. Identity element for vector addition: There is a unique vector, 0, that acts as an identity element 


for vector addition. 
This means that for all vectors A, 


A+0=0+A=A 


4. Inverse element for vector addition: For every vector A, there is a unique inverse vector 


such that At (- A)=0 


This means that the vector —A has the same magnitude as A, i.e., | A|=|— A|= A; but they point 
in opposite directions. 

5. Distributive law for vector addition: Vector addition satisfies a distributive law for multiplication 
by a number. 
Let c be a real number. Then 


c(A+ B) 2 cA* cB 


15.2 Vector Multiplication or Product 


When two vectors 4 and B are multiplied, the result may be a scalar or a vector depending on how they 
are multiplied. There are two types of vector multiplication: 


1. Scalar or Dot Product, and 
2. Vector or Cross Product. 


15.3 Scalar or Dot Product (A -B) 


Definition The scalar or dot product of two vectors A and B, 
written as A-B, is defined as (Fig. 1.3) a 
A 
A- B= AB 1. 
cos 0 45 (1.6) Dus > 
; = = B 
where 0,5 is the smaller angle between A and B, 


A = " m Fig. 1.3 Dot product of two 
A=|A| and B=|B| represent the magnitude of A and B, Veetors 


respectively. 


The dot product can be positive, zero, or negative, depending on the value of cos 0,5. The result of 
A-Bis always a scalar quantity. 


Dot product is geometrically defined as the product of magnitude of B and the projection of A onto 
B or vice versa. This is illustrated in Fig. 1.4 (a) and (b). 
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EN 
By 
B/ | 
M j 
a < E 
A Bcos@ A 
(b) 
Fig. 1.4 Projection of vectors and the dot product 
Properties of Dot Product 
1. The first property is that the dot product is commutative 
A-B=B-A 
2. The second property involves the dot product between a vector cA which is a scalar and a vector 
B 
cA: B-c(A- B) 
3. The third property involves the dot product between the sum of two vectors A and B with a 
vector C 


(A B). C2 A. C4 B.C 
This shows that the dot product is distributive. 
4. Since the dot product is commutative, similar relations are given, e.g., 


A-cB= c(A : B) 
C-(A+B)=C-A+C-B 
Vector Decomposition and Dot Product We now develop an algebraic expression for the 


dot product in terms of components. We choose a Cartesian coordinate system with the two vectors 
having component vector as 


A= A,a,+ A,a, + 4,4, 
B= B,a,+ B,a,+ Bâ, 
A: B - (Ad, + A,a,+ A,4,)-(B,a, + B,a, + B,a,) 
= A,B, (à, à) + A,B, (à, à,) + 4B, (à, à.) + A,B, (a, à,) + A,B (â, à.) 
+ A,B, (a, à,) + A,B, (a, à;) + AB, (à, à,) + A,B, (a, : a,) 


Zz x 








Now, 4,: 4, = 4, a, =a,-a,=1cos(0°) =1 


and d,:a,=a,-a, 





G,-4,=4,-a,=4,- 4, =4,-@, =1c0s(90°)=0 





Hence, we get 





A-B=(A,B,+ AB, 4,B,) (1.7) 
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Application of Dot Product 


1. The dot product is to find the work done by a force F fora 
displacement of D, given as 


TY 


W=F-D=FDcos@ i 


0 
2. It is used to find out the line integral of a vector over a path, ! 
> 
D 


e.g., to calculate the electric potential between two points in 
an electric field. 

3. It is used to find out the surface integral over a surface, e.g., 
to calculate the total charge enclosed by a surface placed in an electric field. 


Fig. 1.5 Work done by a force 


Example 1.1 Given the two vectors 
A- -7à, 4 12a, 4 3à, and B = 4a, — 2a, + 16a, 
Find the dot product and the angle between the two vectors. 
Solution The dot product between the two vectors is given as 
A: B=(A,B,+ A,B, + A,B,) -(-7) x4*12x (-2)+3x16=-4 


Since the dot product is negative, it is expected that the angle between the two vectors will be greater 
than 90°. 


Here, |4| - 4 (- 7)? +1224 3? = 4/202 
|B|- J 4? + (-2 +16? =/ 276 


Hence, the angle between the two vectors is given as, 





0 = cos! s 3 = cos gs = 90.97? 
| A||B| 4/202 x 276 


1.5.4 Vector or Cross Product (A x B ) 


Definition The cross product of two vectors Á and B, written as (A x B), is defined as 
Ax B= AB sin 0 424, (1.8) 


where à, is the unit vector normal to the plane containing A and B 


The vector multiplication is called cross product due to the cross sign. It is also termed as vector 
product because the result is a vector. 
The direction of the cross product is obtained from a common rule, called right-hand rule. 


Right-hand Rule for Direction of Cross Product The direction of à, is taken as the direction 
of right thumb when the fingers of the right hand rotate from A to B [F 1g. 1.6 (a)]. Alternatively, the 
direction of a, is taken as that ofthe advance of right-handed screw as A is turned into B [Fig. 1.6 (b)]. 
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(a) (b) 
Fig. 1.6 (a) Right-hand rule, and (b) Right-hand cork-screw rule 





We can give a geometric interpretation to the magnitude of the cross product by writing the definition 
as "I 
|A x B|= A(B sin 0) 

The vectors A and B form a parallelogram. The area of the parallelogram equals the height times 
the base, which is the magnitude of the cross product. In Fig. 1.7, two different representations of the 
height and base of a parallelogram are illustrated. As depicted in Fig. 1.7 (a), the term B sin @ is the 
projection of the vector B in the direction perpendicular to the vector Á. 











A 
Fig. 1.7 Projection of vectors and the cross product 


We could also write the magnitude of the cross product as 
|A x B|- (Asin 0)B 
. Now the term A sin @ is the projection of the vector A in the direction perpendicular to the vector 
B as shown in Fig. 1.7(b). 
Properties of Cross Product 


1. The cross product is anti-commutative since changing the order of the vector $ cross product 
changes the direction of the cross product vector by the right-hand rule: 


AxB--Bx4A 
2. The cross product between a vector cA where c is a scalar and a vector B is 
cAx B= c(A x B) 
Similarly, AxcB=c(AxB) 
3. The cross product is not associative. 


Ax (Bx C)#(Ax B)xC 
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4. The cross product between the sum of two vectors A and B with a vector C is, 
(A+ B)xC=AxC+BxC 
Similarly, Ax(B-C)-2 Ax B- AxC 
This shows that the cross product is distributive. 


We now develop an algebraic expression for the 


Vector Decomposition and Cross Product 
cross product in terms of components. We choose a Cartesian coordinate system with the two vectors 


having component vector as 


Ax B=(A,a,+ Ajà,* 4,8.) x (B,a, + Bd, + B,à.) 
= A,B, (a, X a,) + A,B, (a, x ay) + A,B, (a, X a,) + A,B, (a, x a,) + A,B, (a, X a.) 
+ A,B, (a, x a,) + A,B, (a, x a.) + A,B, (a, x a,) + A,B, (a, x ay) 


Now, for right-handed coordinate system 
a,X a,=a,X a,=a,X a, 








and, 4, @,=a,=-a,Xa@, G,X@,=a@,=-a,Xa@, a@,Xa,=a,=-4,X 4, 
This is illustrated in Fig. 1.8 (a) and (b). 
ay a, ay -âz 
ay ay 
> a 
ay y 
a, -— - az 
ay -âx 
(b) 


(a) 


Fig. 1.8 (a) Moving clockwise leads to positive results, and (b) Moving counterclockwise leads to negative 


results 


(A,B, — 4,B,)a, + (A,B, — A,B.) 4, + (A,B,— 4,B,)â, 


Ax B=(A,B, 
á, à, à, 
-A 4, 4, 
B, B, B, 





Hence, we get 


(1.9) 





| 10 Electromagnetic Field Theory 





Example 1.2 Given the two vectors 
A=84, + 3à, — 10a, and B =-15a, + 64, +174, 


Find the cross product between the two vectors and the unit vector normal to the plane containing the 
two vectors A and B. 


Solution The cross product between the two vectors is given as 








Hi. dE. CU, 
AXB=|A, A, A, -(4,B, — A,B,)à, * (4,B,— 4,B,)a, + (4,B, — A,B,)a, 
B. B, B, 
-[3x17 - (-10) x 6]a, + [(-10) x (-15) - 8x 17]a, - [Bx 6 - 3x (-15)]a, 
- 111a, + 14a, + 93a, 
The unit vector normal to the plane containing the vectors A and B is given as 
.  AxB 111a, + 14a, + 93a, 111a, + 14a, + 93a, 
a,==—= = = 
AIIB] 4/8? +3?+ (-10? 4 (15)? + 67 +17? ane 
= 0.36a,  0.04a, + 0.304, 


Example 1.3 Two vectors are represented by A= 2i + 27, B=3i + 47 — 2k. Find the dot and 
cross-products and the angle between the vectors. Show that A x B is at right angle to A. 


Solution Here, 4=2i+2j7, B-3i «4j - 2k 
A-B=2x3+2x4+0x(-2)=14 


à, à, dà, ja, à, à, 
AxB=|A, A, A|-|2 2 O0|--4a,-4a, * 2à, 
B, B, B, 3 4 -2 
Now, A-42242240-2.83; B=,/3?+4?4+(-2)? =5.39 
A- B= ABcos@ 
a( A: B 7 14 
UP 1 = 1 = o 
— 0 = cos Ca cos 5) 23.2 


For Ax B to be at right angle to A, (Ax B)- A should be zero. 
(Ax B): 4=2x(-4)+2x44+0x2=0 (Proved) 


Applications of Cross Product 


1. To find the torque about a point P which can be described mathematically by the cross product 
of a vector from P to where the force acts, and the force vector. 
2. To find the force experienced by a current carrying conductor placed in a magnetic field. 
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1.5.5 Triple Products 


Multiplication of three vectors A, B and C is called vector triple product. The product of three vectors 
is classified into two categories: 


1. Scalar triple product, and 
2. Vector triple product. 
Scalar Triple Product For the three vectors A, B and C, scalar triple product is defined as 
A-(Bx C)=B-(Cx 4) 2 C- (Ax B) 
Since the result is a scalar quantity, this is known as scalar triple product. 


If the components of three vectors Á, B and C are given as A= (A,, Ay Az), B= (B, B,, B, ), 


C= (C,, C,, Cz), respectively, then the scalar triple product is obtained by the determinant of a 3 x 3 
matrix given as 














du 4 
A(BxC)=|B, B, B, 
CE ONE oF 
B, B, B, 
Similarly, B-(Cx A)=|C, C, C, 
A, A, A, 
Ch Cn AC 
and C-(AxB)=|4, A, A, 
B. B, B, 


We know from a determinant theorem that if any two columns or rows of a determinant are interchanged, 
its value remains the same, but the sign changes. Hence, we can write 


B. B, B, B. B, B, My Ay. A4) M4 4 4 
B: (Cx4)=|C C, C,)=-|A4, A, A;-(9€92, B, B,-|B, B, B, 
A. A, A, CG C, C, G 6 GI IG €. G 
Similarly, 
CG © G B, B, B, Ag 4 Ag AS 4 4 
C- (Ax B)=|4 A, 4|=-4 A, A|-C)C)B, B, B,-|B, B, B, 
B, B, B, G © C G © G IG © G 


























Therefore, we can write that 











A:(Bx C) 2 B-.(Cx A) 2 C-(Ax B) (1.10) 
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Example 1.4 Ifthe components of three vectors n aC 


A, B and C are given as, 


A=(A,, Ay, 4), 
B - (B,, B, B.), 
C(ai) 











respectively, then show that 4-(B x C) is the volume 
of a parallelepiped of sides A, B and C. Fig.1.9 Scalar triple product 
Solution Here, 


Bx Č = BC sin @ à, = Area of the rectangle with side B and C and 
perpendicular to the plane containing the vectors B and C 
= Pa, =P 
A- (Bx C)= A: P= AP cos ó 
= Product of the component of A normal to BC-plane and 
the area of the parallelogram with sides B and C 
= Volume of the parallelepiped of sides A, B and C 
Vector Triple Product For the three vectors A, B and C, vector triple product is defined as 
Ax (Bx C) = B(A- C) - C(A- B) (1.11) 
Since the result is a vector quantity, this is known as vector triple product. It may be noted that 


Ax (B x C) is in the plane containing B and C and is perpendicular to A. 
Associative law does not hold good for vector triple product, i.e., 


Ax(Bx C)#(Ax B)xC 
Rather, 
(Ax B)x C =-Cx (Ax B)  -[A(C: B) - B(C- A] = B(C- A) - AC. B) 


The concept of vector triple product is used in deriving wave equations from Maxwell’s equations. 


16 COORDINATE SYSTEMS 


Coordinate system is defined as a system to describe uniquely the spatial variation of a quantity at all 
points in space. 
All coordinate systems can be broadly classified into two categories: 


1. Orthogonal coordinate systems: Three coordinate axes are perpendicular to each other. 
2. Non-orthogonal coordinate systems: Coordinate axes are not perpendicular to each other. 


From another point of view, the coordinate systems are of two types: 


1. Right-handed coordinate systems: These systems follow the right-hand cork-screw rule. This 
means that if one rotates from the first coordinate axis towards the second coordinate axis, a 
right-hand screw will advance in the positive direction of the third coordinate axis. 
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2. Left-handed coordinate systems: These systems follow the opposite movement of a right-handed 
screw. 


Here, we will discuss the most useful three right-handed orthogonal coordinate systems; namely, 


1. Cartesian or rectangular coordinates, 
2. Circular or cylindrical coordinates, and 
3. Spherical coordinates. 


1.61 Cartesian or Rectangular Coordinates (x, y, z) 
A point P in Cartesian coordinates is represented as P(x, y, Z). 
The ranges of coordinate variables are 
—oco«X«oo 
—oo«y«oo (1.12) 
—oo«Zz«oo 
From Fig. 1.10 (5), it is understood that any point in rectangular coordinates is the intersection of 


three planes (i) constant x-plane (ii) constant y-plane and (iii) constant z-plane, which are mutually 
perpendicular. 





P(x, y, 2) 


e. z= Constant 
I 
i 
I 
i 
I 
7 
I 
i 





Z 
A A X = Constant 
| 7f 








gi sme-BRERRAR >y 


x | LA constant 


(b) 




















x (a) 


Fig. 1.10 (a) Cartesian coordinates, and (b) Constant x, y, z planes 


A vector A in Cartesian coordinate system is written as 
A= A,a,+ Aya, t Aa, (1.13) 


where, à,, ys a, are the unit vectors along the x, y and z directions, respectively. 
From the definitions of dot product, we see that 


) 








1 
a=0 (1.14) 








Be 42 (1.15) 


| 14 Electromagnetic Field Theory 





1.6.2 Cylindrical or Circular Coordinates (r, à, z) 
A point P in cylindrical coordinates is represented as P(r, @, z). 


Here 


r = radius of the cylinder passing through P = radial distance from the z-axis 
$ = angle measured from the x-axis in the xy-plane, known as azimuthal angle 
z — same as in Cartesian coordinates 


The ranges of coordinate variables are 


0€r«ee 

0x9«2mx (1.16) 

—oeo«z«oo 
From Fig. 1.11 (5), it is understood that any point in cylindrical coordinates is an intersection of three 
planes viz. (i) constant ‘r’ plane (a circular cylinder) (ii) constant @ plane (semi-infinite plane with its 
edge along the z-axis (iii) constant z-plane (parallel to xy-plane). 


r=Constant_A 








i 
! z= Constant 
i 
i 
































$ = Constant 
X 
(b) 
Fig. 1.11 (a) Cylindrical coordinates, and (b) Constant r, à, z planes 
A vector 4 in cylindrical coordinate system is written as 
A= A, + Asay + 4,4, (1.17) 


where 4,, dy, à, are the unit vectors along the r, $ and z directions, respectively. 


From the definitions of dot product, we see that 








a, A, = Ay: Ag = a,-a,=1 (1.18) 
a, Ay = ay a,=a,:a,=0 7 
From the definitions of cross product, we see that 
a, X G, = Ay X Gg = a, X a, =0 (1.19) 
d,Xü,7d,;; GyXa,=4,; a,Xa,= ay 7 
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Relations between Cartesian (x, y, z) and Cylindrical (r, à, z) Coordinates The 
relationship between Cartesian (x, y, z) and cylindrical (r, @, z) coordinates are obtained from Fig. 


1.11(a) and are written as 
E fee 2 —tan-l| X = 
ra yxty $ = tan (1). z-z (1.20) 














and 





x=rcos@ y=rsing Z=Z (1.21) 


The relationships between the unit vectors are obtained from Fig. 1.12 and are given as 








> X 





Fig. 1.12 Unit vector transformation between Cartesian and cylindrical coordinates 


a, = cos 0 a, — sin 9 ay 
a, — sin 9 a, + cos $ dy (1.22) 
a,=4, 


and 
a, = cos $ a, + sin $ a, 
dy =—sin ó a, * cos a, (1.23) 
a, = Zz 


The relationships between the component vectors (4,, A,, A.) and (4,, Ay, A.) are obtained by using Eqs. 
(1.22) and (1.23) and then rearranging the terms. This is given as 

A= (A, cos ó + A, sin $)a, + (—A, sin @ + A, cos 9)a, + A,a, (1.24) 
= (A, cos 0 — Ay sin $)a, + (A, sin 9 + Ay cos Q)a, + A,a, i 


Thus, the relationships between the component vectors can be written in matrix forms as 








A, cosó sing 0| A, A, cosó -—sinó O0 || A, 
4,|-|-sinó cosó 0 A, and || 4,!- sing cos@ 0| A, (1.25) 
A, 0 0 1 4, A, 0 0 lilA 


Z 
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1.63 Spherical or Polar Coordinates (p, 0, ¢) 


A point P in spherical coordinates is represented as P(p, 0, $). 





Here, 
p = distance of the point from the origin 
— radius of a sphere centered at the origin and passing through the point P, 
0 — angle between the z-axis and the position vector P, known as colatitudes, and 
$ = angle measured from the x-axis in the xy-plane, known as azimuthal angle 
(same as in cylindrical coordinates). 


The ranges of coordinate variables are 
0€ p«eo 
0x0«m (1.26) 
0€6«2zx 


From Fig. 1.13 (5), it is understood that any point in spherical coordinates is an intersection of three 
planes, viz. (i) constant ‘p’ plane (a sphere with its centre at the origin), (ii) constant 0-plane (circular 
cone with z-axis as its axis and the origin at its vertex), and (iii) constant ¢-plane (semi-infinite plane 
as in cylindrical coordinates). 
















Z 
A 
r=psin@ Z 
0 = Constant 
P(x, y, Z) 
z-pcos 0 = P(r, à, Z) 
= P(p, 0, 9) 
p = Constant 
Z 75 " Me um LL» 
—-Y E 
x= 16086 
£p sin 0 cosó T @ = Constant 





y-rsin à - psin0sinó 





(a) (b) 








=Y 





Fig. 1.13 (a) Spherical coordinates, (b) Constant p, 0, planes, and (c) Point P and unit vectors in spherical 
coordinates 
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A vector A in spherical coordinate system is written as 
A= Anda, + Agdg+ Agdy (1.27) 
where a,, dg, dy are the unit vectors along the p, 0 and ó directions, respectively. 


From the definitions of dot product, we see that 




















dp: Ap = dg dg = Ay: Ay 1 (1.28) 
dp: Ag = dg: Ay = ds Ay 0 
From the definitions of cross product, we see that 
d, X Ap = Ag X dg = Ay X dj 0 (1.29) 
AyXAg=Ay; dgXdg—dy; AyX Ay = dg 


Relations between Cartesian (x, y, z) and Spherical (p, 0, @) Coordinates The 
relationships between Cartesian (x, y, zZ) and spherical (p, 0, @) coordinates can also be obtained from 
Fig. 1.13 (a) and can be written as 


IPS 
c PD Da Sed VX TX ) m ap 
PENX +y +z 0 = tan | z , @ = tan * (1.30) 

















and 











x= p sin 0cos @ y= p sin 0 sin z=pcos0 (1.31) 





The relationships between the unit vectors are obtained from 














Fig. 1.14 and are given as i 
a, =sin 0 cos $a, + cos 0 cos $a, — sin $a, 
a,-sinOsin$a,-*cosOsinóag-t cos pâ — (1.32) 
a, = cos 8 a, — sin 8ag " 
ar 
and 
ay= sin 0 cos ga, + sin 0 sin 9a, + cos Ba, 
dg = cos 0 cos ġa, + cosOsin a, —sinOa, — (1.33) >r 
dy = —sin ġa, + cos ĝa, 
ae ax 
The relationships between the component vectors (A,, A,, Etc ud Un vecinos 
A.) and (4, Ag, A,) can be obtained by using Eqs. (1.32) : : 
T P $ : Den . ; for Cartesian and spherical 
and (1.33) and then rearranging the terms. This is written in ordinales 
matrix form as 
A, sinOcosó  sinOsinó cos@ || A, 
Ag |=|—cos@cos@ cosOsinó -—sin0 || 4, (1.34) 
Ay —sin @ cos ó 0 A, 
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and 











A, sin@cos@ cosOcosó -sin ¢ || 4p 
A,|-|sinOsinó cosOsinó coso || A, (1.35) 
A, cos 0 —sin 0 0 A, 





Relations between Cylindrical (r, à, z) and Spherical (p, 0, 9) Coordinates The 
relationships between cylindrical (r, 6, z) and spherical (p, 0, @) coordinates are obtained from Fig. 
1.13 (a) and are written as 


and 








(1.36) 














r-psinü =6¢ 


z- pcos6| 


(1.37) 





The relationships between the unit vectors are obtained from 
Fig. 1.15 and are given as 


and 


d sin 0a, * cos 0a, 

Ag = cos 0 cos $a, — sin Oa, (1.38) 
ag = d$ 

a, =sin 8a, + cos 0 cos 9 ag 

ds = à, (1.39) 


= cos 0a, — sin 0 dg 


The relationships between the component vectors (45, Ag 4, 
and (A,, Ag, A.) can be obtained by using Eqs. (1.38) and (1.39) 
and then rearranging the terms. This is written in matrix form as 


and 











>r 


Fig. 1.15 Unit vector transformation 
for cylindrical and 
spherical coordinates 




















Ap sin@ 0 cos@ | A, 
Ag |=|cos@ 0 -sin8 Ay (1.40) 
Ay 0 1 0 A, 
A.| [sin@ cos@ oļi 4p 
Ay |=| 0 0 Ii 4 (1.41) 
A, cos@ -sinO O0] A, 
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*Example 1.5 Convert the point P(1, 3, 5) from Cartesian to cylindrical and spherical 
coordinates. 


Solution At point P: x=1,y=3,z=5 
Conversion from Cartesian to cylindrical coordinates: 


Hence, 





r= x+y? = 1+3? - 10-3162 


= -1| Y \— -1 j- o 
$ = tan (2) tan E 71.565 





z=5 


Conversion from Cartesian to spherical coordinates: 


PEN x? +y? +2 =P +3745? 2435-5916 
24 2 12 +32 
ou (3 - 7 ani = |=32.311° 


= a| V |_ -1 j- o 
@ = tan (2) tan G 71.565 


Here, 








Therefore, the point P is written as 





P(1,3, 5) = P(3.162, 71.565°, 5) = P(5.916, 32.3112, 71.565?) 





*Example 1.6 Transform the vector 
P 


Al xi y? 2, yz A 
ax a, 
af x2 + y? + 27 af x2 + yy? + 2? 


to cylindrical and spherical coordinates. 


"NI 





Solution For 4, the components are given as 
BONS 
+ 
A,= aoa A,=0 Asun H o 
J2+y +z 
Transformation from Cartesian to cylindrical coordinates: 
From Eq. (1.25), 


A, cosó sing 0|| A, cosó sing O| ¥ x+y +27 
4,|-|-sinó cosó 0| A,|=|-sin@ cos@ 0 0 
A 0 0 1 4, 0 0 1 yz 











x+y? +z" 
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x+y? 
A, = o cos $ 
xxr y +27 
a, 2 
XoF . 
A,=- 2 sin à 
Fi x4 y+ 2? 
A,=-—— 
x+y taz 
But, x=rcos@ y=rsingd nap dy; ep 
Substituting these relations, we get 
r cos 
A, — ? 
re tz? 
r sin 
Ag7 — o 
+z 
rz sin 
A= ? 
+z 








- rcosó . r sin rzsing ~ CEN NE ee 
A= Os a 5 - = (cos $a, — sin da, — z sin $a.) 
4n«z nz yr? +2? nz 
À 2 —— (cos $4, — sin a, — z sin $4.) 
rxz 








Transformation from Cartesian to spherical coordinates: 
From Eq. (1.34), 


Ay sin@cos@ sinOsinó cos0 || A 


d 
I 


cos@cos@ cos@sing@ -sin @ || A 
Ay —sin ó cos ọ 


So 
RN 


sin@cos@ sin@sing  cosO x ry +2? 
=|cos@cos@ cos@sing@ -sin 0 0 


—sin ó cos @ 0 yz 
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Foc 
J x7 + 
A,=—X* sin 8 cos 9 - cos 8 
Jx + yz 4x ty? +27 
VERIVZ 
A xo + 
Ag = A ——cos 0 cos 6 ———À — sin 0 
af x2 + yz fxr yz 





But, x = p sin 0cos @ y=psin Osin o z=pcos@ 


4 x^ y? =psind and Jxi-y cz =p 


Substituting these relations, we get 





A 2 P sin?0cosó  psinOsin ópcos? 0 
i p p 
= (sin? 0 cos ó — p sin 0 cos? 0 sin ) 
" p sin 0 cos 0 cos ó " p sin? 0 sin p cos 0 








^s p p 
= (sin 0 cos 0 cos ¢ + p sin? 0 cos 0 sin @) 
Aj = a — sin 0 sin o 


Hence, the vector is expressed in spherical coordinates as 
A= (sin? 0 cos @ — p sin @ cos? 0 sin $) d, 
+ (sin 6 cos 0 cos @ + p sin? 0 cos 0 sin $) dg — sin 0 sin ġa 
= sin O(sin 0 cos ¢ — p cos? 0 sin @) d, 
+ sin @ cos 0(cos ¢ + p sin @ sin @) ag — sin O sin gay 





A=sin 6 (sin 0 cos ó — p cos? 0 sin )a, + sin 0 cos 0 (cos ó + p sin 0 sin @) ag — sin 0 sin gay 





Example 1.7 Express the following vectors in Cartesian coordinates: 
(a) A=rzsin $a, + 3r cos Pa, +r cos ó sin ġa, 
(b) B=p'a,+sin 04, 
Solution (a) Á= rz sin 4, +3r cos oa, * r cos ó sin pa, 
Here, A, — rz sin 0, 4, — 3r cos $, A,=r cos ó sin ó 


A, cosó -—sinó O0||A, cosó -—sinó 0 rz sin à 


A,|-|sinó cosó O0! A4,|-|sinó cos@ 0 3r cos @ 
A 0 0 1l 4, 0 0 1 || rcosósin ó 
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A, — rz sin $ cos à — 3r sin dcos ó 
EM 2 

A, — rz sin gu 3r cos” @ 

A,=rcos @sin ó 


But r2 J x? * y^, cos $= = —-, sin 9 => — 
Ax ty A Xx +y 


Substituting these values 


3 


Xy 











X X Xyz 
AT 4X +yz zx y! r= = 2 T3 
x ty x Jx +y Jx +y 














2 2 2 2 
A,- 4x +y? z Z zt x+y? = >= dup ax 
x+y x ty x+y" (ery 
ey eZ xy 
A, =| xt 7 xir 
x ty x+y 


Hence, the vector in Cartesian coordinates is written as 
1 


Here, B, = P, Bo= 0, B= sin 0 
B, sin@cos@ cos@cos@ -smnó|| p 


B, -|sinOsinó cos@sing  cosó 0 


A= 


D. 2^ . — 
(b) B=p a, sin 0a, 


2 


[(xyz 2 3xy)a, + (pz 315). + xya,] 


B, cos 0 —sin 0 0 sin 0 


B, = p? sin 0 cos ó — sin O sin ó 
B, =p’ sin 8 sin ó + sin 0 cos ġ 











B, = p? cos 0 
But 
2002 
x? + 
p= x? +y? +z, sin0- A , cosĝ= E 
x+y? +27 x+y +27 
sin ọ = X , cosg= x 
x? + y? x+y? 
Substituting these values 
242 Prd 
xr + xr + 
B,- (x2 yi zi) y x y y 
4x yz (ery x+y? +27 x+y? 
=x x +y +72 — E 
x? + y* +2? 
LÀ xot y! 2?) y] 
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4x yz J|»? Jx yt zg ety? 
Se puro c 
x+y +2" 


a ey arte) eee?) 
By, (x^ + y * z^) 





=—— l o bee 


Jx x y? +27 
Z 
B, = + y + 27) a = yf x? + y? + 2? 
2 2 


x? +y +z 
Hence, the vector in Cartesian coordinates is written as 
B= — — [{x(x? + y? + 27)- yja,- {y(x + y? +27) + x}a,+ z(x? + y^ za, 
Jx +y +a? 
*Example 1.8 Express the field E = 2xyza, — 3(x + y + z)à,, in cylindrical coordinates, and 
calculate |Ē| at the point P (r=2, d= 60°, z=3). 


Solution In the cylindrical system, 


E, cos@ sing O| E. cosó sing 0 2xyz 
E,|-|-sinó cosó O|E,!-'-sinó cosó 0 0 
E, 0 0 1]| E, 0 0 1 || -3(x + y +z) 


E,— 2 xyz cos @ 

E= —2 xyz sin ó 

E,--—3(xtytz) 
But, x2rcosó, y-rsin$ó, z-z 


Substituting these values 
E, =2r cos orsin $z cos @ = 2r?z sin @ cos? @ 
E, — —2r cos ór sin óz sin  — —2r?z sin? cos ó 
E, =—3(r cos ọ +r sin 9 + z) 

Hence, the vector in Cartesian coordinates is written as 


2 


E — r?z sin 26 cos $a, — r^z sin 20 sin da, — 3(r cos 9 +r sin 9 + z)a, 


At P (r2 2,0 = 60°, z = 3), the vector is given as 


E, 22x 22 x 3sin 60? cos? 60 = 2433.1. 33 = 5.196 
E, — -2 x 2? x 3sin? 60* cos 60° = -24x 2 Q9 





E, = —3(2 cos 60° + 2 sin 60° + 3) = 2x > +2x B43) -saa 3-1719 
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Hence, at P, E = 5.1964, — 9a, — 17.1964, 
|E| 2 J (5.196)? — 9? — (17.196)? = 20.092 


Example 1.9 Given the vector field in ‘mixed’ coordinate variables as 


= xcos@.  2yz~ x^). 
V = : a, E à," A a, 





Convert the vector completely in spherical coordinates. 


:; 2 2 
Solution Here, V, = POR ife a V,= ( & 5) 
Í r r r 
But x=rcos¢@, y=rsing, z=z 


and r= x+y, cos $2 ——L— —, sin ¢ = ———— 
[3 y? [2a y? 


p" 232... x2 y 








V.=1 = 
z x+y x+y 


2 2 
ay x x 2yz |. y a 
Ps E88 s (2 


This is the vector in purely Cartesian coordinates. 








Now, by relations of Eq. (1.34), we get 





y, sin@cos@  sinOsinó  cosO || V, 
Va |-|—-cos0cosó cosOsinó -—sinO || V, 
V, —sin $ cos @ 0 LV, 
i 
x+y? 


sin@cos@  sinOsinó  cosO 5 
=|-cos@cos@ cos@sing -sinO Xz ) 
—sin $ cos ó 0 














L x) 

















2 2 2 
p ;jinoeses[ 25 Jinesnos 2 z oso 
X ty X ty X ty 
2 2 
— 2 : 3 
V= E jesteses[ 25 |cos sino -| Z -jine 
X ty X ty X ty 








2 
=x ; 2yz 
V, =| ——— |sin d+ cos 
$ 2 z] 9 | 22] 9 


x+y x 
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However, x-psin0cosó; y=psin@sing; z=pcos@ 


Therefore, the vector components in spherical coordinate system are given as 





= sg (p? sin? 0 cos? 0 + 3p” sin? 0 sin? à cos 0) 
p‘ sin 
= (sin 0 cos? 0 + 3sin? @ cos 0) 
Ve = sg (= p? sin? 0 cos 0 cos? @ + 2p? sin 0 cos? 0 sin?  — p? sin? 0 sin? @) 
p^ sin 
29442 
= peme — cos 0 cos? ¢ — sin 0 sin? J 
_{, cos 0 cos ó Das 
Vo (2 an cos* @ sin e) 


17 GENERAL CURVILINEAR COORDINATES 


Curvilinear Coordinate System  Curvilinear coordinates are a coordinate system for the 
Euclidean space based on some transformation that converts the standard Cartesian coordinate system 
to a coordinate system, with the same number of coordinates in which the coordinate lines are curved. 

The name curvilinear coordinates, given by the French mathematician Lame, derives from the fact 
that the coordinate surfaces of the curvilinear systems are curved. 


Let 


AiG, y. z). hX, y. Z), fa, y, Z) be three independent, unambiguous and smooth functions, 
X, y, z be three independent space variables in the Cartesian coordinate system, and 
Uy, Uz, Uz be three constant parameters. 


We set the equations 
uy = fi(x, y, Z) Uy = f(x, y, Z) us = f(x, y, Z) 


By this equation, three surfaces are defined that can be labelled by these parameters as shown in 
Fig. 1.16. 

The common intersection of the surfaces u; = constant 1, u, = constant 2, u, = constant 3 defines one 
point in the space to which a set of three unique numbers (1, u2, u3) can be assigned. These numbers 
are called curvilinear coordinates of that point as illustrated in Fig. 1.16. 


Position Vector in Curvilinear System We have the set of equations 
u= fi(x, y, Z) u= fo(x, y, z) us = f(x, y, Z) 
These equations can be solved and the solution can be written in the form 
x = fi (u, uz, U3) 
y = fz (MU, us) (1.42) 
z = fi, uz, us) 
This defines the position of the point A in the Cartesian system (x, y, z) using the curvilinear coordinates 
(Uj, Uy, Us). 
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Uo = const. Us = const. 





u4 = const. 





Fig. 1.16 To the definition of the curvilinear coordinates of a point A(uj,U>,U3) in the space 


Here, 
f = xà, + ya, + za, = x(u, Uz, us)a, + y(t, Uy, U3)A, + z(u, Uy, U3)a, (1.43) 


is the position vector of the point A and a,, a 


,,4; are the unit vectors along the coordinate axes of the 
Cartesian system (see Fig. 1.16). 


Base Vectors in Curvilinear System An elementary displacement of the point A in the space can 
be described by the differential formula 





4. oF or or 
dr= 25 du, * a du, + m dus (1.44) 
or dr = dua; + du4à5 + du,a; (1.45) 


Here, a, 4, à; are called the base vectors of the general curvilinear coordinate system at point 
A(u,, Uy, u3). It is to be noted that the absolute values of ay, a5, à; are not equal to 1; they are generally 
not unit vectors. If & L a5 L a5, we have the orthogonal curvilinear coordinate system. 


Metric Coefficients The relation of Eq. (1.45) can be rewritten into the form 
dr = h (uy, Uy, Uz) dua, + hy (uy, Uy, Uz) duly, + h, (uy, Uy, Uz) dua, 
where we have put 
a=ha; Gp = hā; a; = ha, (1.46) 
where @,, a>, à, are now the units vectors of the same directions as vectors aj, a3, a;. The functions 
hy, hy, hz are usually called the metric coefficients. The physical meaning of these coefficients can 
be understood when defining the length elements along the particular directions given by vectors 


a, 4, a, in the local curvilinear coordinate system at point A(r) corresponding with the elementary 
displacements of A(u,, uy, u3) by dui, dup, duz. 
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Differential Lengths in Curvilinear Coordinates The elementary displacement ds from point 
A(r) to A(r + dr) can be described by 


di = di = hdu,a, + hjduj, + hyduyà (1.474) 
ds? = h2.du?  Iddud id (1.475) 


It is seen that the products h,du,, hydu, h4du, represent the lengths of projections of the elementary 
displacement ds onto the vectors a, a), à, respectively. Consequently, the change of the curvilinear 
coordinate du; can be transformed into corresponding displacement in space by multiplying it by A; 
corresponding metric coefficient as shown in Fig. 1.17. 


elementary displacement ds h4hadu,dus (elementary surface) 









hihghsduiduodus (elementary volume dV) 


hihneduiduo 


hashadusdus 
Fig. 1.17 To the definition of the elementary displacement ds, surface dS and volume dV, respectively 


Therefore, the metric coefficients can be represented in terms of the elementary lengths as 
ds, ds; ds, 


h= h, = h = 
lU du 2 du, 3 du 








(1.48) 


Differential Areas in Curvilinear Coordinates Elementary coordinate surface can be defined 
corresponding with the elementary changes of a couple of coordinates. It is explicitly defined by the 
relation 


dS, = d$; x ds, (1.49) 
Using expressions for elementary displacements ds,, ds, from Eq. (1.47 a), we can write 
dS = hyh,du,du,a, + hh,du,du,a, + hh,du,duya, (1.50) 


In Eq. (1.50), the relations a, x a) = a3, a, X a; = a, a3 X d, = a5, has been used. According to 
Eq. (1.50), a general elementary surface d$ is composed of the three elementary surfaces d$,, dS, dS; 
oriented along the unit vectors àj, a), a3, see Fig. 1.17. 


Differential Volume in Curvilinear Coordinates | Elementary volume element dV can be 
described by the relation 
dV =ds,- d$, (1.51) 
or using metric coefficients, we obtain 
dV = hhyh,du,du,du, (1.52) 
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18 DIFFERENTIAL ELEMENTS (LENGTHS, AREAS AND 
VOLUMES) IN DIFFERENT COORDINATE SYSTEMS 


Now, we will consider the generalised curvilinear coordinates for the three different coordinate systems 
and determine the differential elements in these three coordinate systems. 
To obtain the differential elements in length, area and volume, we consider the following figures: 





Z 
A 





























x (c) 


Fig. 1.18 (a) Differential elements in Cartesian coordinates, (b) Differential elements in cylindrical coordinates, 
and (c) Differential elements in spherical coordinates 


Cartesian Coordinate System In this system as shown in Fig. 1.18 (a), the differential components of 
the general arc ds are identical with the differentials of the coordinates. 





Uy, =S, =X, Uj—-$9—-y, Uz=S} =Z 





Hence, the metric coefficients are given as 
ds 

-—L-2] A 
du, 


Differential displacement is given as 


zm) uie 


h B du, i 


ds = dxa, + dya, + dza, 


Vector Analysis 29 





Differential normal area is given as 
dS = dydzà, + dxdza, + dxdya, 
Differential volume is given as 
dV = dxdydz 


NOTE 


Vector Representation of Surface 
Differential surface area is defined as a vector whose magnitude corresponds to the area of the 
surface and whose direction is perpendicular to the surface. 
dS = dSa, 

For closed surface, the outward normal direction is taken as positive direction. For an open surface, 
the normal created by positive periphery according to the right-hand cork screw rule is taken to be 
positive. 

If the surface is not a plane, then the surface is subdivided into smaller elements that are considered 
to be plane and a vector surface is considered for each of these elemental surfaces. Vector addition 
of these elemental vector surfaces gives the total surface. 


Cylindrical Coordinate System In this system as shown in Fig. 1.18 (b), the differential components 
are given as 








U;=l, Uy=o, u-z 
The differential displacements are obtained from Fig. 1.18 (b) as 
ds,—dr ds,=rd, ds,=dz 
Hence, the metric coefficients are given as 


_ 4 dri h ds, rdó _ LN 


"e ear ?' du, do | 93 du d 


Differential displacement is given as 
ds = dra, + rdóa, + dza, 
Differential normal area is given as 
dS = rdódza, + drdza, + rdrdóa, 
Differential volume is given as 
dV = rdrdódz 


Spherical Coordinate System In this system as shown in Fig. 1.18 (c), the differential components 
are given as 








m=P, uj-0, uy-Ó 
The differential displacements are obtained from Fig. 1.18 (c) as 
ds,—-dp ds,-pd0 ds, = psin@d@ 
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Hence, the metric coefficients are given as 


ds _4P_, p% pdO p, — 23 _ psinüdó 


Ida dp Td d0 P. 5744 d$ 





= psinO 
Differential displacement is given as 
ds - dpa, + pd@ag + psin6dóa, 
Differential normal area is given as 
dS = p? sin 0d6d6a, + psin6dpdóag + pdpd0a, 
Differential volume is given as 
dV = p? sin@ dpd0dó 


These relations are given in Table 1.1. 


Table 1.1 Differential elements in different coordinate systems 


























Differential 
Elements Cartesian Coordinates | Cylindrical Coordinates | Spherical Coordinates 
Length ds =dxa,+dya,+dza, | ds — dra, rdóag* dza, | dS =dpa,+ pd0ag 
+ psin8dóa, 

Area dS = dydza, + dxdzā, dS = rdodza, + drdza, dS = p! sinodédoa, 

+ dxdya, + rdrdoa, + psin@dpdoag 

+ pdpd@a, 

Volume dV = dxdydz dV = rdrddbdz dV = p? sin 0 dp d0 do 








19 VECTOR CALCULUS 


We now discuss the vector calculus, i.e., integrations and differentiations of vector. 


1.9.1 Vector Integration or Vector Integrals 


The integration of a vector may be obtained in three ways—line integral, surface integral and volume 
integral as discussed below. 


Line Integral The line integral of a vector is the integral of the dot product of the vector and the 
differential length vector tangential to a specified path. 


For vector F and a path /, the line integral is given by 
b 
JF: dl =||F|cos@dl (1.53) 
I a 


We consider a vector F and a specified path a—b. As the magnitude of the vector varies from point 
to point, the path is divided into a number of small line segments d/,, d/,,... with vector magnitudes 
F : F, ,... Thus, the total work done by the vector F from a to b is given as 
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W =F.-di,+ F,.dl* F- dl 4... YF, dl, 
i=l 








(a) (b) 
Fig. 1.19 (a) Line integral of a vector, and (b) Path of integration of vector field F 


If the lengths of the segments tend to zero, this work done can be written as line integral 
b E EX 
W -[F-.adl 
a 
If the path of integration is a closed curve, such as abca, the line integral becomes 
W=$F-di 
I 
If the line-integration of a vector along a closed path is zero, i.e., $F -dT — 0, then the vector is 
known as conservative or lamellar vector. l 


The concept of line integral is used to calculate the electric potential for a given electric field 
intensity or to calculate the total current enclosed by a closed path for a given magnetic field intensity. 


*Example 1.10 Find the line integral of the vector F = (x? — y?)a, + 2xya, around a square of 
side a which has a corner at the origin, one side on the x axis and the other side on the y axis. 


Solution 





x 
Fig. 1.20 Line integral of a vector 
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T" ue B, 4 c6. ox MD. PEE E E 
Here, $F-dl 2 [F-dl  JF-dl € [F-dl & J F-dl 
L A B C D 


Now, 
Along AB, y=z=0, dy = dz=0, dl = dxā, 




















B = a a 3 
[F-dl= | œa) (dà) | xtd > 
A x=0 x=0 
Along BC: x =a, z = 0, dx=dz=0, dl dya, 
C a a 
JF-dl= J Ka? - y?)a,*2aya,]-(dya,) - | 2aydy 2 à? 
B y=0 y=0 
Along CD: y = a, z = 0, dy = dz = 0, dl dxa, 
Den, * Ms 30 0 3 a) 
[F-dl = f [G? — a?) a, + 2xaa,]- (dxa,) = f G2 ade =| — ae | ae 
C x-a x=a a 





Along DA: x =z=0, dx = dz=0, di dya, 





Therefore, total line integral of the vector is given as 
ee ease: 
$F -dl E ee 
" 3 3 


*Example 1.11 Compute the line integral of F = 6i + yz? j * (3y & z)k. along triangular path 
shown in Fig. 1.21. 





Fig. 1.21 Triangular path of Example 1.11 
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Solution Here, F =6i + yz? j + (3y + z)k 
dl = dxi + dyj + dzk 
F dl 2 (6i yz? j + Gy  z)k]: (dxi + dyj + dzk) = 6dx + yz?dy + (3y + z)dz 
The closed line integral is given as 
"ERAS MELDEN ME. 
$F-dl =|{F-di+|F-di+]F-dl 
L A B C 


Along path AB, dx = dz = 0, x = z = 0; y varies from 0 to 1. 


Along path BC, dx = 0, x = 0; y varies from 1 to 0 and z varies from 0 to 2. 


Also, for this path, the equation relating y and z is obtained as 











PA m -2(- 
1*2 ] > z=2(1-y) 
Cc. . 0 2 0 2 2-z 
JF-.dl- | [f xzdy* Gy* 22-7 | ypa- f dy | 4 5 ez dz 
B y=1z=0 y=l z=0 
0 2 z 
- f A(y3 - 2y? + y)dy + f (3—Z]ae 
y=l z=0 
4 3o ox 27 
aal ZV DP | a 
| 1 3 + ar 3z 4 |, 
NN 


Along path CA, dx = dy = 0, x = y = 0; z varies from 2 to 0. 


jal - oves: =-2 
C 2 y=0 


By addition, we get the closed line integral as e 


B 
$Fub-zg4D-225. 58 
4 3 3 
*Example 1.12 Fora given vector, F = xya, - 2xà,, evalu- 
ate the line integral pF -dÏ over the path shown in Fig. 1.22. 
Solution Here, t P, $ 
x 


F = xyá, - 2xà,, dl = dxā, + dya,+ dza,, d S = dxdya, Fig. 1.22 Path of Example 1.12 
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F.dl- (xya, — 2xa,)- (dxa, + dya, + dza,) = (xydx — 2xdy) 


Along the path OA, y = 0, x varies from 0 to 3. 
A ES m 
j£ : dl =0 
o 
Along the path AB, x varies from 3 to 0 and y varies from 0 to 3. Also, along this path, the equation 
relating x and y is obtained as 
X+ =9 
2 0 3 
dl = f f (xydx — 2xdy) 
m 0 


3 
z j x(49—x?)dx- | 2(9- y?)ay 
y=0 


enu 

















x=3 
3 
=al / 2 i2] 
30 x E 9 — y^ +9sin 35 
"—- AE 
- o7) 
Along the path BO, x = 0, y varies from 3 to 0. 
A > 
JF-dl =0 
o 
By addition, we get $F. di =-of1 +2) 
L 
a, dy a, 
ðo a df_ 
Also, Vx F ae "aw mE (x + 2)a, 
xy -2x 0 











S x=0y=0 x=0 y=0 
3 49-»? Bs s 49-» 
=- f f (x + 2)dxdy = f (eas) dy 
2 
y=0 x=0 y=0 0 
: 9- y? 9 3 3 
=- f ( 3 + 249 Ay --|2y = + y= 97 cosi? 
y=0 0 
"E Ld 
= of +] 


Example 1.13 Calculate the circulation of Á =r cos $4, +z sin 6a, around the edge L of the 
wedge defined by < r < 2, 0 < @< 60°, z = 0 as shown in Fig. 1.23. 
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Fig. 1.23 Path of Example 1.13 
Solution Here, 4=r cos óà, +z sin Qâ, 
di = dra, + rdoa,+ dza, 
A-dl = (r cos ga, + z sin $a.) (dra, + rda, + dza,) = (r cos ddr + z sin dz) 


Since the path is on the xy plane, dz = 0. 


Along the path OA, r varies from 0 to 2. 
AU. if 
JA-di= Jr cos ġar =2 
O 0 o=0 


Along the path AB, r is constant and so the integration is zero. 
B > > 
JA-dl =0 
A 


Along the path BO, r varies from 2 to 0. 


Oo. E 0 1 
J 4: dl =| [r cos ódr a2) a1 
B 2 o=60° 


By addition, we get the closed line integral as, fA dl =2+0-1=1. 
L 


Example 1.14 Using the concept of line integral, find the periphery of a circle of radius a. 
Solution In cylindrical coordinates, the differential length is, d7 = adgay 
By line integral, the periphery is obtained as 


2n a. 2 2m 
f as: dl = f (a5): (adġa,) = f ado = 2za 
$-0 $-0 0-0 
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Surface Integral For a vector F, continuous in a region 
containing a smooth surface S, the surface integral or the flux 
of F through S is defined as, 


Surface 


w-jF.d$-|F.a,4$-||F|cosOdS ^ (1.54) 
S S S 


where, a, is the unit normal vector to the surface S. 





We consider a surface S. We divide the surface into f 
infinitesimal surfaces d Sig d Sos which are treated as the VW i 
vector quantities. Let F, F,,... be the vector magnitudes at A 
the elemental surfaces, respectively. Thus, the sum of the 
scalar products F - d $,, F,-dS,,... is written as 


Fig. 1.24 Surface integral 


If the elemental surfaces areas tend to zero, this can be written as surface-integral 
y 2 [F.a$ 
s 
If the surface is a closed surface, the surface integral is written as 
y -$F.dS$ 
s 
For a closed surface, the surface integral, GF - dS is referred to as the net outward flux of F from 


S "E 
the surface. If the surface integral of a vector over a closed surface is zero, i.e., fF -dS =0, then the 


s 
vector is known as solenoidal vector. The concept of surface integral is necessary to calculate the flux 
or current from the flux or current density over a surface. 


Example 1.15 Using the concept of surface integral, find the surface area of a sphere of radius 
a. 
Solution In spherical coordinates, the differential surface in the perpendicular direction is given as 
dS =a’ sin 6d6dóà, 


By surface integral, the surface area of the sphere is obtained as 


7 mx 27 
S=Ja,-dS= | J a’sin@d0dg =a’ x 2m x (-cos 0); = Ana? 
S 6-06-0 


*Example 1.16 Use the cylindrical coordinate system to find the area of a curved surface on the 
right circular cylinder having radius = 3 m and height = 6 m and 30? € @< 120°. 


Solution Here, the differential surface is given as 
dS = rdódzà, 
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Taking the surface integral, the area of the curved surface is obtained as 





N 27/3 nn OK 
S=fa,-dS= f j rdodz =3x6x 7 _#) 97 m? 
S ó-n/6 z=0 r=3 





*Example 1.17 Use the spherical coordinate system to find the area of the strip œ < 0 < B on the 
spherical shell of radius ‘a’. What results when a= 0 and B= 2? 


Solution For a fixed radius of a, the elemental 
surface is 


d$ = p? sin 0d0doa, | =a’ sin 8d6dóà, 


Hence, the area of the strip is given as 


z B 2m 
S=JdS-a,= | f a’sin@dedo 
6=a o=0 
= 2n x a? x (-cos 0)? 
= 2x: à? (cos a — cos p) 





For œ= 0 and B= 7, the area is 


S 2 2nd? (cos 0 — cos T) = 4na? 





This is the area of a sphere of radius a. 


] 5 Fig. 1.25 Arrangement of Example 1.17 
Example 1.18 Given p, = (X + xy); calculate 
Ps Y 


dS over the region y X x, 0 € x « 1. 
Ps gion y 


Solution 


i (= za IG zl & A 17 
J p.dS = Lie + xy)dxdy = J x RR A dx T x +> b dx= Sti 60 


Example 1.19 Given F =4, A + á k;z; evaluate the scalar surface integral fF dS over the 
surface of a closed cylinder about the z-axis specified by z= +3 and r=2. S 
Solution The cylinder has three surfaces as follows. 

$F.d$- | F-dS+ [| F-dS+ | Fods 
s Circular 1 Circular 2 Curved 


For the upper circular surface 


N 


m a 2 2x k 27 
F-dS= | f(a Kae): (rdrdóa,) = J E 3k,rdrdó = 121k, 


Circular 1 r=0¢=0 





z-3 
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For the bottom circular surface 


= 127k, 


z--3 


ES " 2 2x k 
F-dS= | f (a Lejos) Craidoa.) 
Circular 1 r=09=0 





For the curved surface 


E> 2, d, = a, 
3 — 21 3 k am 3 
F«dse-[. f (a. + akz) (rdóa,) = | f kdọdz=127k 
Circular 1 ġ=0z=-35 7 „22 9=0z=-3 





By addition, total surface area of the closed cylinder is given as 


$F- dS=127(k+ 2k,) 


Example 1.20 Evaluate $7 -a,dS where S is a closed surface. 
s 
Solution We know, F = xa, + ya, + za, 
$r.a,d$-|V.rdv-|3dv23V (- V -F =3,see Example 36 (b)} 
s y V 


where V is the volume enclosed by the surface S. 
Volume I nteg ral The volume integral of a scalar quantity F over a volume V is written as 


U = | Fdv (1.55) 
V 


The concept of volume integral is necessary to calculate the charge or mass of an object, which are 
distributed in the volume. 


Example 1.21 Using the concept of volume integral, find the volume of a sphere of radius a. 
Solution In spherical coordinates, the differential volume is given as 
dv = p? sin 0d pd0dó 


where 


O<spsa 
0x0zz 
0<@<2n 


By volume integral, the volume of the sphere is obtained as 
T 


a 27 a 
vefdv= | | J p’sin@dpd0do=2nx(-cos0)jx | pPdp=4rx 
v p-00z06z20 p=0 


d. d 
3 3 
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Example 1.22 Obtain the expression for the volume of a sphere of radius a using the concept 
of volume integral. 


Solution Here, the differential volume in spherical coordinates is given as 
dv = p? sin 0d pd0d ó 
where 
a&r&0 
0x0zm 
0€x6sz2zx 


The volume of the sphere is obtained by the volume integral as given. 


V= Jm sin 0dpd6dó = ji i j p sin &dpd6dà =" x 2m x (- cos 8f = Sra 
=00=0 p=0 


1.9.2 Vector Differentiations 


In order to understand vector differentiation, we introduce an operator known as del operator or 
differential vector operator. 


Differential Vector Operator (V) or Del Operator The differential vector operator (V) or 
Del or Nabla, in Cartesian coordinates, is defined as 


ð -~ 49 zt nage: 
- * d, 

ax ^» ty wig” 
This Del is merely a vector operator but not a vector quantity. When it operates on a scalar function, a 
vector is created. Since a vector, in general, is a function of the space and time both, the del operator 
is a vector space function operator. It is defined in terms of partial derivatives with respect to space. 

In Eq. (1.56), del has been expressed in Cartesian coordinates. However, this operator can be 
expressed in general curvilinear coordinates as 


V= 





(1.56) 





á, (1.57) 
3 








(1.58) 





Substituting the values of h, in different coordinate systems, we obtain the relation of del in three 
different coordinate systems as 








ORS E Os ; f 
V= ay ax * a ay +74, (Cartesian coordinates) (1.59a) 
d-,ld-,0- ee 
- 1. 
ap art 73 g” tai (Cylindrical coordinates) (1.59b) 
9-,109. 1 ad. 





_ 1. 
3 ^» F 530% + ETE (Spherical coordinates) (1.59c) 
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Corresponding to three different vector multiplications, there are three possible operations of V. 
These operations are: 


1. Gradient of a scalar F, written as, VF, 
2. Divergence of a vector A, written as, V- A; 
3. Curl ofa vector A, written as, V x 4; and 


Gradient of a Scalar 


Definition The gradient of a scalar function is both 
the magnitude and the direction of the maximum space 
rate of change of that function. 





>y 
Mathematical Expression of Gradient We con- 
sider a scalar function F. A mathematical expression for 
the gradient can be obtained by evaluating the difference 
in the field dF between the points P, and P}. 

Here, F, and F, are the contours on which Fis constant. Fig. 1.26 Gradient of a scalar quantity 








ox oy oz 


=| z a, + 3; d, E à. (dā, + dbi + di 








where é-($ a, + » ay t 37:4 


and, d] = dxa, + dya, + dza, = differential length = differential displacement from P, to P; 
dF =G- dl = Gdl cos 0 


£- =Gcos@; where @is the angle between G and dT 


For maximum [47 | 0 = 0°, i.e., when d Í is in the direction of G. 


dF 
dl 


= dF = G; where, dF is the normal derivative. 
dn dn 





max 


Thus, by definition of gradient, we have the mathematical expression of gradient in Cartesian 
coordinates given as 





_OF~ ,0F~ , oF - 
Grad F = VF = 57a, + yt (1.60) 














Physical Interpretation The gradient of a scalar quantity is the maximum space rate of change of 
the function. 

For example, we consider a room in which the temperature is given by a scalar field 7, so at any 
point (x, y, z) the temperature is 7(x, y, z) (assuming that the temperature does not change with time). 
Then, at any arbitrary point in the room, the gradient of T indicates the direction in which the temperature 
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rises most rapidly. The magnitude of the gradient will determine how fast the temperature rises in that 


direction. 


Gradient in General Curvilinear Coordinates Let 
F(u, uy, uz) be a scalar function. The u; component of the 
gradient of F, by definition, is the maximum space rate of 
change of the function, i.e., 


,, Z(G)- F(O) _ 1 aF 
hdu, hy ou, 





(Grad F) = Li 


du, 0 


Similarly, considering directions 2 and 3 and so, the 
resultant expression of the gradient of F is given as 





Tors, toa T dE 
h ou, | hy ðu, D h, du; 3 





VF (1.61) 











Substituting the values of h; from Section 1.8, we get the 
relation of gradient in three different coordinate systems as 





Fig. 1.27 General Curvilinear coordinates 














VF = OF 3 + a + ony (Cartesian Coordinates) (1.62a) 
ox * oy " az * 
_OF~ |, 19F ~ , OF . Pee . 
à ort ag oy & (Cylindrical Coordinates) (1.625) 
OF ~ 1 OF ~ 1 OF . ; : 
= .62 
D â, + p 36 dg + Rane d9 à, (Spherical Coordinates) (1.62c) 





Properties of Gradient 


1. The magnitude of the gradient of a scalar function is the maximum rate of change of the function 


per unit distance. 


2. The direction of the gradient of a scalar function is in the direction in which the function changes 


most rapidly. 


3. The gradient of a scalar function at any point is always perpendicular to the surface that passes 
through the point and over which the function is constant (points a and b in Fig. 1.26). 

4. The projection of the gradient of a scalar function (say, VS) in the direction of a unit vector a, 
i.e., V$- a is known as the directional derivative of the function S along unit vector a. 


Example 1.23 Find the gradient of the following scalar fields: 


(a) F-x3yte 
(b) V2 rzsin ġ +2? co? 94r? 
(c) S=cos 0sin ¢ ln p + p? ¢. 


Solution (a) The gradient in Cartesian coordinates is given as 


OF ~ 
Oz 





Lo. L3 LZZ 
q,—2xa,* x a, ea, 
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(b) The gradient in cylindrical coordinates is given as 


90V. 18V- V- 
or a Og tt Oz 7 


=(zsin@ + 2r)a, + toz cos @ — z? 2 cos @ sin )ay + (r sin 9 + 2z cos? $)à, 





VV 


2 
=(z sin ọ + 2r)a,+ (: cos ó — = sin 29) a+ (r sin ó + 2z cos? $)à, 


(c) The gradient in spherical coordinates is given as 

0$. | 108. 1 oS. 

i gp eT poo t psin 0 99 

E (s 0 sin ó 
p 


(E95, 2o Ji, + 388991, pa, (ssi? cos ó In p + p cosec oja 


VS 





A scis acf: z 1 T" 
+2p0 |i, + p sin 0 sin ui er "m g (cos 0 cos ġln p + p^)a, 





Example 1.24 Find the gradient of the following scalar fields: 


(a) V=4x2 +3 yz 
(b) V=2r(1+z)cos ó 
(c) V= p cos 0cos ó 


Solution 
(a) V= Axz? +3 yz 


-2 2 ~, 9 2 ~ 0 2 2-423 > > 
VV = as (Axz^ + 3yz)a, + e" (4xz° + 3yz)a, + a (4xz° + 3yz)a, = Az^a, + 3za, + (8xz + 3y)a, 


(b) V=2r(1+Z)cos à 


JOE. spo pu 
or 4t 9g * az az 


(c) V= p cos 0 cos ó 


Vy 2(1 + 27) cos $a, — 2(1 2”) sin a, + 4rz cos ba, 





Oi) aera eee Ops 
"Op P? p30 ? psin@ ag ? 
= 2p cos 0 cos $a, — p sin 0 cos Pag + p cot 0 sin Pay 





VV 


*Example 1.25 Find the rate at which the scalar function V 7° sin 2¢ in cylindrical coordinates 
increases in the direction of the vector 4 — a, d at the point (2, re o}. 
Or, 


Find the gradient of the scalar function V= r? sin 2¢ and the directional derivative of the function in the 


direction (a, + ay) at the point (2, A o). 
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Solution The gradient in cylindrical coordinates is given as 


w= Ha, + l a «Ora, = 2r sin 29a, + 2r cos 20a; = 2r(sin 260a, + cos 29a, ) 


The direction derivative 1s given as 





VV.a4,2VV- A. = (2rsin 2a, + 2r cos 20a,): E =) J2r sin 26 +V2r cos 26 


T 





At (2, T o), the directional derivative is given as 


VV -ay=V2 x2sin 5+ 2 x2cos 5 242 


*Example 1.26 Find v(1) where r — xa, + ya, + 24, 
Or 


Show that for a moving field point and a fixed source point, Graa{+] =-= (+)a. where r is the 
distance between the source point and the field point. ý 


Solution Here, r= xà, + ya, + za, 


r= x+y +z? 
v(4}=2 1 E 1 zs oo 1 T 
a.c ie E a, 
r} ox eye? oy [242.2 z [242.2 


1 2x x 1 2y à 1 2z a 
24 y4 72752 * 2+ yey?” 2 (tt y24 7273? 7 














xa, + ya, + za, 





(x? + y? zy? 


This problem can be solved easily in cylindrical coordinates as follows. 


"esee C) 


























Divergence of a Vector 


Definition Divergence of a vector at any point is defined as the limit of its surface integral per unit 
volume as the volume enclosed by the surface around the point shrinks to zero. 
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fF-dS fF -a,d: 
div F = V- F =Lim| 5 = Lim| £ (1.63) 


v>0 v v>0 V 








where v is the volume of an arbitrarily shaped region in space that includes the point, S is the surface 
of that volume, and the integral is a surface integral with a, being the outward normal to that surface. 
Figures 1.28 (a), (b) and (c) show three cases of positive, negative and zero divergence. 








NIZA NE MI 
JN AN ft 

















(a) (b) (c) 
Fig. 1.28 (a) Positive divergence, (b) Negative divergence, and (c) Zero divergence 


Mathematical Expression of Divergence We consider z 

a hypothetical infinitesimal cubical box oriented along the 

coordinate axes around an infinitesimal region of space. a 
We consider a vector V at a point P(x, y, z). Let, Vi, V>, and A zr amem 


V4 be the components of V along the three coordinate axes. 

In order to compute the surface integral, we see that there 
are six surfaces to this box, and the net content leaving the box >y 
is therefore, simply the sum of differences in the values of the 
vector field along the three sets of parallel surfaces of the box. 





The component vectors are given as follows. x 
1 av, Fig. 1.29 To derive expression for 
Along x-direction: at front surface, (n+ DET 2 Ax) divergence in Cartesian 
3k. coordinates 
1 
at back surface, (s = D } 
nhs 1 OV, 
Along y-direction: at left surface, | V, — 29 
V. 
at back surface, (r Ea) 
Lam V. 
Along z-direction: at top surface, (v t 1955 ) 
1 OV, 
at bottom surface, s = 195 A.) 


Therefore, the net outward flux of the vector is 


Along x-direction: Ç + 197 ay) ay Az — Ç Y» Av Jayde = = AxAyAz 
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AE ta OV, 1 OV, _ OV, 
Along y-direction: (r + as Jaras- [n- 2399 AxAz = ay AxAyAz 
Along z-direction: (s + 1955 as Jara- (s zZ 1955 az Ay = S nye 


The total net outward flow, considering all thee directions, is 


= sg (9A, a | WV, dV, 29V, QW 
ud dS (Sema. 3: Jai = ARE Av 








where Av 2 AxAyAz 1s the infinitesimal volume of the cube. 


Hence, the total net outward flow per unit volume is given as 


fF-dS 
S 





_{ 9%, oh 25 
av 7 oy Tig 


By definition, this 1s the divergence of the vector. 


av, OY, | OV; 
ox dy az 


Av 








tiv F=V-F=[ (1.64) 
Physical Interpretation The physical significance of the divergence of a vector field is the rate at 
which the density of a vector exits a given region of space. 

In other words, divergence of a vector field at a given point is an operator that measures the 
magnitude of the source or sink, in terms of a signed scalar. More technically, the divergence represents 
the volume density of the outward flux of a vector field from an infinitesimal volume around a given 
point. 

For example, we consider air as it is heated or cooled. The relevant vector field for this example is 
the velocity of the moving air at a point. If air is heated in a region, it will expand in all directions such 
that the velocity field points outward from that region. Therefore, the divergence of the velocity field 
in that region would have a positive value, as the region is a source. If the air cools and contracts, the 
divergence is negative and the region is called a sink. 


Divergence in General Curvilinear Coordinates We consider the general curvilinear 
coordinates as shown in Fig. 1.29. We consider the vector 
F = Fā + Fâ, + Fray 


In order to find a general expression for divergence of the vector, we need to calculate the closed 
surface integral of the vector per unit volume for the elemental volume as shown in Fig. 1.27(See page 
41). 

The contributions to the closed surface integral ($F : d$ } through the six surfaces are given as 
follows. $ 


1. Through surface OABC: Taken in the direction of the outward normal is 


| F- d5 =- Fmhdu,du; 
OABC 
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2. Through surface GFED: f F . dS = Fhyhdudu, + PA hyh,)du,du,du, 
GFED 


3. Through surface OCDG: f F . d5 2 — Fyhyhydujdu, 
OCDG 


4. Through surface ABEF: f F . dS = F,hhyduydu, + » x — (Froh h )du,du,du, 
ABEF 

5. Through surface OAFG: f F -dS = — Fyhhodudu; 
OAFG 

6. Through surface BCDE: f F . dS = Fh duydu; + 2 Ehh )du du, du, 
BCDE Hs 


Thus, the closed surface integral is given as 
Bae ll zd d d 
d d$ = È (Fihh) + Ju, (5s) + Ou, (Fhe) du,duyduy 


Thus, the surface integral per unit volume is obtained as 

f F-dS $ F-dS 

s = s 1 

dv h,duh,duyhdu, Pind E Vieh on Be oy gor ih) dod, 
1 

= hhh AEA (Io hs) iim (Fabs) rd Fhe) 





By definition, this is the divergence of the vector. 





"EE 
ae "RA (Finks) +> (Fas) + zo -shh (1.65) 





Substituting the values of h; from Section 1.8, we get the relation of divergence in three different 
coordinate systems as 





P OF, OF. 








V.F- 8 + m + nM (Cartesian coordinates) (1.66a) 
(Hp ar (Cylindrical coordinates) 1.66b 
Lon i 3: yl cal coordinates (1.665) 


1 oF Ore : i 
ut 35 (p? F,)+ 5s CU 5 Ó (Fs sin 8) + —— pain QU. (Spherical coordinates) — (1.66c) 








Properties of Divergence 


1. The result of the divergence of a vector field is a scalar. 

2. Divergence of a scalar field has no meaning. 

3. Divergence may be positive, negative or zero. A vector field with constant zero divergence is 
called solenoidal; in this case, no net flow can occur across any closed surface. For example, for 
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an incompressible fluid, if V denotes the quantity of the fluid at any point, then V - V =0,ie., an 
incompressible fluid cannot diverge from, nor converge towards a point. 

On the other hand, when the valve of a steam boiler is opened, there is a net outward flow of 
steam at each elemental volume. So, there exists a positive divergence. When an evacuated bulb 
is broken, there is a transient negative divergence in the space that was inside the bulb before 
breaking it. 

Example 1.27 Find the divergence ofthe vector field, F = 2xya,+ za, + yz^à , at point (2, 1, 3). 
Solution The divergence of the vector is given as 


pcs. 95 COR. 28 DNE E 
VEU atur vast eA )22y *2yz 


At point, (2, —1, 3), the divergence if obtained as 


Von, 13) 72 +292 = 2x CD 2x (CDx3--8 


Example 1.28 If 4- x?zi —2y°z?j + xy?zk , find div A at the point (1, —1, 1). 
P y 


Solution 





| NT 9 d pU o BS NE. 2 
V-A au Op 2y'z") +s (yz) = 2xz 6y^z^-- xy 


V-A =2-6+1=-3 
(1, 21,1) 


Example 1.29 The electric field at a point P, expressed in cylindrical coordinate system is 
given by 
E 16r? sin 64, 3r? cos 6a, 
Find the value of divergence of the field, if the location of the point P is given by (1, 2, 3) m in 


Cartesian coordinate system. 


Solution Here, x-1, y=2, z=3 


=x? +y? 2, 6= an 2)- tan (2) = 63.45% z=3 


For the electric field, E = 16r? sin $a, + 3r? cos ay, the divergence in cylindrical coordinates is given 
as 








= 109 19E OE, 109 
V.E-I (rE, ) + J + qu SE (16r sin) + 2-55 Gr cos 9) + 2(0) 
= 48r sin 6 — ay sin @ 
= 45r sin ó 


Hence, the divergence of the field at point P is given as 


V. E = 45r sin à = 45 x 45 sin (63.43?) = 90 
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*Example 1.30 An electric field at point P, expressed in cylindrical coordinate system is given 
by 


E—6Er2sin 55 2 > 
E = 6r“ sin ġa, + 2r^ cos bay 


Find the value of the divergence of the field if the location of the point P is given by (1, 1, 1) in 
Cartesian coordinate system. 


Solution The divergence in cylindrical coordinate system is given as 








- 19E; OE, 109 
V.E- LS og) m mae (6r? sin g) +4 Boer cos Q) - 0 
=18r sin $ — 2r sin ó 
=16r sin @ 
From the relation between the Cartesian and cylindrical coordinates, we have 
r= x+y? sin à = 2 


did 
V. E -16r sin 9 216x J x? + y? x —— -16y 
x 


y! 
Hence, the divergence at point (1, 1, 1) is 


V. E -16y-16x1-16 
Example 1.31 Determine the divergence of the vector field given as 
/ = p cos 0a,— s. sin 0a, + 2p? sin 0a, 


Solution The divergence in spherical coordinate system is given as 











Voy ee je! Gey eee 
Pip p ioy g psin@ d¢ 
_1ð 3 1 o «xD :A2 1 
E ap ^ o080) € — 930 528 e)z nb apr” sin 0) 
=3 cos 6 - pee PONO PU 


Curl of a Vector 


Definition The curl of a vector field, denoted as curl F or V x F, is defined as the vector field 
having magnitude equal to the maximum circulation at each point and to be oriented perpendicularly to 
this plane of circulation for each point. 

Mathematically, it is defined as the limit of the ratio of the integral of the cross product of the vector 
with outward drawn normal over a closed surface, to the volume enclosed by the surface, as the volume 
tends to zero. 
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fF x a,ds $F x dS 
Curl F = Lim| 5 = Lim| £ (1.67) 


v>0 V v0 V 








In other words, the component of curl of a vector in the direction of the unit vector a, is the ratio of 
the line integral of the vector around a closed contour, to the area enclosed by the contour, as the area 
tends to zero. 


$F.dl 


Curl F = Lim J xd ZZ (1.68) 





where, the direction of the contour 1s obtained from right hand cork-screw rule. 


Mathematical Expression of Curl In order to find an expression for the curl of a vector, we 
consider an elemental area in the yz-plane as shown in Fig. 1.30. 


We define a vector F at the centre of the area P(x, y, z). 























The closed line integral of F around the path abcd is, A 
ES a B b EN E c. = d C b 
23 2x d ARIE duum did dl Y PEN 
T a 
Now, d \< Ay > 
ai he, OF 2 O, »y 
.dl = ENDSP acr 
JF id * oz 2 E 
d 
b 
jF-4i - [e FeO? Jas x 
a dy 2 Fig.1.30 7o derive expression for curl 
A oF A in Cartesian coordinates 
F.d a= Nt ae 
|pa- (oer) 
j^ dicet 
: Z dy 2 


Summing up, we get 





Therefore, the x-component of the curl (since the area is considered in the yz-plane) of the vector is 
given as 


$F.dl fF-dl 


- OF. OF, 
2Tua d qim] NEL y 
up M ES Tas AST | dy az ) 








Similarly, considering the area in the xy and xz planes, we will get the other two components of the curl 
and can be written as 
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Ey Oz Ox 
F, E 
Dis eee 
Curl | E o | 
Thus, the curl of the vector, considering all three directions, is given as 
= ~ (oF, OF, (2: OF, = Ja, oF, OF, 
Cul F=VxF | 35 ‘a, P os Tes ay (1.69) 











In matrix form, this can be written as 





(1.70) 





zu Slo B 
wt Glo & 








Physical Interpretation The physical significance of the curl of a vector at any point is that it 
provides a measure of the amount of rotation or angular momentum of the vector around the point. 
We consider a stream on the surface of which floats a leaf, in the xy-plane. 








>y 
e A Ein 
Ms] e pen) 
>y » (ea) 
(a) (b) 


Fig. 1.31 (a) Rotation of a floating leaf, and (b) Interpretation of curl 


If the velocity at the surface is only in y-direction and is uniform over the surface, there will be no 


circulation of the leaf. 
But, if there are vertices or eddies in the stream, there will be rotational movement of the leaf. 


The rate of rotation or angular velocity at any point is a measure of the curl of the velocity of the 


stream at that point. 
In this case, the rotation is about the z-axis and the curl of velocity vector V in the z-direction is 


written as (V x V),. A positive value of (V x V), implies a rotation from x to y, i.e., anticlockwise. 


It is seen that 


V, 
For positive value of e , rotation is anticlockwise. 


OV, 
For negative value of ——- pm , rotation is clockwise. 
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>y >y 
; mde n ins 
= y —- ox 
Ec 9V, =Z > 
— Negative x^ — > 
x x 
y ' , 
| | Positive ovx 
oy 
a Vx 
Negative dy 
x x 


Fig. 1.32 Interpretation of positive and negative velocity gradients 


The rate of rotation about the z-axis is therefore, proportional to the difference between these two 
quantities, i.e., 











A rotation about any axis can be expressed as the sum of the component rotations about the x, y and z 
axes. Since rotations have both magnitude and direction, the vector sum gives the resultant rotation as 


a (8e 30); 











cafe v x7 =[ 





dy Oz Oz oax)” 
a. à, à 
> aK) LES aa 
ox oy) 7 jax ody oz 
Ke Vy Nz 


Curl in General Curvilinear Coordinates We consider the general curvilinear coordinates as 
shown in Fig. 1.27 (see page 41). We consider the vector 


F = FG, + Fâ, + Fa; 


In order to find a general expression for curl of the vector, we need to calculate the closed line 
integral of the vector per unit area for the elemental volume as shown in Fig. 1.27(See page 41). 
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The a, component of curl of F is obtained by taking the line integral through the path OABCO. The 


contributions to the closed line integral ($F -dI ) through the four paths are given as follows. 
1 


ao M a B zs E E E OA y ce, 
$F.dl 2|F.dl * JF-dl * |F-dl * [F-dl 
l Oo A B C 


F. 
=[F,h,du,]+ E Midus + au Eh edu, |- [Fardu + Eh bg | - [Fh du; ] 





= ES (Fh) x: (Fh, | duy du, 


By definition of curl, this equals the a, component of curl of F, i.e., (V X F ); multiplied by the area 
of face OABC. 


(V x F), hhydu,du; = EXT » gos Fal) ide 





=, 1 0 d 
Vx Puede a Eh) - g Eh) 


By cyclic change of indices, we get the other two components of the curl and are written as 





"E. ə 
Vx Peg a EM- 8. 





p. 1] d 
(VxF) hh, È (Fah) du, (Fm) 
Hence, the expression for curl is given as 


p 1 d 0 = 1 0 d E 
eS hyh, E GS) Qus (Fah) às hh [as Ci) Qu, CF) Ji 








1 d 0 T 
* qj aa 7 Ge) |a 





or in matrix form 





ha, ha, ha 


vxe-[ u IE Oe. gi (1.71) 





Ou Ou, Qu 
Fh Ph Fh 





Substituting the values of h, from Section 1.8, we get the relation of curl in three different coordinate 
systems as 


Dp OF, OF, > e OF, > oF, OF. > : : 
VxF -( au 302 je a ae a,+ de oy a, (Cartesian coordinates) (1.72a) 








Vector Analysis 53 








(Cylindrical coordinates) (1.72b) 


zo: d ote, ƏV l- ılı p Ə ~- Ila oV, | 
vxr-[ | Foner, Meas 3ó ap Pre) Ca ap (Pre) 38 |% 


psin@ 
(Spherical coordinates) (1.72c) 














Or in matrix form as 











d. dor a, 
p _|d0 d ð : . 
VxF=|- >= = — (Cartesian coordinates) (1.73a) 
ox oy az 
F. F, F, 
â rā â, 
= ( - ) 2 4 ó M (Cylindrical coordinates) (1.735) 
F, rF, F, 
d, pag psin Oa, 
1 d 0 d ; : 
= Spherical coordinates 1.73c 
Ej ap 36 a |? ee 
F, přọ psin OF, 








Properties of Curl 


1. The result of the curl of a vector field is another vector field. 


2. Curl of a scalar field has no meaning. 
3. If the value of curl of a vector field is zero, then the vector field is said to be irrotational or 


conservative field. Electrostatic field is one of such fields. 


Example 1.32 Determine the curl of the following vector fields: 


(a) F- x’ ya, + y^zá, — 2xza, 
) A 





(b =r? sin oa, +r cos? bay + z tan ga, 
5 sinó. cos- 
(o "x z r do 
Solution 


Po 22 > 
(a) F =x" ya, + y'za, — 2xza, 
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The curl in Cartesian coordinate system is given as 








a, a, a, x y Zz 
=_|0 d d |03 d a | az x os iie 
VxF hae eI ps p e: ya, + 2zà,—x'a, 
Bu dr ue x’y yz -2xz 


(b) 4 — r? sin oa, r cos? $a, + z tan ga, 


The curl in cylindrical coordinate system is given as 


a, 1a, d, 
4-|l|9. 9. 9. 
vxa-(H32- 0g Oz 
A 1h, A, 











" 104, 94, a, +|% A +(4 9 (r4,) 9A, 7 
“|r ag oz | Loz. ar |" ar VP dQ az 
=1¢ sec? 6 09a, (0-92, + (4) ar cos? à — r° cos $)à, 
cd P 3553 ~ 

= T sec* ġa, + (2r cos  — r^ cos $)a, | 


cos ó 





=- sing ~ zs 
(c) d 1x ag 


The curl in spherical coordinate system is given as 


pag psin Ba, 


dp 
> 1 0 d d 
Vxy- 
[5 sin 5] dp 90 do 
Vp 


pV,  psin6V, 














dee d à, 9]. 1| 1 % o " 
"(zs ise oro da 1 0d ap (Pre) 2 
1|9 dV, | 
+ s i org | 


" 1 ðf . ,cos@ e 1 1 ofsng d cos @ ||. 
(sacs) oo (n? 7 | ofa, +t ELE p | $^ p? Je 

















T 1 cos cosġ |. 1f{ cosó cos @ |. 
TUA: > a T spec 
p Pip^sinO p 
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; (1 ~ , 1/(cos¢ E 
Vx Za cot Ó cos ea D So + cos ej 


Example 1.33 Determine the divergence and curl of the following vector fields: 


(a) = yza, + 4xya, + ya, 


(b A-r?aà PEP Gy riz a, 


(c) F=- cos 04 p + p sin 0 cos Pag + cos 0a, 
p? 


Solution 
(a) ó- yza,- Axya,, + ya, 


> 0 d d 
Vp On O a TER 


» a, a 
Vxé- e Sa a4 y+ y 2d, 
yz Axy y 


(b) A= r?zà, rag +312? a, 


194, 94 10 








V.A- L2 (4) de OE zx (P2)+4 arem" 3rz + 0 + 6rz = 9rz 
Ge a Ce e a (Ja 
ERF $9 Np}? p 709 dr 
- | 9 d a |_| a d a |. d s 2- 
VxA- apo foes lon 04e 78 =0+ (7° —32°)a, + 4r°a, 
F, rF, F, rz rf az 


(c) F= 2 cos 0a, + p sin 0 cos Pag + cos Bay 





G Pol Oey Eke spi 
p? 9p p TIL 8 psin@ dð¢ 


1 
p! Op 0 * Sano ae sin’ do are E =o ap les) 


2 sin 0 cos 0 
sin 0 


=0+ 





cosġ +0 


= 2 cos 0 cos ó 
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d, pde psin 0a, 
= 1 0 9 d 
VxF= = 20. 2 
| p? sin ] p 90 ag 


L coso p’sin@cos@ p sin 0 cos 0 





cos20  . zc d = EE 
e + sing Ja, - eos aay + (2 ese) sin 0a, 


Example 1.34 If 4= xi — 2x? yzj + 2yz*k , find Curl A at the point (1, —1, 1). 





Solution 
ay a, a, 
Vx A= 9 ð à lz (224 + 2x? y)a, + (3xz? - 0)a, + (—4xyz — 0)4 
ox oy oz z » $ 


xz? coy yr Dy 
= (224 + 2x7 y)a, + 3xz^à, xt Axyzá, 
-A kai -(2-2)a,* 3a, + 4a, — 3a, + 4a, 
*Example 1.35 (a) For a vector field A, show explicitly that V - V x 4=0, i.e., the divergence 


of the curl of any vector field is zero. 
(b) For a scalar field V, show that V x VV =0, i.e., the curl of the gradient of any scalar field is zero. 


Solution 
(a) Let, A= Ad, + A4, + 4,4, 



































gig ales 2d. dp od 9A, ea 04, A, 
“lox oy Oz \ ody aəzj* Oz Ox," Ox ody }) 7 
A, A, z 
= G,a, + G,a, + G,a, (Let) 
0G, 9G, 9G, 

V.VxA à + m à: 
| o(94 94, (94. oh) 2. 9A, 20A, 
"Ox, dy | oz oy\ dz x Ozi ox ay 
[94 9A | (84 22A) (04, PA 
~\dxdy  Oxoz a dydz  dyox +| Jz Ozdy 
— oe 0° A, a 0° A, d 
nm T Oper and so on 








. V.VxÁA-- 
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oV ƏV ƏV 
V 
(DENIES ae ay Be 
âa By. <a; 
|o a a| (Əv qv). ee aA V v). 
VENT ox oy az p OT Jas Qzdx  oxdz) V Oxdy  dyox az 
av av av 
ox oy az 
=0 
= VxVV=0 
NOTE 
These two vector identities are known as null identities. 
Example 1.36 
*(a) Find the divergence and curl of the vector field: E = (=| a,, where r = xà, + ya, + 2a,. 
*(b) Prove that V-7 23 and Vx r =0 where, r= xa, + ya, + za,. 
Solution 
(a) Here, r = xa, + ya, + za, 
r= fx ty? +2" 
= (=| E x z 
= a = 
r yan 
x+y? +27 —x zn 
pe à x x + yr +27 x+y? +27 x? 
VBa à T d EUR VEN Ware, 
Ml x? + y? + 2? x ty +Z x +y tz) 
Z yz as 
Ga yia zy? p 
a, a, â, 
VxE- ES ` 2 -2 = 8, - i 
x y oz oz 242.2 y 242.2 
x 0 0 
x+y tz? 
td x2z DN x2y ^ 





a, a 
LAPO 2092.y.g2ym7 
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aid á ae a 

(x? + y? + zy? y (x? + y? + zy? z 
XZ- | Xy. 
=-= a, += a 
p x p z 


(b) Here, r= xa, + ya, + za, 





. 0 d CERE E 
dg c tis gal hae e 





x à, z 
. [i9 0 oO (0 Oy). p 2 Ja dy oOx]. _ 
SE ox ody oz (z x Ja. dz xj ^" (Ox oy Que 
x y z 


Example 1.37 If ¥=@x?, prove that @ = ; Cui V, where @ is a constant vector. 


Solution Here, 7 = xa, * ya, + 2a, and let, à = 0,a, + ,4, + @,â, 
ax a, a, 

CulyzVxyzVx(Oxr)-Vx|o, @, 0, 

x y Z 


=V x[(@,z- 0, y)a, + (@,x- 0,z)a, + (@,y-@,x)a,] 


á, a, a, 
E ra 9 
ox oy oz 


(@,z-@,y) (@,x-@,z) (0,y —0,x) 














o) Ó z 
E (@,x — @,2Z) By (@,z o.) 


—20.a,- 20,4, + 20,4, 
= 2(0,a, + @,a, + @,4,) 


=20 


= 5 Curl 


d 0 z d 0 
2 (0.9-0,9)-Z@,1-0,2)]4,+|2(0,2-0,9)- 29 
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Laplacian (V?) Operator The Laplacian operator (V?) can operate both on scalar as well as 
vector field. 


Laplacian (V?) of a Scalar The Laplacian operator (V?) of a scalar field is the divergence of the 
gradient of the scalar field upon which the operator operates. 


Practically, it is a single operator, which is the composite of gradient and divergence operators. 
The Laplacian of a scalar field is also a scalar field. 


The Laplacian of a scalar field F in Cartesian coordinate system is written as 


2 Qe 3- 04 \ (OF a, OF 4 OF. y SF OF ^F 
VF=V-VF= (à atiati) (Ear Ea Ea) 3d a am (1.74) 


Similarly, the expression of Laplacian of a scalar in other two coordinate systems can be obtained. 








The gradient of the scalar field F in curvilinear coordinate system 1s given as 
loF.~,10F~ , 1 OF 


I h Ou, ^ i hy Qu, 2 E h, Qu, a = A (say) = 44 + Aa, + Aa; 





where, A OF, -1 9F. Ip 
pd h ou,’ 2 hy Ou,’ 3 h, du, 


Divergence of this vector in curvilinear coordinate system is 2 as 


1 
hh hs ET (Ahh) Tin = bh) MU Sag hh | 








V-A=V-VF=VWF 





Substituting the values of A,, A, and A}, we have 


2p. 1 9 | wh oF 9 (hh OF 9 (hh OF 
MATE E Jh Ou). Dlg By. 967 ] 001 05.06; (1.75) 
Substituting the values of ^; from Section 1.8, we get the relation of Laplacian of scalar field in three 
different coordinate systems as 



































2 2 
V?F = at - - + L - (Cartesian coordinates) (1.76a) 
_10(_0F\, 10°F Ce F ee 
ang l e r3 T z (Cylindrical coordinates) (1.76b) 
1 ðf 29F MER DTP a 1 2958 ; 
r ap G x). ONUS 36 [sin 0 38 + pan 0 30 (Spherical coordinates) (1.76c) 
NOTE 


If the Laplacian of a scalar field V is zero in a region, i.e., VV = 0, then the scalar field V is said to 
be harmonic (containing sine or cosine terms) in that region and the equation V?V = 0 is known as 
Laplace’s equation. We will learn about Laplace’s equation in more detail in Chapter 2. 
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Laplacian (V?) of Products of Scalar Fields Ifa scalar field is represented as the product of two 
other scalar functions, then the Laplacian of that scalar field in Cartesian coordinate system is written as 


V? (uv) = (V7u)v + u(V?v) + 2(Vu) (Vv) (1.77) 


Proof: By definition of scalar Laplacian in Cartesian coordinate system 


Va) - 2 o? (uv) + o? (uv) + o? (uv) 
x? oy? oz? 

















Now, 
ou ov] Q?u. , du Ov , du ðv ov 
3 qm ox 2 ow »|=4 pm ul- aet aro Daxa 32 
| Ou 7 ou ov. 9?v 
Ts ;v*2 P RI 32 
Similarly, 
9? ^ i u ðu ðv | Q?v 
: (uv) ;V*2 ova» oy? 
E 2 u 23u 9v | Wo” 
z 2 z 0) Ve oz ay are) 


By summation, we get 


2 2 2 2 2 
Vn) = 22 u py pte Wn 079. 0 u.s, 594 9v | 9d y 9 u, 7 du ov ay 


ox Ox ox? Ay? oy dy oy oz dz oz oz? 
2 2 2 2 2 2 
(Ou, 9u u), ,,[9v,9v,9v 
o? ð? az? ox? oy o 


42 Bu ue iG ' ve , ove a 
ox oy ? dz * x z 


= (V2u)v + u(V?v) + 2(Vu)- (Vv) 











Laplacian (V?) of a Vector The Laplacian of a vector is defined as the gradient of divergence of 
the vector minus the curl of curl of the vector; i.e., 








VF=VV-F)-VxVXF (1.78) 











In terms of general curvilinear coordinate system, Laplacian of a vector is written as 
og dl | 0 (hh ð 9 [hh 9 9 (hh 9 ||z 
Vs hhh | ðu | h ou, E ðu, | hy Qu; i Qu, h, Qu, PF 
__1 [a (hh aF)\, 3 (hh oF), a (hi aF 
| 9 [hh ð 
SEERA + Ra + Fa) Duy | h du, a (Fa t+ Pa, + Fa) 


“hhh 
ee Jupe dLuaena ena) 
3 








(1.79) 





Es 
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This is the general expression for vector Laplacian in curvilinear coordinate system. 


Derivation of Vector Laplacian in Cartesian Coordinate System In Cartesian coordinate 
system 
Ui =X, U = yY, U3 =Z 


From Eq. (1.76), 


T Ala eat art Fa) + Alena, + Fa, + ra} 
VF= 
d 
ER (F.a, + F,a vea) 


Now 





oF. aa, OF, A (a OF, 3a 
3 52 e Fa, rap (2E e 38 (a 2B th tage thay 


Since the unit vectors in Cartesian coordinate system are considered to be constant, we have 





EO 
“Ox ox — ox 
ə oF, _ OF, A 
3, (54 a+ Fa, F,a,)= [a ea 955 ig 98 





"ME. ENS : : 9|. OF yc OF, of, 
Lle a «Fa, Ea) - 3 (a a, mc a, ay +4, = 
am ge iE Ok, 











* x EARUM — Ó( a, SRM "E a, ac (1.80a) 
Similarly, 
lp Fr 2 
POETE Fa, + rah EX a. ? = + a, 9 A + a, - 5 
y LO» oy y y (1.80b) 
and, 
afa ee -l F, VF, _ FF, 
212 (Ka, +F,a,+ Fap) =a, Xx +a, xi ta, 322 (1.80c) 


By summation of Eqs. (1.80a) to (1.80c), we get 


2 2 2 2 2 2 
E F oF. F F OF F 
vra? Eg sigs Jafa? E en Der 3 


ox? "ox? Z Ox? 
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er PF, SR) (VF, PF, OF,) (PR PFE PF). 
= sb a ae aa t a,+ 2 + —2 + lá, 
ox oy Oz ox oy? o2 J” (o2 oy) o 


-(V^F)à, + (V? F,)àá, + (V?F.)àá, 

















V?F = (V? F.)a, + (V? F,)a, + (V?F.)à, (1.81) 











Since the unit vectors in cylindrical and spherical coordinate systems are not constants, evaluation of 
vector Laplacian in these two coordinate systems become tedious. However, we can write the final 
expressions of vector Laplacian in these two coordinate systems as given. 


Cylindrical coordinate system 











(1.82) 
Spherical coordinate system 
VF =| Vip -. F, + cot OF, oe 9f 
B py p + cot 0 Fg + cosec $a "26 d, 
1 j oF, OF, L. 
- L Fy- A. [cose 0F,-— 2 + 2 cot Ó cosec O55 dg (1.83) 
2 1 2 oF, dF ||- 
+ L Bye A. [cose OF, — 2 cosec cT — 2 cot 0 cosec dr ds 











NOTE 


The Laplacian of a vector field is zero if and only if the Laplacian of each of its components is 
independently zero. 


Example 1.38 Find the Laplacian of the following scalar fields: 


(a) F=4 x +y +z 


(b) F-rzsin 9 P * Z cos’ @ 
(c) F-e?sin 0cos ó 


Solution 
(a) F-Jxe€y-.z 
vr- de +y +27 Mos “fe +y +z I rU +y +z) 
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Ze +y +27)= hers 4 y? xod jl (x? + y? +z?) 


y +z? 


= (x? + y? zy? 


Similarly, 


32 a ee ee x +2? 
aye 0 TRE 3/2 


(x? + y? z?) 


9? | a oe w+ y? 
wi td D 2. 2, 282 


(x +y +z“) 
Hence, the Laplacian is given as 


Deas 22 PET] 2 2 
VF = yz a X FZ a x +y " 2 


2 2 243/2 2 2 243/2 2 2 243/2 
Gy ezy? QG.eyee£zy? Cty te? fra yar? 


(b) F=rzsin ġ +7 * Z2 cos? ó 








2 2 
veal 2 (35. 1 F oF 

ror\ or] ,?29$€ dz? 
19 


“ror 


ofr Zcesing+? + z? cos e + 5S tvesin per +z’ cos? o) 
r 


2 
+ Sen sin à + r°? + z? cos? @) 
Z 


=l? gz sin 9+ 212} e prz cos d 2z? cos 6 sin 6) +2 (r sin $+ 2z cos? $) 


> do 


= le sin @+ 4r) tier sin @ — 4z? cos 20) + 2 cos? à 
r r 





2 
=442 , sing = sin ó 4= cos 2 + 2 cos? ó 
r 


2: 
=4+ 2 cos? à — 45 cos 26 
r 


| 64 Electromagnetic Field Theory 





(c) F = e? sin 0cos ó 


1 9 OF 1 Ə f. ,oF 1 OF 
V2?F =— | oe +t "ig yaw 
p w^ P| p sing 00. p! sin? 0 99? 


- p 
a as (-De^ as QN 





— sin 0e? cos 0 cos ¢} 




















" p 
0 
T an Tr sin 0 sin $) 
T vo sar des z EPO 
--——-—íe sin 0 cos $1 + P cos 20 cos $ — P sin 0 
p? 3p á 9; ps6. ? nr xn 
EN wt -p_ pois, €P COS ¢ 
= 2 sin 0 cos @(2pe e Pp^)- = sin g CS 20 1) 
: e 2: e cos Ó 
= p p 
sin 8 cos (e e p sing cos 20) 
-p 
= sin 8 cos of e Ze | — LUE 
p^ sino 
; aps r£ eP, . 
=sin 0 cosge? -2e P) - <P asin 0 cosg 
p 
Lou 2 2 
=e” sin 0 cos ọ| 1- - — 
l P 5) 


Example 1.39 Find the Laplacian of the scalar fields: 


(a) S2 x? y * xyz 
(b) S 5 r?z(cos $ + sin 4) 
(c) S= cos 0 sin à In p + p?ó 


Solution 
(a) S 2 x? y * xyz 


os aS 3s 
ac 9y? "ios : 
(b) S 2 ? z(cos @+ sin $) 
10/(.dS\ 19S Qs 
r a S r? og? : oz? 
-l3pg z (cos à + sin $)] + — 


V?S = 





Ó Ó Ó 
i (2xy + yz) + 3,0 t xz) ta) = 2y 


V?S = 





^ + ——[r?z(cos $ — sin $)] + 24e (cos ¢ + sin $)] 
= 4z(cos @ + sin $) — z(cos $ + sin $) 
= 3z(cos @ + sin $) 


(c) S= cos Osin à In p + p? ó 


1 9 as 1 9 as 1 os 
sri) anal) 
ppl” 9p) pesing00\ 90) p?sin?0 a6" 
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2 zd. 1 341. 1 E :2 f 
Voss 5 ag Pes Uem pa ap 9] asin 00 0 sin óIn p] 
1 9 
Suas pi es ọlnp+ p°] 
be 0 sin + 6p" |- E = Ae sin 0 cos @ sin $n p]- — gleos 0 sin bln p] 








cos 0 sin à 2 cos 0 sin óInp cos 0 sin dln p 
= 2 Tp 2 Tan? 
p p p“ sin“ 0 
ees gee (1— 21n p — cosec? 0In p) + 6ó 


p 





*Example 1.40 Prove that V? B = 0, with usual meaning of r. 


Solution 








9? 1 _ oa x 
al Rerered E 


Ga yl e gy x$ 2x0? +y? + zy 








(x? + y? +2? y 
7 3x? — (x? + y? +27) 
5/2 





(x? +y? +27) 


2x2 — y? — 2? 





u (x? + y? + 22)? 
2 2x. 20 
Similarly, 9 3 l = a = L 5 
Oy” x? p24 2? (x° + y^ z^) 





3 32 1 272 ET x? _ y? 
and, = 

oz Jxity4z [Uy ey 
By addition, we get 


2 2 2 


2y? -z?-x Og? -— y? »" 


(| Js Oe pee " " 
r| tpt y ^ Giy yl. Syn 
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Example 1.41 Given the vector field, E = (x? + y?)a, + (x + y)a,; Find VE. 


Solution 


V?E = (V? E, )a, + (VE, )a, + (V? E, )a, 


ge d 


2 
where, V? =| —— + a 
o? ð? o 


Now, V? E, will not survive since E, is linear. Also, y? E, vanishes as E, does not exist. 


dE, 











ox =a 
aE. D 
oy =2y; 
dE e 
Oz ra 


x = 2 
9?E, 
oy? 
FE, 
oz? 





=2 





VE - V? E.à, = (2+ 2)a, = 44, 


1.10 GAUSS’ DIVERGENCE THEOREM 


Statement This theorem states that the divergence of a vector field over a volume is equal to the 
surface integral of the normal component of the vector through the closed surface bounding the volume. 











Mathematically, 
[V-Fav=4F dS =F -a,ds (1.84) 
V S S 
where V is the volume enclosed by the closed surface S. z 
A 
Proof By definition of divergence in Cartesian coordinates, 
^. OF, OF, OF, 
uo x oy t» 
E OF, dz ^ |) 
jv Fava [4 23 atu zy y 
y V * y 4 TE 


where, dv = dxdydz 


We consider an elemental volume as shown in Fig. 1.33. 


dy dx 


x 
Fig. 1.33 Elemental volume in 
Cartesian coordinates 
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Let the rectangular volume have the dimensions dx, dy and dz along the x, y and z directions respectively. 





Now, f on dxdydz = i ae 4. dydz 
y 


ORF 
Here, Í 9 a = (Fa 2 Fa) 
Hn 


where, F and F are the x component of the vector on the back and front side of the element along 
x axis. 


| dedyde = | (Ea Fa dde [ Fd, 
V S x 


where, dS, = dydz is the x component of the surface area dS. 
Thus, the above equation gives the surface integral of F, with the x component of dS over the whole 
surface. 


X partus eA ese HE 
Similarly, considering Es and a and summing up, we get 





JV: Fdv2 $(F,4S,  F, dS, F,.dS,) - $F - dS 
V S S 


where, dS = dS,a,  dS,a, + d$,a, and F = F,a,+ Fa, + F.a,. 
Thus, 

JV. Fdv=$F -d5 

y S 
This is Gauss’ divergence theorem. 


NOTE 


The divergence theorem is a mathematical statement of the physical fact that, in the absence of the 
creation or destruction of matter, the density within a region of space can change only by having it 
flow into or away from the region through its boundary. Intuitively, this theorem implies that the sum of 
all sources minus the sum of all sinks gives the net flow out of a region. The divergence theorem is an 
important result for the mathematics of engineering, particularly in electrostatics and fluid mechanics. 


1.10.1 Green's Identities 
These identities are corollaries of the divergence theorem and can be derived as follows. 
We consider, A=S,VS> (1.85) 


where S; and S, are scalar functions continuous together with their partial derivatives of first and 
second order. 





V-A=V-(S,VS))=5S,V?S,+VS,-VS5 {by vector identity} 
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Applying divergence theorem 
|V- Adv= 6 4-dS 
y E 


Substituting the value of V - A and A, we get 
J(S,V?S,+ VS,- VS;)dv = $(S,VS,)- dS (1.86) 
V S 


This is the first form of Green S identity. 


Now, interchanging the functions S, and S5, we get 


[ (SV? Si+ VS,-VS,)dv= $(5, V $))- d$ (1.87) 
V S 
Subtracting Eq. (1.87) from Eq. (1.86), we get 
[($ V25,- S, V? S)dv2 $(S, VS, - $ VS): d$ (1.88) 
V S 


This is the second form of Green 5 identity. 

Using Green's identities, it can be proved that the specifications of both divergence and curl of a 
vector with boundary conditions are sufficient to make the function unique (known as Uniqueness 
theorem). 


*Example 1.42 Given that 4 = 2xyà, + 3a, + yz?à,, evaluate $ A- dS, where S is the surface of 
$ 


the cube defined by Ox x 1,0 <y € 1, 0 €z& 1. Also, verify the result by using divergence theorem. 





Solution We evaluate the surface integrals for the six surfaces as follows. 








ZÁ 

e f 
a 

O d > 
b y 


Xx 


Fig. 1.34 Surface integral of Example 1.42 
5 1 1 
0 | f Caddy | f Ay], dete 
z=0x= 


x=0y=0 x=0 y=0 


1 1 1 1 1 
pi C4 )| o dd + J | 4|. die f | CAD ao ie 
: sae 


y=0z= 
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where A,=2xy,; 4,-3; A,= yz 


1 1 
fA-dS= | f (y-O)dxdy + j | G- 3)dxdz + j Í| o- 0)dydz 
S =0 y=0 z=0x=0 y=0z=0 





2 9a 9 9 
Also, V. A- 5-Qxy) + o (3) + 3; 02) = 2y + 2yz = 2y(1+ 2) 


1 1 
Ko Adv = j j |a eee j J 2y +z)dydz= Í (1+ z)dz=1+ 


3 
2 
z=0 y=0x=0 z=0 y=0 z=0 


1 
2 
Since, JV . Adv = fA -dS , divergence theorem is verified. 

v S 


ja 
*Example 1.43 Given that 4= & 1 Ja C/m? in cylindrical coordinates, evaluate both sides of 








divergence theorem for the volume enclosed by r= 1 m,r22m,z 2 0 andz- 10 m. 


Solution Here, dS = rdódzà, 


EES -|f p 2l (rdódzà, E TG 2 (rdódzà, | 





o=02=0 =1 
[iiss] re 
¢=02z=0 r=2 o=02z=0 r=] 
22 10 g0 2z 10 
= | foae- | o dódz 
o=02z=0 4 o=0z= o4 
2z 10 
zu D éd: 
o=02z=0 
=B xan f dz 
z=0 
=2 x2 x10 
=3757 


4 
Also, V- à-13(, $207 -ixbee-se 
or 4 r 
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" 2 2m 10 2 47 

[V Adv= |5r’°rdrdġdz= | | | Srdraedz 2 2n x10 | Sr'de- 1007 | 

v v r=1ġ=0z=0 r=1 1 
=3757 


Since, JV . Adv = fA . dS, divergence theorem is verified. 
v S 


*Example 1.44 For the given vector F = (x? — y?)a, + 2xya, + (x? — xy)à,, evaluate the surface 
P x y xy)a, 


integral $F -dS over the surface of the cube with centre at the origin and side length a. 
5 











Fig. 1.35 Surface integral of a vector 


Solution We calculate the surface integrals JE - dS for all six surfaces and then add up to get the 
closed surface integral $F - d$. 


For surface abcd 


A E a/2 a/2 2 
f F-dS= JIG? - y’)a, + 2xya,+ (x? — xy)à,]- (dydzà,) = f f (= - y de 





abcd S y=-a/2 z=-a/2 
a/2 
a? y? a’ a* a’ 
= axa-a = = 
4 12 6 
—al2 
For surface efgh 


x=-4, dS =-dydza, 


m PA al2 al2 2 
| F dS = fi? - y*)a, + 2xya, + (x? - xy)G,]-(-dydza,)=- | f & y de 
: à s 5 4 
efgh S y--a/2 z=-a/2 


af 


6 
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For surface cdhg 


y= 5 d$ = dxdza,, 


a/2 a/2 


f F.d$- JIG? - y*)a,+ 2xya, + (x? — xy)a,]- (dxdza, ) = f f 2xydxdz = 0 
cdhg S x=-a/2 z=-a/2 


For surface abfe 


a 


Pop: dS = — dxdza , 


al2 al2 
f F.d$- MG? - 3)a,* 2xya, + (x? - xy)à,]- (7 dxdza, ) = — f f 2xydxdz = 0 
abfe S x=—a/2 z=-a/2 


For surface adhe 


z= 2. dS = dxdya, 
K K a/2 a/2 
f F -dS = JIG? - y’)a, + 2xya, + (x? — xy)à,]- (dxdya, ) = f f (x? — xy)dxdy 
adhe S x=-a/2 y=-a/2 
d 
742 
For surface bcgf 
z- x dS — — dxdyâ, 
. 8 a/2 a/2 
f F -dS = fie? —y’)a,+ 2xya, + (x? - xy)à,]- (—dxdya,) = — f f (x? — xy)dxdy 
bcgf S x--a/2 y--a/2 
-É 
12 
Addition of all six surface integrals gives 
fF -dS =0 
S 


We can verify the result by using divergence theorem as follows: 


5 OF, OF, oF, ð 


2: 22 9 9 (ul 
d oy dcum S py oy (24) + dz QA 
=2x+2x+0=4x 





x a/2 a/2 a/2 
JV-Fdv= | | [ 4xdxdydz = 2a°[x?]}"2,=0 
v —a/2 —al2 —a/2 


JV . Fdy = GF - dS, divergence theorem is verified. 
v S 
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uu 33 
Example 1.45 Given that A= s 


volume of a cube, 1 m on an edge, centered at the origin and with edges parallel to the axes. 


evaluate both sides of the divergence theorem for the 


x 


NUS 
Solution Here, 4= ae 


" 3 
A.d$- (2a. - (dydza,) = ie dydz 


mo 05. 05 4 05. 05 | 
WA -dS = | f f 3* e - | f f 3* e 
x=0.5 


y=-0.5 zz-0.5 y=-0.5 z=-0.5 x--0.5 
1 1 1 
=54 %1xlt+ a7 XI xl=s5 
E. (x)= 2 
Also, V. A Dc ES =X 


H 05 05 O05 epa 1 
Jv : A)dv = f f f Pade =| =| xlxl=— 
v x=-0.5 yz-0.5 z=-0.5 -0.5 


Hence, fA d$ = Jv . A)dv; thus, divergence theorem is verified. 
S v 


*Example 1.46 Given that F =10e~" a, — 2za,, evaluate both sides of the divergence theorem 
for the volume enclosed by r= 2, z = 0 and z = 5. 
Solution Here, F =10e™ a, - 2zà, 
dS = rdġdzā, + drdzay + rdrdoa, 
F . dS =(10e™ à, — 2zà z): (rdéaza, + drdza, + rdrdga,) = Y0re " dódz — 2rzdrdó 
The cylinder has three surfaces as follows. 


A E jF.d$9 | F-dS+ | F-ds 


top bottom curved 


For the top surface, z = 5 


2 2m 22 
--10 | f rdrdġ=-10 x2r x —- - 40x 


E . 2. 2m 
J F-dS= | | -2rzdrdó M 5 
r=0¢=0 


top r=00=0 





N 
Il 
n 


For the bottom surface, z = 0 


eA base 2 2z 
J F-dS= | J -2rzdrdó 
bottom r=00=0 


=0 





N 
Il 
c 


For the curved surface, r = 2 


220e?x2zx522002e7? 
raz 


F Ep 2m 5 
dS= | J 10re™” dbdz 


curved o=02z=0 
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By addition, total surface area of the closed cylinder is given as 


fF - dS -—40z + 0+ 200ze ? = —40.63 











> 19 195 OF, 109 zx e" a 
POE e E 2 (10re +2 ( jos m 10e 2 
jv: Pyav= | | j (22 des 
r-06-0z- 7 d 


=2nx5x j (10e~" — 10re~’ — 2r)dr = — 40.63 
r=0 


fF d$ = Jv - F)dv and hence, divergence theorem is verified. 


" 2 
*Example 1.47 Given the vector D= Fa, in spherical coordinates. Verify both sides of the 


divergence theorem for 


(a) the volume enclosed by p= 1 and p=2. 
*(b) the volume enclosed by p = 2 and 0 = s; ; 


Solution Here, D= 2P 4 


dS = p^ sin 0d0doa, 
D.d$ =| 5a, |.(p?sin odedoa,) => p* sin oaod 
“aS =| 74 0p -(p* sin $a,) - 3p sin @ 


(a) Here, the surface integral is radially outward for the surface at p = 2 and radially inward at p = 1. 


8-09-0 6-09-0 


m m 
§D-d5 = E BE sno) -l ] f ptsin odode 
5 p=2 p=1 
= 20x 27 x (=cos 6)§ - x 27 x (-cos yf 
= 807 - 5m 
= 750 





ae ae 
Also, V. D p as (Dy) p! 3p 7P 5p 


T 


2 
ve D)dv = j f ji 5pp? sin 0dpd0dó = [P | NDW 
p-10-06-0 


$D d$ = Jv - D)dv; and thus divergence theorem is verified. 
S v 
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(b) Here, the surface integral is non-vanishing only at p = 2. 


$D- dS = ij T pt sin0d0dó| | -20x2z x (-cos 6)" = 807 
S 4o 00-0 p=2 


2 ni4 2m p 3 
Also, Jes D)dv- | | f 5pp°sin0dpd0dọ = [2 | x2x2z = 800 
p-00-06-0 4 Jo 


Thus, divergence theorem is verified. 


*Example 1.48 Evaluate both sides of the divergence theorem. 
$4-dS 2 [V - Adv 
S v 


For each of the following cases: 


(a) Á= xy? a, y! à, y^ zà, and S is the surface of the cuboid defined by 0 « x « 1,0 «y« I, 
0 «z«]1. 

(b) A= 2rza, * 3z sin $a, — 4r cos 9a, and S is the surface of the wedge 0 < r < 2, 0 < 9 < 45°, 
0<z<5. 


Solution (a) 
(a) Here, A= xy^à, + ya, + y?^zàá, 


We evaluate the surface integrals for the six surfaces as follows. Zi 


jq 1 
i5 dS = j EN addy + | J CA) Ly dxdy 














x=0y=0 x=0 y=0 e f 
| a 
+] ES due] | C4), dxdz B d " 
z=0x=0 z=0x=0 $ y 
1 1 1 1 C 
+f f Ala dde+ f f CA) oe x 
y=02=0 y-0z-0 


Fig.1.36 Surface integral of 
Example 1.48 (a) 


1 I 1 1 1 
f (y? — 0)dxdy + f f (1 — 0)dxdz + f f (y? — 0)dydz 
x=0 y=0 z=0x=0 y=0z=0 


1.9 d 0 
Also, V. A= 3-Gy)t 3:07) t 3:072 2 y «3 v y= Sy” 
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Me Ady = j j j 5y? dxdydz — j 5544-3 
z=0 y=0x=0 y=0 3 


Since, JV . Adv = fA . dS , divergence theorem is verified. 
v S 


(b) Here, A= 2rzà, + 3z sin 6a, — 4r cos $a, 
We evaluate the surface integrals for the six surfaces as follows. 


$ 2 
$4-d$ "T A,|, ., rdódz- i | Al. NELLE (-4p)|,_, rE 
S z-09-20 z=0r=0 
45° 45° 
+f iene ,rdrdó | T'as ,rdrd 
¢=0r=0 ¢=0r=0 


where A,=2rz; A,=3zsin¢; A,=—4rcos @ 





AZ 
y 
45° 
x 
Fig. 1.37 Surface integral of Example 1.48 (b) 
acu CRAS 5 2 3 45° 2 45° 2 
fA-dS = f f 8zdodz + f f —— zdrdz + 0 + f f —Arrdrd $ + f f 4rrdrd à 
E 2-090 z=0r=0 V 2 ġ=0r=0 ġ=0r=0 
= 250+ 2. 
V2 
= 19,2 19 3z 
Also, V.A= z zl Price sin + 2c 4r cos 9) = 4z += cos @ 
5 45° 2 75 
we Adv= | f | [435 cos o}rdrdade = 250 + 18 
z=0¢=0r=0 42 


Since jV . Adv = fA . dS , divergence theorem is verified. 
E 


v 
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Example 1.49  Findthe total charge inside a cubical volume of 1 m on a side situated in the positive 
octant with three edges coincident with the x, y and z axis and one corner at the origin, if D=(x+ 3)a,. 
Solve the problem using (a) divergence theorem, and (b) by integrating D over surface of the cube. 
Solution Here, the flux density is given as, D = (x + 3)4, 

We can find the total charge by two methods: 
(a) by divergence theorem, or 
(b) by evaluating the surface integrals of the flux density over surface of the cube. 


(a) By divergence theorem 


11 d 
JV - Adv= f f f ldxdydz =1 
v z=0y=0x=0 
(b) By evaluating the surface integrals of the flux density over the surface of the cube 

Here, as the flux density is having only x-component, the surface integral reduces to 


l1 d 1 | 1 1 1 1 
$D.d4$- | f Dj, dd+ f] J CD) ,dvz- f J (4-34dydz- f. J dvz-1 
S joz y=0z=0 T y=02=0 y=02=0 


Thus, we see that in both the methods, the total charge inside the cube is found to be 1 Coulomb. 


111 STOKES’ THEOREM 


Statement This theorem states that the line integral of a vector around a closed path is equal to the 
surface integral of the normal component of its curl over the surface bounded by the path. 


Mathematically, 
$F-dl = f(V x F): d$ = f| (V x F): a, dS (1.89) 
L S S 


where S is the surface enclosed by the path L. The 
positive direction of dS is related to the positive 
sense of defining L according to the right-hand rule. 


Proof We consider an arbitrary surface S as 
shown in Fig. 1.38. We divide the surface into a 
large number of still smaller elements 1, 2, 3, ... 
etc. Taking the line integrals of all such small ele- 
ments and summing up, 











$F.dl 2 jF-dl * [F-dl * |F-dl -— 5 
L 1 2 3 


x 
Ek k Fig. 1.38 Arbitrary surface S in the yz plane 


: closed path L 
where AS, is the area of the k” element. Founded closed ne 
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(Due to cancelation of every interior path, the sum of the line integrals around K^ elements is the 
same as the line integral around the bounding path L, 1.e., jF di + jF -dI + jF udis $F -dI ) 
Í 2 3 L 


As AS, — 0, summation approaches integration, 2 — f, so that 
E. F-di [Pedi 


F.dl-L AS, - | Lim | 4 AS 
j dm A m Lum AS, i 








Since, by definition of curl of a vector, the line integral divided by the surface area is the component of 
[Fal 
=V x F , we can write 





the curl normal to the surface, i.e., Lim | £ 
AS, 20 AS, 


[Pedi jF.ai 
AS, - | Lim | 4 AS, 2 | (V x F): d$ 
S 








$F.dl- 


: M2 AS, $45,204 AS, 














NOTE 


Stokes' theorem is a special case of Green's theorem in plane. To obtain Stokes' theorem from 
Green's theorem, we have to make two changes. First, the line integral in two dimensions (Green's 
theorem) is changed to a line integral in three dimensions (Stokes' theorem). Second, the double 


integral of curl F. a, over a region R in the plane (Green's theorem) is changed to a surface integral 
of curl F - a, over a surface S floating in space (Stokes' theorem). 


*Example 1.50 Given that F = à,  y?za, . Verify Stokes’ theorem for this vector field and the 


flat surface in the yz plane bounded by (0, 0, 0), (0, 1, 0), (0, 1, 1) and (0, 0, 1). Choose the contour in 
the clockwise direction. 


Solution Here, F dl =(a,+ y!zà,): (dxà, + dya, + dza,) = (dx + y?zdy) 
fF-di=[F-di+|F-di+{F-di+j]F-di 
L L D JA Ly 


Along L,: dx = dy=0 


1 
JF-dl = Í (dx+y?zdy)=0 
L z=0 
Along L,: dx = 0, 
amos, J sel 1 
J F-di= [ G?zdy,a- 34 = 
: e 3 3 
2 y=0 0 
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Along L4: dx = dy = 0 











J F-di = 
L (0, 0, 1) (0, 1, 1) 
Along L,: dx = 0, z=0 Ly L3 
[E-dl= [ (dr+y’zdy)=0 (0, 0, 0) 
L, yaf L4 (0, 1, 0) 
Hence, the line integral is given as 
$F.d ped tuat dr * 
L Es L L Fig. 1.39 Line integral of Example 1.50 
vm -l 
Or Tord 3 
To evaluate surface integral, we have the elemental surface given as 
dS = dydz(-à,) = —dydza, 
ay a, a, 
po oO O| oz 
Also, Vx F DES ya, 
1 yz 0 
yd tow 
JOD dS = j j (7 y?à,)- (- dydzà,) = j j y! dyd: = 7 i 


z=0 y=0 z=0 y=0 0 


Since [(V x F)- d$ =F - dl, Stokes’ theorem is verified. 
s L 


Example 1.51 Given A=rsin@a,+r? a, in cylindrical coordinates. Verify the Stokes’ theorem 


for the contour shown in Fig. 1.40. 


Fig. 1.40 Contour of Example 1.51 
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Solution Here, 
A-dl = (r sin 64, +1? a4): (dra, + rdoa, + dzà,) 
=(rsin ódr + r°do) 


0 
d f ring =0+ 42 —-2=(4n-2) 
ME LS $-n/2 


2 m/2 
pars] ring fi rae) 
L 0-0 9 r 





r=0 =0 2 
la a la 
r r [^] r Z 
- | 9 d Bla. E 
Also, Vx A 3r d OF Gr -r cos $)a, 
rsing r 0 
m - m/2 2 m/2 
[V x A)-dS= | [ Gr-coso)rdrdó - | (8-2 cos ó)dó = (86 — 2 sin 95? = (47 — 2) 
S $-0r-0 $-0 


Since f (V x F): d$ = $F - dl , Stokes’ theorem is verified. 
s L 


*Example 1.52 Evaluate the line integral of vector function F = xi + x° yj + y?xk around the 
square contour ABCD in the xy-plane as shown in Fig. 1.41. Also integrate V x F over the surface 
bounded by ABCD and verify that Stokes’ theorem holds good. 


B (2, 0, 0) 





C (2, 2, 0) 


X 


Fig. 1.41 Contour of Example 1.52 


Solution Here, 
F-2xi tx? yj + yxk 
dl = dxi + dyj + dzk 


F.dl- (xi + x? yj + yxk) - (dxi + dyj + dzk) = xdx + x? ydy + y?xdz 
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The closed line integral is given as 








0, y= 0, z = 0; x varies from 0 to 2 








Along the path AB, dy = dz 
B. ut 2 x2 2 
[F-dl = jxav=| = =o 
A 0 0 
Along the path BC, dx = dz = 0, x = 2, z = 0; y varies from 0 to 2 
B usd 27 
[ F- dl = |x ydy -4| | =8 
B 0 x=2 0 








0, y= 2, z = 0; x varies from 2 to 0 





Along the path CD, dy = dz 


0, x= 0, z = 0; y varies from 2 to 0 








Along the path DA, dx = dz 





Qu. ag 2 
[EF-dl = |x’ ydy 
B 0 


By addition, we get the closed line integral as 
$F.dl =2+8-2+0=8 
L 


Now, the curl of the vector is 
Po k 
P- 2 0. es s dn 2k 
VxF= Se aye =2xyi — y^ j + 2xyk 
x wp 
se a T. CIS. » uo Uh» 2T [p 2 
Jv x F): dS = f f (2xyi — y? j + 2xyk) - (dxdyk) = f f 2xydxdy = 2. x I =8 
S x=0 y=0 x=0 y=0 0 0 
Thus, GF di = Jv x F)- dS ; Stokes’ theorem is verified. 


L S 


CLASSIFICATIONS OF VECTOR FIELDS 


1.12 
A vector field is uniquely characterised by its divergence and curl. From these properties, vector fields 


are classified into four categories: 
1. Solenoidal and Irrotational Vector Fields (V- F = 0, V x F = 0) 
2. Non-solenoidal and Irrotational Vector Fields (V - F #0, Vx F 20) 
3. Solenoidal and Rotational Vector Fields (V - F =0, V x F #0) and 
4. Non-solenoidal and Rotational Vector Fields (V - F +0, V x F #0). 
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1. Solenoidal and Irrotational Vector Fields (V- F 20, V x F 20) For a given vector field F, 
if its divergence and curl are both zero (V - F =0, V x F — 0), the field is known as solenoidal and 
irrotational vector fields. Such a vector field has neither source nor sink of flux. 

Examples of such vector fields are: linear motion of incompressible fluids, electrostatic fields in 
charge-free region, magnetic fields within a current-free region, gravitational fields in free space. 


2. Non-solenoidal and Irrotational Vector Fields (V - F#0,VxF= 0) For a given vector field 
F, if its divergence is not zero but curl is zero (V - F #0, V x F = 0), then the field is known as non- 
solenoidal and irrotational vector fields. 

Examples of such vector fields are: electrostatic fields in charged medium, gravitational force inside 
a mass, linear motion of compressible fluids. 


3. Solenoidal and Rotational Vector Fields (V - F- 0 Vx F+ 0) Fora given vector field F, if its 
divergence is zero but curl is non-zero (V - F = 0, V x F + 0), then the field is known as solenoidal and 
rotational vector fields. 

Examples of such vector fields are: magnetic fields within a current carrying conductor, rotational 
motion of incompressible fluids. 


4. Non-solenoidal and Rotational Vector Fields (V-F $0, Vx F0) Fora given vector field 
F, if both the divergence and curl are non-zero, (V - F#40,VxXF# 0) then the field is known as non- 
solenoidal and rotational vector fields. 

Examples of such vector fields: rotational motion of compressible fluids. 


Example 1.53 ] , » 
(a) Determine the constant c such that the vector F =(x+ay)i +(yt+bz)j+(x+cz)k will be 
solenoidal. 
(b) Find the value of constant Q to make V = (x + 3y)i + (y — 2z)j +(x + Qz)k , solenoidal. 
(c) Find the constants a, 5, c so that the vector 


V — (x 2y  az)i * (bx -3y — z)j + (Ax cy * 2z)k is irrotational. 
Solution 


(a) F 2 (x ay)i t (y  bz)j * (x cz)k 
The vector will be solenoidal if its divergence is zero. 


p 0 d ig» E 
V.FE- a, e+ ay) + gU RE 3,0 *02-0 
=> 1+1+c=0 
c--2 
(b) V 2 (x43y)i + (y -22)j +(x + Qz)k 
The vector will be solenoidal if its divergence is zero. 


7; 0 d 
V: V= hoy y-22)*t 5; t Qz)-0 


d 
3 
=> 1+1+Q0=0 
Q-—2 
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(c) V — (x 4 2y * az)i + (bx -3y — z)j + (Ax cy + 2z)k 


The vector will be irrotational if its curl is zero. 


i F k 
E d d d » 
ca ox oy Oz xL 
(x+2y+az) (bx-3y—z) (4x+cy+2z) 

> (c+ Di +(a-4)j7 +(b-2)k 20 
This vector will be zero if and only if its components are individually zero. 

(c+1)=0 => c=-l 

(a—4)=0 > a=4 
and (b-2)20 => b=2 


Hence, a = 4, b=2,c=-1. 


*Example 1.54 Ifa scalar potential is given by the expression ¢ = xyz, determine the potential 
gradient and also prove that the vector F = grad à = grad @ is irrotational. 


Solution Here, the potential is, @ = xyz 
The potential gradient is given as 


Vo= Sona, + a 092, + wzi, = (yza, + xza, + xya,) 


Now, we let, F = Và = (yza, + xza, + xya,) 








do d De 
VxFzVxVó- 2 m 2i-( 1)a, + (I-1)a,+(1-1)a,=0 


yz xz xy 


Hence, the vector F = V ó is irrotational. 


1.13 HELMHOLTZ THEOREM 
Statement A vector field is uniquely described within a region by its divergence and curl. 
Explanation  Ifthe divergence and curl of any vector F are given as 
V.F-p, and VxF-p, (1.90) 
where p, is the source density of F, and 
D; is the circulation density of F 


both vanishing at infinity, then, according to Helmholtz theorem, we can write a vector field F asa 
sum of a component F, whose divergence is zero V - F, — 0 (solenoidal) and a component F, whose 
curl is zero V x F;=0 (irrotational). 
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P-RAE 
Also, we know that the divergence of curl of a vector is zero and the curl of gradient of any scalar is 
zero. Using these two null identities, we can write F, and F; as follows. 


F=VxA and E-Vó (1.91) 


where A and gare a vector and a scalar quantities respectively. 
Thus, any vector can be represented by the Helmholtz theorem as 





F=Vo+VxA (1.92) 











Proof We assume that there exist two vector fields F; and F, which show identical results for 
divergence and curl at least at one point, P (say) in volume v of interest. Besides, E and F, both 
satisfy the boundary condition at the surface S bounded by volume; such that on the surface we can 
write 


Hh d, = Fy li d, 
=> (F-F,)-4,=0 (1.93) 
At point P, our assumption requires 

V.REZVeE 
=> V-(F-F,)=0 (1.94) 
and 

VxF=VxF, 
=> Vx(F-F-0 (1.95) 


From Eq. (1.94) and (1.95), we see that there exists a vector field H- (Ff, m É), which is solenoidal 
and irrotational (V - H = 0 and V x H = 0) . Therefore, we can write 


H=Vo (1.96) 
where @ is a scalar field. 
From Eq. (1.94) and (1.95), 
V.H20 => V-Vo=0 => V’o=0 
Now, by Green’s first identity, we can write 


J(S,V?S,+ VS,-VS,)dv = $(S,VS,)- dS 
V S 


If $, = S, = $ (say), then the identity becomes 


J(9V?20 Vo- Vó)dv 2 (90V) dS 
y S 


= J (Vo) av = $(0V 9): aS (- V26- 0) (1.97) 
V 


S 
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By using Eq. (1.96), we have 
$(0Vó).d$2 $0H -dS=oH-a,dS=0 {v by Eq. (1.95), H-a,=(F,- Fy) 4,=0} 
S S S 


Hence, from Eq. (1.97), we have 
[Vo dv=0 
y 


= [Hg dv=0 
V — 
— H=0 
> (F- F,)=0 
E-F, 


Hence, our initial assumption that F, and F, are two different vector fields showing identical values of 
divergence and curl is wrong. 

Therefore, we conclude that no two vector fields can show identical divergence and curl everywhere. 
Hence, divergence and curl specifies a vector field uniquely. 


113.1 Physical Interpretation of Helmholtz Theorem in Classical 
Electromagnetism 


1. Helmholtz theorem is a profound mathematical theorem which provides the definite relationship 
between a vector field and mathematically defined source functions. The usual presentations of 
electromagnetic theory establish the principal sources of the electromagnetic field vectors, but 
do not give information whether all sources are included. Helmholtz theorem provides the basis 
for investigating the existence of other possible sources. 

2. According to Helmholtz theorem, a general vector field can be written as the sum ofa conservative 
field and a solenoidal field. Thus, we ought to be able to write electric and magnetic fields in 
this form. Second, a general vector field which is zero at infinity 1s completely specified once its 
divergence and its curl are given. Thus, we can guess that the laws of electromagnetism can be 
written as four field equations 


V. E = something 
V x E = something 
V. Ë = something 

V x H = something 


and we can solve the field equations without even knowing the right-hand sides and any solutions 
we find will be unique. 

In other words, there 1s only one possible steady electric and magnetic field which can be 
generated by a given set of stationary charges and steady currents. 

If the right-hand sides of the above field equations are all zero, then the only physical solution 
is E = H =0. This implies that steady electric and magnetic fields cannot generate themselves. 
Instead, they have to be generated by stationary charges and steady currents. So, if we come 
across a steady electric field, we know that if we trace the field-lines back, we shall eventually 
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find a charge. Likewise, a steady magnetic field implies that there is a steady current flowing 
somewhere. All of these results follow from Helmholtz theorem prior to any investigation of 
electromagnetism. 

3. Helmholtz theorem also provides a significant result pertaining to the meaning of the inverse 
square radial fields (such as, Newton’s gravitational field and Coulomb’s electrostatic fields). It 
can be established that the inverse square relation is determined by more elementary properties 
of the field and of the source function to which it relates. 


Summary 


A quantity that has only magnitude is said to be a scalar quantity, such as time, mass, distance, 
temperature, work, electric potential, etc. A quantity that has both magnitude and direction is called 
a vector quantity, such as force, velocity, displacement, electric field intensity, etc. 


If the value of the physical function at each point is a scalar quantity, then the field is known as a 
scalar field, such as temperature distribution in a building. If the value of the physical function at 
each point is a vector quantity, then the field is known as a vector field, such as the gravitational 
force on a body in space. 


A unit vector a, along A is defined as a vector whose magnitude is unity and its direction 1s along 
A. In general, any vector can be represented as 


A= Aà,- |A|á, 
where A or Zi represents the magnitude of the vector and a, direction of the vector A. 


Two vectors can be added together by the triangle rule or parallelogram rule of vector addition. 


The dot product of two vectors A and B , written as, A-B , is defined as 
A- B= AB cos 0 4p 

where, 0, is the smaller angle between A and B, and 

A= | Al and B= |B| represent the magnitude of A and B, respectively. 


The cross product of two vectors 4 and B, written as (Ax B), is defined as 
Ax B= AB sin 04,4, 


where a, is the unit vector normal to the plane containing A and B. The direction of the cross 
product is obtained from a common rule, called the right-hand rule. 


Three orthogonal coordinate systems commonly used are Cartesian coordinates (x, y, z), cylindrical 
coordinates (r, $, z) and spherical coordinates (p, 0, $). 


The differential lengths in three coordinate systems are given respectively as 
dl = dxà, * dya, + dza, 
dl = drà, * rdóà, + dza, 
dl =dpa,+ pd6à, + p sin 0dóa, 
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The differential areas in three coordinate systems are given respectively as 


dS = dydza, + dxdza, + dxdya, 
dS = rdodza, + drdza, + rdrdoa, 
dS = p° sin 8d6dóà, + p sin Odpdba,+ pdpd0a, 


The differential volumes in three coordinate systems are given respectively as 


dV = dxdydz 
dV = rdrdodz 
dV = p? sin 0 dpd0dó 


For vector F and a path /, the line integral is given by 
> > b > 
JF -dl = JIF|cos @dl 
l a 


If the path of integration is a closed curve, the line integral is the circulation of the vector around 
the path. 


If the line integration of a vector along a closed path is zero, i.e., GF -dÏ =0, then the vector is 
known as conservative or lamellar. l 


For a vector F, continuous in a region containing a smooth surface S, the surface integral or the flux 
of F through S is defined as 


y= [F -d5 = [F-a,dS = f| F| cos 04S 
S S S 


where a, is the unit normal vector to the surface S. 


If the surface is a closed surface, the surface integral is the net outward flux of the vector. 


If the surface integral of a vector over a closed surface is zero, 1.e., $F dS = 0, then the vector is 
known as solenoidal vector. S 


The volume integral of a scalar quantity F over a volume V is written as 


U = | Fdv 
V 


The differential vector operator (V) or Del or Nabla, defined in Cartesian coordinates as 





is merely a vector operator, but not a vector quantity. It is a vector space function operator, used for 
performing vector differentiations. 

The gradient of a scalar function is both the magnitude and the direction of the maximum space rate 
of change of that function. 
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e The gradient of a scalar quantity in three different coordinate systems is expressed respectively as 


af , dF. | aF 
qu e ay ae 

L3F. ,10F. | oF. 
~ or Us pape ar 


-E3 +1 OE g ES ay (Spherical coordinates) 


ap? p00 ^* psind oo 


VF= (Cartesian coordinates) 





E (Cylindrical coordinates) 





e The divergence of a three-dimensional vector field at a point is a measure of how much the vector 
diverges or converges from that point. 

e Ifthe divergence of a vector is zero, then the vector is known as solenoidal vector. 

e The divergence of a vector quantity in three different coordinate systems is expressed respectively 








as 
= oF F 
V.F- oes +—~+ os (Cartesian coordinates) 
ox oy az 
OF, F 
= L2 (rF.)+ I LM + a (Cylindrical coordinates) 


3 (E, sin 0) + (Spherical coordinates) 


OF, 
E 1 Fp) + Sain psin 0 00 Sane on 
The curl of a vector field, denoted curl F or V x F, is defined as the vector field having magnitude 
equal to the maximum circulation at each point and to be oriented perpendicularly to this plane of 
circulation for each point. 
e Ifthe curl of a vector is zero, then the vector is known as irrotational vector. 


e The curl of a vector quantity in three different coordinate systems is expressed respectively as 


a) 
a) 


a, y Z 
Bpod d dO : : 
VxF= m m ae (Cartesian coordinates) 
des y E; 
a, Vay d, 
[iə ə ə Mee 1 
= (4 F 06 or (Cylindrical coordinates) 
F. rF, F, 


ó 
d, pag psin 0a, 
9 9 Spherical coordi 
T 58 36 (Spherical coordinates) 
Fp pFọ psin 0F, 


esti 
p? sin 0 


e The Laplacian operator (V?) of a scalar field is the divergence of the gradient of the scalar field 
upon which the operator operates. 
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e The Laplacian operator (V?) of a scalar field in three different coordinate systems is expressed 
respectively as 





2. 

|. F F OE 
o? ð? dz? 

_10(.0F\, 10°F or 

^r 2| o) r? dp? z oz? 

m GEA 1 2 (si or | 1 F 
p) P ðP)  p* sin @ 90 p? sin? 0 09? 


VE (Cartesian coordinates) 





(Cylindrical coordinates) 





(Spherical coordinates) 


e The Laplacian of a vector is defined as the gradient of divergence of the vector minus the curl of 
curl of the vector; 1.e., 





V?F-V(V.F)-VxVxF 


e In the Cartesian coordinate system and only in the Cartesian coordinate system, vector Laplacian is 
written as 


V?F - (V? F.)a, + (V?F,)à, + (V?F.)a, 


e Gauss’ divergence theorem is used to convert volume integral into surface integral and vice versa. 
According to this theorem, the divergence of a vector field over a volume is equal to the surface 
integral of the normal component of the vector through the closed surface bounding the volume. 


JV. Fdv2 $F- d$ 2$ F.a,dS 
V S S 


where V is the volume enclosed by the closed surface S. 


* According to Green's theorem, if F is a two-dimensional vector field, such that, F — (Fâ, + F,a,), 
then 





dF, i: 
nee + Fdy)- ie ns Jay 


where C is a positively oriented boundary of the region R. 


e Stokes’ theorem is used to covert line integral into surface integral and vice versa. According to 
this theorem, the line integral of a vector around a closed path is equal to the surface integral of the 
normal component of its curl over the surface bounded by the path 


$F -di = j[(V x F): dS = JJ (V x F)-a,dS 
L S S 


where S is the surface enclosed by the path L. The positive direction of dS is related to the positive 
sense of defining L according to the right-hand rule. 

e Helmholtz theorem states that a vector field is uniquely described within a region by its divergence 
and curl. 
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Important Formulae 





Dot product 


A- B= AB cos 0 4p 





Cross product 


Ax B= AB sin 0,5, 





Differential lengths 


dl = dxā, + dya, + dza,, (Cartesian coordinate) 
= dra, + rd$a, + dza,, (Cylindrical coordinate) 
= dpa, + pd@dag+ p sin @dgay, (Spherical coordinate) 





Differential areas 


dS = dvdza, + dxdza, + dxdyaz, (Cartesian coordinate) 


= rdodza, + drdza, + rdrda,, (Cylindrical coordinate) 


= p? sin 640d9a, + p sin 0dpdóag + pd pd0a, (Spherical coordinate) 





Differential volume 


dS = dxdydz, (Cartesian coordinate) 
= rdrdodz, (Cylindrical coordinate) 


= p° sin @dpd@d@, (Spherical coordinate) 





Del operator in 
Cartesian coordinate 








Gradient of a scalar 


VF= a,+=~—a,+—~—a (Cartesian coordinates) 





_38F~.10F ~ , oF x 




















= 5, 4 + ; 08 ds 3; * (Cylindrical coordinates) 
OF. ,l90F. 1 OF ~ : : 
ECT put p 38 dg + ey ap (Spherical coordinates) 
Divergence of a OF F 
vector V.F- o - ois (Cartesian coordinates) 
ox oy az 
-1o LN AA t 
E ay | F)* 1 08 + 3: (Cylindrical coordinates) 
] d 1 d 


2 LG » 
- 7350 Sane ag 
] oF 


+ EFT) EYE (Spherical coordinates) 





| 90 Electromagnetic Field Theory 








Curl of a vector 











Hc a, a, 
VxF- ED MN (Cartesian coordinates) 
ox oy oz 
FS tig. ob 
a, a, a, 
_{1\|d ə ð "——- : 
(4 RUNE (Cylindrical coordinates) 
By Bede 
dg pa, psina 
1 d 0 d . . 
= Spherical coordinates 
ace | 36 ap | O 
F, pkg psin6F, 
Laplacian of a scalar 2 2 2 
VF= oF + oe + a (Cartesian coordinates) 





o ə? o 
1 2 x) 1 F °F 


(Cylindrical coordinates) 








Par ar r? d? oz 

-1 2| 22E 1 Of. 9oF 

Up IG E e gas 939) 
1 OF 


pe Spherical coordinates 
p? sin? 0 99? BT 





Laplacian of a 
vector in Cartesian 
coordinate 


WF = (V? F.)à, + (VF, a, + (V?F.)à, 





Gauss’ divergence 
theorem 





Stokes’ theorem 








$E- dl = [f (V x F)dS = [f (V x F)a,ds 
L S S 








Exercises 





[Note: * marked problems are important university problems] 


e Easy 


1. Given the vectors A=5a,+ 3a, + 6a, and B=24,+ a,+4a,, find A: B, Ax B and the angle 


between A and B. 


[37, (64, — 84, — à, ),15.2*] 
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2. Determine the gradient of the following scalar fields: 
(a) A92 x by xyz 
(b) $2 z cos 20 
(o Ww sin PE @ 
p (a) {y(2x + z)a, + x(x + z)a, + xya,}; 
(b) (2rz cos 294, — 2rz sin 26a, + r? cos 294, ); 


2snOsinó .  cosOsinó . | cos 
of p ta p ? i a| 








ag + 
P 0 
P 


3. Determine the divergence of the following vectors: 


(a) dco o 
4x y? 


(b) A=rsin $4, + 2r cos ga, + 27°G, 


() A= E Jin 0a, + p cot Oa, + p sin 0 cos $a, 
p 


[oo — ; (b) 4z; (c) — (1+ sin a 





4. Determine the curl of the following vectors: 
(a) F=(x?-2z’)a, + 24a, + 2xzà, 
(b) F =rzsin 64, + 3rz? cos ba, 
ig Fe sl â, arg aig 
P (a) — 4zà,; (b) — 6rz cos $4, + r sin Gay + (6 — 1)z cos $4,; 


(c) & cot 0 cos eji + H cose + cos Jo 


5. Determine the Laplacian of the following scalar fields: 
(a) F=x y+xyz 
(b) F=7 z cos 2¢ 
(c) F= 10 p sin? 0 cos ġ 
(d) F=(3x + 4y + 2z)(x — 2y + 4z) 
10 cos =e 





(a 2y; (b) 0; (c) 


6. Show that the vector F = yza, + xza, + xya, is both solenoidal and irrotational. 


(1+ 2 cos 20); (d) ] 


e Medium (1 | 


*7. Fora position vector 7, prove that V = 


8. If (p, 0, @) are spherical polar coordinates, show that, 
grad (cos 0) x grad ọ = eraa( 4) p*0 


9. Ifa rigid body is rotating with an angular velocity @, prove that © = jeu V, where V is the linear 


velocity. Give the physical meaning of the cross product of @ and ? where F is position vector. 
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*10. Given point P (—2, 6, 3) and vector A= ya, * (x t z)a,. Express P and A in cylindrical and 
spherical coordinates. Evaluate A at P in the Cartesian, cylindrical and spherical systems. 
f 6, 3) = P(6.32, 108.43°, 3) = P(7, 64.62°, gn 
(6a, + a, ), (-0.95a, — 6a,), (-0.86a, — 0.41ag — 6a, ) 





11. Express the vector, B- Dl, + p cos Ody + ds, in Cartesian and cylindrical coordinates. Find B 
(3, 4, 0) and B (5, 7/2, —2). [(-2a, + a); (2.4074, + a, + 1.167a.)] 
12. Express the vector, 3xa, — yza, + x°za, in cylindrical coordinates. 


13. Express the vector, 2ya, — 2a, + xa, in spherical polar coordinates. 


E 3 
*14. Given that A= m 


2 m on an edge, centered at the origin and with edges parallel to the axes. 





a,, evaluate both sides of the divergence theorem for the volume of a cube, 


15. Given that F — 30e" à, — 4zā, in cylindrical coordinates, evaluate both sides of the divergence 
theorem for the volume enclosed by r = 5, z = 0 and z = 10. 

*16. Given that D = ms in cylindrical coordinates, evaluate both sides of the divergence theorem 
for the volume enclosed by r= 1, r= 2,z = 0 and z = 10. 

e Hard 

17. Prove that V? 7” = n(n + 1)? and V? (4) =0. 


18. Given a vector field 
D=psin $a, — 5 sin 0 cos $day + pay 
determine: (a) D at P (10, 150°, 330°). 


(b) The component of D tangential to the spherical surface p = 10 at P. 
(c) A unit vector at P perpendicular to D and tangential to the cone @= 150°. 


{Q (—5a, + 0.0434 + 1004, ); (b) (0.0434 + 1004, ); (c) (0.9994, — 0.04994, ) | 


19. Given the vector field in ‘mixed’ coordinate variables as 





> 2 2 

Jegy ON 2 3y 3x 
p p 

Convert the vector completely in spherical coordinates. 


20. For the vector F = (x + »)a, — xa, + xa,, evaluate the line integral from point P, to point P, along 
the path L; and L, as shown in Fig. 1.42. 
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P,(0, 1, 2) 





L2 
(1, 0, 2) 





Fig. 1.42 Contour of Example 21 


M -p 
21. Given the vector A= (=a in spherical coordinates. Verify both sides of Stokes’ theorem for 


the curve bounded by the area shown in Fig. 1.43. 





Fig. 1.43 Arrangement of Problem 22 





Review Questions 





1. What is the concept of field? Define scalar and vector fields by giving suitable example of each. 
What is the importance of unit vector? 

2. (a) Discuss cross product and dot product in detail between two vectors. 
(b) Discuss the vector representation of a surface. 

3. Define the divergence of a vector. Explain the physical significance of the term ‘divergence of a 

vector field’. 

Define the curl of a vector. Explain the physical significance of the term ‘curl of a vector field’. 

What is a ‘gradient’? Give its physical interpretation. 

Define generalised coordinate system. Find its gradient, divergence and curl equations. 

Define and give examples for the following vector fields: 

(a) Solenoidal and irrotational (b) Non-solenoidal and irrotational 

(c) Solenoidal and rotational (d) Non-solenoidal and rotational 

8. State and prove the Divergence theorem. 


IU UG 
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9. State and prove Stoke’s theorem. 
10. State and prove the Helmholtz theorem. What is the physical significance of this theorem? 





Multiple Choice Questions 





1. Choose the correct statement: 
(a) Divergence of curl of a vector is zero and curl of grad is zero. 
(b) Divergence of curl of a vector is zero and curl of grad is non-zero. 
(c) Divergence of curl of a vector is non-zero and curl of grad is non-zero. 
(d) Divergence of curl of a vector is non-zero and curl of grad is zero. 
2. Ifthe vectors A and B are conservative, then 
(a) Ax B is solenoidal (b) Ax B is conservative 
(c) A+B is solenoidal (d) A-B is solenoidal 
3. The value of $4 [ along a circle of radius 2 units is 
(a) zero i (b) 27 (c) 4x 
4. Two vectors A and B are such that A+ B = nA where n is a positive scalar. The angle between A 
and B is 


(a) Z ©) = (x (a) 2x 
5. Which of the following equations is correct? 

(a) à,xà,-|a,f (b) (4,xa,)+(4,xa,)=0 

(c) à,x(a,xà,) =4,x (a, x à,) (d) à,-àg*àg: à, 20 


6. Match List-I (Term) with List-II (Type) and select the correct answer using the codes given below 
the lists: 


























List-I List-II 
(Term) (Type) 
A. curl (F) =0 1. Laplace equation 
B. div (F )=0 2. Irrotational 
C. div Grad (0) = 0 3. Solenoidal 
D. div div (¢) 0 4. Not defined 
Codes: 
(a) A B C D 
2 3 1 4 
(b) A B C D 
4 1 3 2 
(c) A B C D 
2 1 3 4 
(d) A B C D 
4 3 1 2 
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7. Which one of the following is a meaningless combination? 





(a) grad div (b) div curl (c) curl grad (d) div curl 
8. Which one of the following is zero? 
(a) grad div (b) div grad (c) curl grad (d) curl curl 
Answers 
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ELECTROSTATICS 





Learning Objectives 
This chapter deals with the following topics: 

W Sources of electrostatics 

Basic laws of electrostatics 

W 7o acquire knowledge of fundamental quantities of electrostatics 
W Boundary conditions in electrostatics 

E 


Concepts of capacitance 





2.1 INTRODUCTION 


The sources of electromagnetic fields are the presence of electric charges. An electrostatic field is 
considered to be a special case of electromagnetic field in which the sources are stationary. However, 
individual charges (e.g., electrons) are never stationary, having random velocities. The charges are 
referred to be stationary when any elemental macroscopic volume is considered and the net movement 
of charge through any face of the volume is zero. 

In this chapter, we will learn the basics of electrostatics in detail. 


2.2 ELECTRIC CHARGE 


Electric charge (q) is a fundamental conserved property of some subatomic particles, which determines 
their electromagnetic interaction. An isolated electric charge creates an electric field around it and 
exerts force on all other charges within that field. 

The SI unit of charge is Coulomb (C). The charge of an electron is 1.602 x 107!°C. Thus, one 
1 


l harge is defi the ch dby | -oT 
Coulomb charge is defined as the charge possessed by = x107!9 


electrons. 


1 Coulomb charge = charge of 6.24 x 10! electrons 


The total electric charge of an isolated system remains constant regardless of changes within the system 
itself. This is known as the law of conservation of charge. The law of conservation of charge states 
that charge can neither be created nor destroyed. A charge can however, be transferred from one body 
to another body. 
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23 COULOMB’S LAW 


Statement This law states that the force between two point charges: 


1. acts along the line joining the two charges. 
2. is directly proportional to the product of the two charges. 
3. is inversely proportional to the square of the distance between the charges. 


Explanation We will consider two point charges Q, and Q, with separation distance R, as shown in 
Fig. 2.1 (a) and Fig. 2.1 (b). 


Q2 
> F 
Qi Qo  àmo S E epe = 
T MUSS + A 1 irsadees 
oe, a d 
2 \<—R—> R 
is yee 
(a) \ 


Fig. 2.1 Coulomb interaction between two point charges (a) like charges, and (b) unlike charges 


The force exerted by Q, on Q, is 


ho e Ary? => F,=k as dpi? (2.1) 








where k is the proportionality constant, which takes into account the effect of the medium in which the 
charges are placed and Gp), is a unit vector directed from Q} to Q}. 

In SI unit, charges expressed in Coulomb (C), the distance expressed in metre (m) and the force 
expressed in Newton (N), the proportionality constant is given as 


|. .1. 
^ Ane 
where €= permittivity of the medium = £e, 
£y = permittivity of free space = pL —8.854 x 107! F/m 


367 x10 
€, = relative permittivity of the medium 


Thus, Coulomb's law in SI unit becomes, from Eq. (2.1) 




















= QQ . 
R= a 2.2 
12 ep OR? (2.2) 
Similarly, force exerted by Q, on Q} is 
E UD -~ = OQ, -~ = 
Faa r3 dg > Fa-k A dg5i 7 — Fi» 





origin 


If two charges have the position vectors of 7 and 7, 


respectively, as shown in Fig. 2.2, then Fig. 2.2 Coulomb vector force between two 
point charges 
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Force on charge Q, due to charge Q, is 








Ē.= 12> 5 
DU Amer? TU 
where &;- (5-5), | R-|R5| —-óg;- E 
fs Qo R= _ 90% - n) (2.3) 
AncR Ane |5 - np 











Similarly, force on charge Q, due to charge Q, is 


Pe QQ g .QOi-5). g 


Ame R? mis Ane |f, -PP Z 
1 2 





Thus, we see that the force exerted by the charges on each other is equal in magnitude, but opposite 
in direction. It is also noticeable that the force between two like charges (charges of equal sign) is 
repulsive whereas the force between two unlike charges (charges of opposite sign) is attractive. 


2.4 PRINCIPLE OF SUPERPOSITION OF CHARGES 


If there is a number of charges Q,, Q), ..., Q,, placed at points with position vectors 7,7, ..., F, 


respectively, then the resultant force F on a charge Q located at point r is the vector sum of the forces 
exerted on Q by each of the charges Qj, Qz, ..., Qp- 


= QQ (r - n) PROUD , 9. = in) 


Ane |F - nl Taneri "Anek - Z,P 








(2.4) 











Example 2.1 Two point charges, Q, = 50uC and Q, = 10uC are located at (-1, 1, 23) m and 
(3, 1, 0) m, respectively. Find the force on Qj. 


Solution Here, &j,- (-1,1, -3) - (3, 1,0) = (-4i — 3k) 
- _ C4i-3k) | -47-3k 
TUDE 2 


Hence, the force on the charge Q, is 











-6 -6 ANTCA: 
BÉ OQ. fy, = 50% 10 4x 10x10 d i 1 
Amey Ros An x 107 x (5) 


36 
= 0.18(- 0.87 — 0.6k)N 
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The force has a magnitude of 0.18N and a direction given by the unit vector (-0.8i — 0.6k). In 
component form 


Fy, = (-0.144i — 0.108k)N 


Example 2.2 Two small identical conducting spheres have charges of 2.0 x 10? C and 
—0.5 x 10? C, respectively. When they are placed 4 cm apart, what is the force between them? If they 
are brought into contact and then separated by 4 cm, what is the force between them? 

Solution The force between the conducting spheres is given as 


a cont -9 
E E OE) E S095 19 a E A ve) 


4rer? 4r x 8.854 x107! x (4 x 1072)? 


When the two spheres are brought into contact and then separated, the charge of each sphere is 





-9 __ -9 
Dis Sos 2.0x10 ext 2045x10?C 





In this case, the force between the conducting spheres is given as 


2 -92 
p. . Q o. XI y ___ 9.3164 x 10-5. (repulsive) 
4n£r' Amer” 4r x8.854x10 ^x(4x10 ^) 


Example 2.3 Two particles each of 
mass ‘m’ and having a charge ‘q’ are suspended 
by string of length ‘/’ from a common point as 
shown in Fig. 2.3. Show that the angle ‘@ which 
each string makes with the vertical is obtained 

















tan? 0 q? 
from umm T 
l+tan 0 167€)mgl 
F< >F 
2 
Solution Force of repulsion, F a 
47 &y(AB) 
From AOAC, 
ABN Fig. 2.3 Two particles suspended by string from a 
E —sin 0 — AB - 2l sin @ common point 
2 2 
3 1 (i 


»Am&yQlsin8)! 1672? sin? @ 
Net force at point A = (T sin 0 — F)i + (T cos 0 — mg) j =0 
TsnO-F 
T cos 0 = mg 


tan 0 — E 
mg 
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Using Eq. (7), we get 


q? 











20775 = tan 0 
167 € /“ sin” Omg 
2 zd T 3 3 
or —1____ = tan 6 sin? 9 = 2 P m d 2g. tan 6 _ tan : 
l6z&ymgl cos@ cos? 6 sec^O 1+ tan“ 0 
tan'O — q 





1+tan?0 — 167 £ mgl? 











If the angle is very small, 0 <<, then 0 = 0 and cos 0« 1 and hence we have 





q? 


167 £ mgl? 


0=3 





Example 2.4 Three identical small spheres of mass m are suspended from a common point by 
threads of negligible masses and equal length /. A charge Q is divided equally among the spheres, and 
they come to equilibrium at the corners of a horizontal equilateral triangle whose sides are d. Show that 


_ l2zeomgd? 


(r=) 


Solution The arrangement is shown in Fig. 2.4. 

Let the charge on each sphere be q. 

We will consider the net force acting on any one of the spheres; say, the 
sphere at point A. 

The x component of the force of repulsion due to the spheres at points B 
and C is given as 


F = F,, cos 30° + F~} cos 30° 
2 
24 cos 30° x 2(-i) 














Ane d* 
LAG emery 
47 £yd 2 Fig. 2.4 Three identical 
; : spheres 
Net force on the sphere at point A is suspended from 
Fe, - (T sin œ — F)i + (T cosa — mg)j =0 a common pomi 
2 
Tsna=F= V34 5 
ANE d 


T cos œ = mg 


Jag? 


tan @ = Fie ae 
47 E£ mgd 
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AO. dN3 — dN3— — d3 
OP JAPAO P- (a3 | p.d 
3 


d3 ——— 43g? 


2 d^ i Ane mgd? 


From Fig. 2.4, tan a = 














: 3 
at g T 4n £y mgd 
3 22 — a 
3 
Here, q = 2, putting this, we get, 
p.d 
3 











*Example 2.5 It is required to hold four equal point charges +q each in equilibrium at the 
corners of a square. Find the point charge which will do this 1f placed at the centre of the square. 


Solution  Letthe required charge at the centre be 
—q'. From Fig. 2.5, considering the forces acting on 
any one charge (say 1), due to all other charges, the 
resultant must be zero for equilibrium. 




















Here, 
2 
mes TO 
TENE q? "s 
^ ^ Amea? j 
317 T = r Fs 
4ne( 2a)? Brea? Fig. 2.5 Arrangement of charges for Example 2.5 
5 q^ m ea S: 4 3 s 
y= TEES (cos 0i —sin0 j)- Sones "NER J (70245?) 
Similarly, 


= qq > qd 4 
F= i+ J 
S a2mea) 2) 2mea? 





For equilibrium, 
Fy, + Fy + Fy t Fs) =0 


q es = ne 5 3 n 
or tg -qi HAG -N2q] -qj 444 J)=9 
8/ 2nea2 
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or 


«en 


= 0.956q 


Thus, the required charge at the centre of the square is —0.956q. 


*Example 2.6 It is required to hold three equal point charges +q each in equilibrium at the 
corners of an equilateral triangle. Find the point charge which will do this if placed at the centre of the 
triangle. 


Solution Let the required charge at the centre be 
—q'. From Fig. 2.6, considering the forces acting on 
any one charge (say 2), due to all other charges, the 
resultant must be zero for equilibrium. 




















Here, 
m q? a " 
F2 =-——,, (cos 60* i + sin 60^ j) 
4rea 
= q? z Jag? 5 4 
8z&a? 8z£a? 
2 
Ép --— i 
An£a? Fig.2.6 Arrangement of charges for Example 
imi 2.6 
Similarly, 
Fy = (cos 30°7 + sin 30° j) = AX + 54d : j 
4re( mo 3)? "CI Rer 


For equilibrium, 


Fot Ft Fin =0 


q? ex J3q? an q? ju 343 qq’; A 4,244 fen 
or z! ay es ;J =0 
8mEa 8mEa 4z£a 8xea? ” ened 
(3 3qq — 4 q^ y« 3q4 — N3q7 J- 


8zcea? Barea? 4nea? 8z£a?  8mea? 








or =A = 0.577 


ES 


Thus, the required charge at the centre of the square is, q' = — T =-0.577q. 


*Example 2.7 Three point charges of ‘q’ are placed in air at the vertices of an equilateral 
triangle of side ‘d’. Determine the magnitude and direction of the force on one charge due to other 
charges. 


Solution We find out the force on charge at A due to the other two charges situated at points B and 
C. 
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Force on charge at A due to charge at B is 


F,,= OO, _ q? 
B^ Aner? Amed? 





Force on charge at A due to charge at C is 
p q 
FoQ2——— 
O^ Aned? 
From Fig. 2.7, it is observed that the horizontal components of the total 
force cancel out. Hence, the total force acts along the upward direction 
and its magnitude 1s given as 


2 
F = Fy, cos 30°+ Fo, cos 30° = 2x —t — x cos 30° 


Axed? 
oy E 3 _ Ng? 
4ned? 2 4med? 


2 
pa 30 


— 4red? 


























B C 

Fig. 2.7 Arrangement of 
charges for Example 
2.7 


Example 2.8 Four concentrated charges are located at — Q,-0.2uC 5cm Qo - 0.1 uC 


the vertices of a plane rectangle as shown in Fig. 2.8. Find the 














magnitude and direction of the resultant force on Q}. 2 cm 
Solution The resultant force on Q, charge is 
Q4 =-0.2 uC Q4 20.1 pC 
F = Force of attraction between Q, and Q, Fig.2.8 Arrangement of charges 
+ Force of repulsion between Q, and Q, for Example 2.8 


+ Force of repulsion between Q, and Q, 




















Here, 
0.2 x 107° x 0.1x 10 
F= 4; = 0072N 
ANE) X 25 X 107 
along negative x axis. 
2o«10793€0.2 1079 
F= 0 0 0 n -09N 
4T EX 4x107 
along negative y axis. 
F= 02x10 ^x 0.1x 107 — 0.06 N Fig.2.9 Forces for charge arrangement of 
^? 5^ Amex 29 x 107^ Example 2.8 


with an angle 0 to the negative x axis, where 


sin@= ee and LEN 
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Resolving the force F}; into two components, we get 


Fy, = 0.06 cos 0 = 0.06 x —— = 0.058 N 


429 


Fyi = 0.06 sin 8 = 0.06 x —— = 0.023 N 


429 


Total force along the negative x axis is 
F, = 0.072 + 0.058 = 0.13 N 
Total force along the negative y axis is 
F, = 0.9 — 0.023 = 0.877 N 
Resultant force on the charge Q, is, F = (—0.13i — 0.8777) = 0.89Z — 98.4° N 


2.5 ELECTRIC FIELD AND FIELD INTENSITY (E) 


The electrostatic force is a force that acts upon the objects at a distance, even when the objects are not 
in contact with one another. This implies that a charge creates a field at a distance, which in turn acts 
on the other charge. 


Electric Field For an electric charge, there is a region in which it exerts a force on any other charge. 
This region where a particular charge exerts a force on any other charge located in that region, is called 
the electric field of that charge. 

— 


Electric Field Intensity E Itis the force per unit charge when placed in the field. 
2 a F 
É- Lim 
00 O 





or simply E= (2.5) 











It is seen that the field intensity is in the same direction as the force and is expressed in Newton per 
Coulomb (N/C) and volt per metre (V/m). 

Thus, if a point charge Q, is present at position vector 7,, then the field intensity due to the charge Q 
at position vector 7 is 


Q, DNE Q -r) 


E= 
4neR? ® Amge|r rp 





Example 2.9 Show that the electric field intensity at a point due to a number of point charges 
is the vector sum of the electric field intensities due to individual point charges at that point. 


Solution An electric charge q produces an electric field everywhere. The strength of the field 
created by a charge can be obtained by measuring the force on a positive test charge at some point in 
that field. The e/ectric field intensity (E) 1s defined as the force per unit charge when placed in that 
field. 
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If there is N number of source charges q,, q2, ..., q; acting on a © Q (test charge) 
test charge Q, then the net force on the test charge is qi 
O n 
P=F+F,+--F+ 
1 aQ- DQ- 4:Q - 20 
"ES oor 4G. 
2 “ri 2 2 2: EE 
ATE r 5 r " 
=QE Fig. 2.10 Assembly of point charges 
where 
oe 1 N qi E 
E=-—Y-— 4. 2.6 
4re 2 r; ^i ( ) 
So, there is an electric field intensity around a charge q, given by 
E q -= 
E= a 2.7 
Anger? ” Ge) 











It is seen that the force between the charges is dependent on the test charge; but the electric field 
intensity is not. The test charge is only to detect the presence of the force. 


Example 2.10 Point charges of 1mC and —2mC are located at (3, 2, -1) and (-1, —1, 4), 
respectively. Calculate the electric force on a 10nC charge located at (0, 3, 1) and the electric field 
intensity at that point. 


Solution Here, Q, = 10? C, Q, - 2x10? C, Q- 10? C 
Hence, the force on the charge is 
- D NT ME OO =F) 
= FORT =_ op 
i=1,2 4me yR i=1,2 ATE) |r =F] 
_ Q |103x(-37 + 7+2k) 2x103x (7 +47 -3k) 
ATE, (73) + 1? +27? (a 42 + (=3) P? 
| L0x 107? x 103 x uu j*20 , C2i -8j* a 


4z x 107? 14/14 26426 


F =(-6.507i — 3.817 j + 7.506k) mN 











Field intensity at that point 


* 2T 2 -3 
= (-6.507i 3817] + 1.5065) x 


T'es 
x107? 





toy 


= (-650.77 — 381.7 j + 750.6k) kV/m 


*Example 2.11 Three positive charges of q, 2g and 
3q are placed at the corners of an equilateral triangle as 
shown in Fig. 2.11. Ifthe length of each side ofthe triangle 
is ‘d’, find the magnitude and direction of the electric field 
at the point bisecting the line joining g and 2q. 





C(3q) 





Fig. 2.11 Arrangement of charges for 
Example 2.11 
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Solution Electric field at point P due to the charge at point A is 
gee q q 


Aner? 4me(di2y ned’ 





Electric field at point P due to the charge at point B is 


2q 2q 
Ej- on 2 
4ne(d/2)” ned 





Electric field at point P due to the charge at point C is 


nc. 3q __4 
? Amer] Ame(d sin 60°)? med? 





Net resultant field at point P due to the charges at points A and B is 








2q q q ; ] 
E,—-E)- — = — —, along PA direction 
(B.-A) E med” | med” i 


Hence, the magnitude of the total field at point P is given as 


2 2 
_ q q _ v2q 
E= 2 + 2 = 2 
med med med 











*Example 2.12 Three charges q, —q and q are situated 
at the vertices of an equilateral triangle of side ‘a’ as shown in 
Fig. 2.12. Find the field at the centroid of the triangle. 


Solution Field at point P due to the charge at point A is 














E q 3f q A al2 al2 B 
17 Amer: — al2 2 Al neg? Fig. 2.12 Arrangement of charges 
PM (a r) for Example 2.12 


along AP direction 
Field at point P due to the charge at point B is 








eis q ar 
Aner, 7 ( al2 ) 4| mea 
sin 60° 
along BP direction 
Net field at point P due to the charges at points A and B, in the direction perpendicular to AB is 


, 3| 4q o_ 3/4 
E'-2x-— cos 60? 2 — 
sis) isis) 
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Field at point P due to the charge at point C in the direction perpendicular to AB is 








pec q -3| 4 
^ Amer ahn We 4\ mea? 
4z£| — S 

sin 60 





Total field at the centroid is given as E = ("+ E) = 3| a 4 }=3{ 4 ) 
m 








Example 2.13 Three equal positive charges of ‘q’ each are located 
at three corners of a square of side ‘/’ as shown in Fig. 2.13. Determine 
the magnitude and direction of the electric field at the vacant corner of 
the square. 











Solution Field intensity at corner 4 due to charge 1 is q 
E= z; along the positive x axis. Fig. 2.13 Field intensities 
Arey! for charge 


arrangement of 


Field intensity at corner 4 due to charge 3 is 
y s Example 2.13 


sd along the positive y axis. 
4z Egl 


Resultant of these two field intensities 1s 


2 2 
; q q q 
E'- + = VIt 
E ) E ) ATE 


with an angle 45° to the horizontal axis 


E, = 








Field intensity at corner 4 due to charge 2 is 


q q : é : . 
E, mM = —— > with an angle 45? to the horizontal axis 
Ane (2I 82€ 2 


Total field at corner 4 is given as 


E= Œ+) ~ 212 94-919 4 } 


Amel? Snel? 8,1” Ane? 








with an angle 45? to the horizontal axis 


p= GSP Lou q | 


87 Ey Ane? 























*Example 2.14 Three sides of an equilateral triangle have uniform 
P 


Fig. 2.14 Arrangement 
line charges 2uC/m, 1uC/m, and 1uC/m as shown in Fig. 2.14. Find the of charges for 


electric field at the centre of the triangle if each side is 50 m long. Example 2.14 
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Solution Here, 
1-50 cm 
À-2 uC/m 
A,=1 uC/m 
In this case, total field intensity at the centre is given as 
where 
E, = Field at the centre due to side 1 
2107956 503€ 10 7. | 50 25 | 
- a - cm 


Here, r = — tan 30° = — 
2n£&yr4 I? Ap? 2 


2x107$x50x107 


25 -4 
218, 22. 50? 4 x10 
T Us ) 


6x10°° . 
=e, 
ME, 7 








a 


E, = Field at the centre due to side 2 
_1x107° x 50x 107? 


( 
2z£or4 P + 4r? 


2x10°°x 50x 1072 


oa 25 i x 10-4 


NE 


(—a, sin 60? — a, cos 60°) V/m 


0 








(—a, sin 60° — a, cos 60°) 


NI 5 
|. 3x10 
^ TE 


E, = Field at the centre due to side 3 





a, sin 60? — a, cos 60°) Here, r= E tan 30° = 


ie 


-6 -2 
= VATU” G sin 60* — à, cos 60°) [rere ram 30°= Fon] 
Qneyry D + 4r? : 43 


2x107°x 50x 1072 


EI 35) x 10-4 


NE 


(a, sin 60° — a, cos 60°) V/m 





E (a, sin 60? — a, cos 60?) 
25 
2z£9 ——,|5 
43 
| 3x10 6 
EE TE 
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Hence, total field at the centroid is given as 





1076. T PES E 106 n a 
E ES DE : ( à, sin 60° — à, cos 60°) + 1 (a, sin 60° — a, cos 60°) 
106 o 
E 6 cos 60°)a,, 
1076 x 367 E 
=———_ (6 — 3)a 
z x10? ( ay 
= 10° x 36 x 3a, 
=108kV/m 


NOTE ——— GLDC 


If the charges are equal, E would be zero at the centre of the equilateral triangle. 


2.6 DIFFERENT CHARGE DENSITIES 


Due to a small number of charged particles the electric field can readily 
be computed using the superposition principle. But the computation 
becomes difficult if we have a very large number of charges distributed 
in some region in space. We will consider the system shown in Fig. 2.15. 


We define three types of charge densities as: 


1. Volume charge density (p), 
2. Surface charge density (0), and 
3. Line charge density (A). 





1. Volume charge density p: When the electric charge is continuously 
distributed throughout a region, then the volume charge density [p(r)] Fig. 2.15 Electric field due 
at a point is defined as the charge Aq; in a small volume element AV, to a small charge 
divided by the volume with the limit of this ratio taken as the volume element Aq; 
shrinks to zero around the point. 

p(7) - lim Adi. d$ end) Q.8) 

y, AV, = 

The dimension of P(7) is charge per unit volume (C/m?) in SI units. The total amount of charge within 
the entire volume V is 





-YAq,- [p(r)dV (2.9) 
I V 


2. Surface charge density (0): When the charge is distributed over surface, the surface charge density 
is defined as the charge per unit area. 





0()- lim. Bát Ad apa (2.10) 
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The dimension of o is charge per unit area (C/m?) in SI units. The total charge on the entire surface 
is 


O= |fo)ds (2.11) 
S 


3. Line charge density (A): When the charge is distributed over a line, the line charge density is defined 
as the charge per unit length. 
Adj 


RT _ dq 
A(F) = lim ^u. = gr (C/m) (2.12) 





where, the dimension of A is charge per unit length (C/m?). 


The total charge is now an integral over the entire length 


Q= | A()dl (2.13) 


line 


2.7 ELECTRIC FIELDS DUE TO CONTINUOUS CHARGE 
DISTRIBUTION 


The electric field at a point P due to each charge element dq is given by Coulomb's law as 


where r is the distance from/to and is the corresponding unit vector (see Fig. 2.10). Using the 
superposition principle, the total electric field E is the vector sum of all these infinitesimal contributions 


E=— |a (2.14) 


This is an example of a vector integral that consists of three separate integrations, one for each 
component of the electric field. 


2.7.1 Electric Field due to Line Charge Distribution 


For line charge distribution with charge density A (C/m), the total charge over a line is obtained as 
Q- f A(F)dl, so that the field intensity is given as 


line 


Pai (2.15) 





Example 2.15 An infinite line extending along the z-axis carries a uniform line charge 
distribution of density A (C/m) as shown in Fig. 2.16. Find the electric field intensity at any point 
P(x, y, z). 
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Fig. 2.16 Determination of electric field due to line charge distribution 


Solution 7 
We will consider an elemental length d/ of the line at a distance z’ from the origin. The field point is 
denoted by (x, y, z) and the source point by the primed coordinates (x^, y^, z’) 


Here, dl = dz’, charge in the element, dQ = Adl = Adz’ 


Also, R = (x, y, z) - (0,0, 2’) = xà, + ya, + (z — z')à, =r, + (z — z')à, 


R2=|RP ax? + y+ (z-z =r? + (2-7 
Gr R ra, +(z-2’)a, 
R? (RP te- zp 
Substituting these values in Eq. (2.14), we get 
Ly A(R) 1 p Adl- 
dl = J R 
R? Ane line R? 
E A f rà, + (z — z^)à, " 
~ 4m£ [rU * (z - z P? 








Now, 
R-rsec0, z'-z-rtan6; 


(z-z’)=r tan@ and dz’ 5 — r sec? 0 d0 





À f rü,*t(z—-z)à, ,, 
4re [r? + (z - z P? 
og A f ra,+r tan 0a, 
Ame? [r?  r? tan? Of? 
A pee 
4n£ r sec? 0 


É- 


r sec? 0d0 





r sec? 0d0 
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z 500, 
A j cos 0 ig 
Are r sec 0 


- A "EDO 
TS E J (cos 0a, * sin 0a,)d0 
For a finite line charge, the field is given as 


6 
J (cos 04, + sin 8a, )d0 
9, 


pot 





Aner 


A 
Aner 





E= [(sin 0, — sin 05)a, — (cos 0, — cos 8, )a, ] 


For an infinite line charge distribution, 0, = 90°; 0, = —90? and the z-components vanish, so that the 
field becomes 





Ax 


E 2ner a; 











NOTE 


If the line charge distribution is not along the z-axis, r is the perpendicular distance from the line to 
the field point and a, is the unit vector along that distance directed from the source point to the field 
point. 


Example 2.16 A line of length ‘/’ carries a uniform line 
charge ‘A’ per unit length as shown in Fig. 2.17. Show that the A. 
electric field intensity in the median plane at a distance ‘r’ is dz 
[m Al l 1 Je i 


2M Egr (P+4r’y? Fa 
" 








Solution We will consider an elemental length dz’ at a distance z'. 
Charge on the elemental length is, dO = Adz’ 








Field at point P due to this charge is, 





dE dQ p. Adz’ à Fig.2.17 Field due to a charge 
Ang£R, © 4reR? © carrying line charge 


From symmetry, it is observed that E has only a component along a, direction. 


Total field at point P due to the line is 





1/2 , 1/2 , 
E= f Adz 2 cos 0a, = f IA sd 
-1/2 AreR 1/2 4ne(r FZ ) 


Here, z’=rtan@ = dz =r sec? 040 


z -I/2 I 
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-a Q 
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z Aner BS 
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= cos 0d0a 
An£r “o 

a 


a, 
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=g 
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4rer 


= sin a 
2mer 4 

; ETIN ; 
Now, since o = tan qi ,- Sina = 
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For infinite length line, | — «e, and the field intensity becomes 
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= a = 
2zx&r I1 (ry? 2ner | 


Example 2.17 A non-conducting rod of length / with a uniform charge density A and a total 
charge Q is lying along the x-axis as illustrated in Fig. 2.18. Compute the electric field at a point P, 
located at a distance y from the center of the rod along its perpendicular bisector. 
Non-conducting rod 
y 
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Fig. 2.18 Symmetry argument showing that E, = 0 
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Solution We will follow a similar procedure as that outlined in earlier example. The contribution 
to the electric field from a small length element dx’ carrying charge dq = Adx' is 
1 dq 1 Adx' 


dE = = 
ATE r’? ATE, x"? + y? 





Using symmetry argument illustrated in Fig. 2.18, it is observed that the x-component of the electric 
field vanishes. 


The y-component of dE is 
1 Adx’ y 


4T Eo x? + y? [2 " yl 
|] À ydx' 
~ ATE (x24 yy 





dE, = dE cos 0 — 





By integrating over the entire length, the total electric field due to the rod is 


z - [dE " 1 T À ydx' _ Ay 1/2 dx’ 
y X ANE Eom (x? $ yy? ANE, E (x? + yy 





Let, x’ = y tan @’ so that, dx’ = y sec? 0'd0". The above integral becomes 














_ dy f dx' _ hy j ysec?0'd0' — A | 9 sec?0'd6' 
y ATE E (x? + oH ATE E y? (tan? 0' 4 1 ATE y i sec? 0' 
8 
= A L | cos 6'd6" = A Isdnos l 24 ino 
ANE) y y 4N Ey y ATE) y 
1 24 1/2 





47 £g y y? + y 


1 2A 1/2 


E m 
y ATE, y [yl ay 

















NOTE 
If y >> |, the above expression reduces to the Um 
expression for a point charge given as 15 
eee SUA 
Y 4n& y y Ame y? 5 
SET TON 
| Ane y? 1 2 gu 


On the other hand, if | >> y, then we have 


Y Ane y 








The characteristic behavior of E,/Es (with E; = 
Q/4nejf?) as a function of yl is shown in Fig. — Fig. 2.19 Electric field of a non-conducting rod as a 
2.19. function of yll 





*Example 2.18 A line charge of length of 2m has a linear 
charge density of A. Show that the electric field at a distance r 
perpendicular to the line charge from its middle point as shown 
in Fig. 2.20 is 


E,„,= 7 





2 
2M Egr (z +1 
m 


Solution We will consider an elemental length dz’ of the line. 
From the symmetry it is observed that all the z’ components of 
the field will cancel each other. Also, there will be no $ component 
of the field. 
Hence, the field will be only in the radial direction given as 





JË Adz’ see Adz’ r * 
= —————— a, = 7 a, 
Ane R? Arey (r? +z?) [p24 72 

A r 





= dz'à 
Ant, (3e z2y 2 0 


So, the field due to the entire line is obtained as 


À 








le ATE, J (r?+ TI adt 
24 i r d a, 


= Z 
ATE A (r? a as 
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_ A 
2TEy 


r dz’a 
(24 z2yn r 





Let,z’=rtana = dz-rsecaoda 


l 0 m | zi | 
where œ = tan 
aoa 
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J cos adaa, 
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27 Ey 
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Line charge 





Fig. 2.20 Arrangement of 
Example 2.17 
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Fig. 2.21 Field due to a charge 
carrying line 
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*Example 2.19 A circular ring of radius ‘R’ carries a uniform charge distribution of line charge 
density ‘A’ and is placed on the xy plane (z = 0 plane) with the axis the same as the z-axis as shown in 
Fig. 2.22. 


(a) Show that 
ARz a 


E 0, 0, z) = —— ———a 
( ) 2E[R?+ z2 pes 


(b) What value of ‘z’ gives the maximum value of E? 
(c) If the total charge on the ring is Q, find E as a — 0. 


Solution (a) The field point is P (0, 0, z). The distance of the 
field point from the elemental length of the charge distribution is 
F’=—Ra,,+ za, 
Hence, the electric field is given as 
A fi Rdó 
47 £g 0 (R? +z 
À R 2n 5 2x » 
R dot d 
d cope pr aot ef at 
A R 


E= 





(Ra, + za, ) 








Fig. 2.22 Field due to a ring 
= of uniform charge 
AME) (R? +27)? distribution 


2x 2x 
-el J à, cos ódó + J à, sin e| + 2 
0 0 


À R 








- 0 * 2zza 
ATE, Ry. nei 


ARz 
B a 
2e QU e zy * 
= 1 Ax2zRz . 1 Qz 


Amey (R+ 2? 4: Ane, (R24 22)3? 


pa l 04 


TME, (R24 zy 














a, 











where Q = A x 27R is the total charge in the ring. 


A plot of the electric field as function of z is shown in Fig. 2.23 (b). 
Notice that the electric field at the centre of the ring vanishes. This is to be expected from symmetry 
arguments. 
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E = — 
2€)(a* +27) 
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E,/E 


ziR 











(a) 
Fig. 2.23 (a) Electric field directions, and (b) Electric field along the axis of symmetry of a non-conducting 


ring of radius R, with E,= ac 
TE, 


NOTE 


At the centre of the loop, z = 0 and the electric field is also zero. 


(b) For maximum value of the field intensity 
































(b) 


d\E| _ 
dz 1 
d ARz 
> =0 
dz l 2e (R? + 2?) | 
(R24 zy x12 3g 4 22)!2x 22x z 
2 = 
= 24,23 zi 
(R^* z^) 
= (R? + 22)? (R? + 2? — 327) =0 
> R-27=0 
=> zat R 
2 
Zot E 
2 
(c) Since the charge is uniformly distributed, the line charge density is 
-2 
Am 2nR 
Hence, the field is given as 
zu 


= ARz - 2nR = 


Qz 





= a,= a,= a 
2e(R? +2?) T CORO ke ie. 9 Anel R? +z?) 7 
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As, R — 0, the field is given as 





pea 2oy 


a 
4n£z? 





Zz 











2.7.2 Electric Field due to Surface Charge Distribution 


For surface charge distribution with charge density o (C/m)), the total charge over a surface is obtained 
as Q= I o(r)dS, so that the field intensity is given as 
S 





Ez. Mas (2.16) 
S 


Example 2.20 Find the electric field intensity due to a uniformly charged infinite plane sheet 
with surface charge density of o. 





Solution We will consider an elemental surface dS as z 
shown in Fig. 2.24. = A 
The field at a point P(0, 0, h) due to this elemental surface dE 
is 
e o(C/m?) 
dE = dQ Ap 
Ane R? 





Here, 





dQ = o dS = ordrdó; R = (-rà, + ha,) 





R _ ra, +ha, 
R m +R i 
Fig. 2.24 Determination of electric 


field due to surface charge 
distribution 


SeR-|RIBA4JrC-BÉB ~. āg= 





8, 
Hence, the field is 


= dQ .  ordrdó(-—ra,- ha,) 
dE = TRT 2759 38 
4rER 4z&£(r^- h^) 





From the symmetry, it is understood that for an infinite plane, the a, components ofthe field will cancel 
each other and the field will have only the z-component, given as 


dE, B Ma y; d: 
4nz&(r^- h^) 


Thus, the total field is given as 


2m œ 
É- [d£,- oO hrdrdo a= 


_ oh f rdr A 
# ARE ono + hy? ^ Ane 


T ea A. 
2, p2 3/2 Cz 
rao 07 +h*) 
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Let (1? +h =p. rdr = pdp 

















where a, is the unit vector normal to the plane. 


NOTE 


The field is independent of the distance of the field point from the plane. In case of a parallel plate 
capacitor, the electric field existing between the two plates of equal and opposite charges is given as 
2 © OP As. Ge 

E 2g ant 26 | a) Z a, 








Example 2.21  Acircular disc of radius ‘R’ carries uniform charge distribution of surface charge 
density ‘o’. If the disc lies on the z = 0 plane, with its axis along the z-axis, (a) Find the electric field at 
a point P, along the z-axis that passes through the center of the disk perpendicular to its plane. Discuss 
the limit where R >> z. (b) From this, derive E field due to an infinite sheet of charge on the z — 0 plane. 


Solution (a) By treating the disc as a set of concentric 
uniformly charged rings, the problem could be solved by using 
the result obtained in earlier. We will consider a ring of radius 
r' and thickness dr’ as shown in Fig. 2.25. 

By the symmetry argument, the electric field at P points in 
the +z-direction. Since the ring has a charge dq = o2zr'dr', 
from Eq. (2.10—14), we see that the ring gives a contribution 








dE. = 1 zdq _ 1 22n0r'dr’ 
Ane (7e z2y? ME (2 y 





Integrating from r’ = 0 to r' = R, the total electric field at P 
becomes 





Fig. 2.25 A uniformly charged disc of 
radius R 
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The above equation may be written as 








The electric field E E = gom as a function of . 
Eo 289 R 
is shown in Fig. 2.26. 


When z >> R, we will have the result similar to a 


























point charge. By Taylor series expansion ZIR 
1/2 
2 
1 Z =j ( + us 
af z? + R? z 
2 2 
obe ome 
z E Fig.2.26 Electric field of a non-conducting 
ol gp E GR "E plane of uniform charge density 
^ 2&2 z? Am& z? ANE, z? 
This is the result for a point charge. E; 
On the other hand, we may also consider the limit 5 
where R >> z. Physically, this means that the plane is De 
very large, or the field point P is extremely close to 
the surface of the plane. The electric field in this limit 
becomes, in unit-vector notation z 
E- Op , z>0 
2&9 
= o 
=- k, z<0 C —— F8 
2£9 


Fig.2.27 Electric field of an infinitely large 


The plot of the electric field in this limit is shown : 
non-conducting plane 


in Fig. 2.27. When we cross the plane, there is a 
discontinuity in the electric field, given as 


E E | 0 O | O 
AE, T (E E) 2£g 2£g E 





which is obvious as has been explained in electric boundary conditions that if a given surface has a 

charge density o, then the normal component of the electric field across that surface always exhibits a 

discontinuity with AE, = T 
0 

(b) At z = 0, the field is given as 








E(0, 0,0) = A4 








This is the field due to an infinite sheet of charge on the z = 0 plane. 
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Example 2.22 A thin annular disc of inner radius a and outer radius b carries a uniform surface 
charge density o. Determine the electric field intensity at any point on the z axis when z 2 0. 


Solution The field point is P (0, 0, z) as shown in Fig. 2.28. 
The distance of the field point from the elemental length of the 
charge distribution is 


R--ra,- za, 


Hence, the electric field is given as 








27 
However, | à,dó - 0 
0 


Fig.2.28 Field due to uniform 
Pd charge distribution on an 
E c f 7” rdrdọ T annular disc 
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NOTE 


(i) For an annular disc of very large outer radius, b — ee, the field is given as 


(ii) For a solid finite disc of outer radius b, (a = 0) the field is given as 


E=- 2Z 1 1 2 
77 Zee Np eters | ee 


(iii) For an infinite plane of charge, a > 0, b — ~, and the field at any point is given as 





ee 
Esp 


2.3 Electric Field due to Volume Charge Distribution 


For volume charge distribution with charge density p (C/m°), the total charge over a surface is obtained 
as O= Jed V, so that the field intensity is given as 
y 
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g= (PO y (2.17) 
V r 


Example 2.23 A sphere of radius a carries charge with a uniform volume density p (C/n»)). 
Determine the electric field intensity E at any distance r from the centre of the sphere. 


Solution To find the field, we will consider an elemental 
volume dv within the sphere as shown in Fig. 2.29. 


The field at a point P(0, 0, A) due to this elemental volume is 
= dQ .~ 
dE = 
AneR? i 


Here, dp = cos &a, + sin aa, 








Due to symmetry, field components £, and E, are zero. 





























>y 
ot Aa |. P dvcosc : 
E,=E-a,=|dE cosa= 77 j| (i) 
Here, dO = p dv = pr’ sin Odrdéd¢, 
R?=2 +r —2zrcos 0 
r? =z + R —2zR cos Œ Fig. 2.29 Field distribution due to volume 
2 RE charge distribution 
E z^ -R^-r 
cos = = Hep 
2,142 p2 
asg EEr ER KA sin 0d0 =- 2 £ 
2zr r 
Hence, the field is 
d a R=z+r R2 402 
Ex Pj vcosQ — F f f apr RAR p Zt r° l 
4ne nz vel RON UT 2zR gp 
a R=z+r ES i 2 2 ztr 
;x2n | f Jie 7 wa- P. j 72-2 a dr 
r7 r=0 R=z-r 4ez r=0 R z-r 








J adres P 4 @ = l 1 (4<°p)= Q 


re z? 3^ Axe z? 


E-—E 4 


4mez? 7 





This result is obtained at point P (0, 0, z). From the symmetry of the charge distribution, it is clear that 
the field at any point P (r, 0, @) is given as 
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NOTE 


This result is identical to the field at the same point due to a point charge Q located at the origin or 
center of the spherical charge distribution. 


2.8 ELECTRIC FLUX (DISPLACEMENT) (¥) AND FLUX 
DENSITY (DISPLACEMENT DENSITY) (D) 


2.8.1 Electric Flux (v) 


Electric flux is the flux of the electric field. It is the total number of electric field lines passing through a 
given surface perpendicularly. It is expressed in Coulomb (C). It is the integral of the normal component 
of the vector D over a surface. 


2.82 Electric Flux Density (D) 


Electric flux density is the total number of electric field lines per unit area passing through the area 
perpendicularly. It is expressed in Coulomb per square metre (C/m?). 

In case of a point charge, q, the electric displacement per unit area of a charge q at the centre of a 
sphere of radius r is 





D 2 —L— (Coulomb/m?) Q.18) 
Arr 


This is known as electric displacement density or flux density. 
Now, for the same point charge, the electric field intensity at the centre of a sphere of radius r is 





q 
= 2.19 
Aner? ae 
From Eqs. (2.18) and (2.19), we get 
D-eE (2.20) 


Here, flux density of a vector quantity (D) and its direction is that of the normal to the surface element, 
which makes the displacement through the element of area a maximum. For a linear, isotropic medium, 
D is in the same direction as of E. 

In terms of flux density, D, electric flux is defined as 


y 2 [D.d$ (2.21) 
S 


In an SI unit, one line of electric flux emits from +1C charge and terminates on —1C charge. Hence, 
electric flux is expressed in Coulomb (C) and flux density in Coulomb per square metre (C/m?). 


Properties of Electric Flux 


1. It is independent of the medium. 

2. Its magnitude depends only upon the charge from which it is originated. 

3. If a point charge in enclosed in an imaginary sphere of radius R, the electric flux must pass 
perpendicularly and uniformly through the surface of the sphere. 

4. The electric flux density, i.e., flux per unit area, is then inversely proportional to R?. 
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*Example 2.24 A point charge of 30nC is located at the origin while the plane y = 2 carries 
charge 20nC/m”. Find the electric flux density D at point (0, 3, 4). 


Solution The flux density component due to the point charge is given as 

Q 5. Qr-r) _ 30x 107?((0,3,4) — (0,0,0)) 
AuR? " Am|r-r'D ^— 4m|((0,3,4) - (0,0,0))P 
_ 30x 10-°(37 + 4k) 





D, = &£ = 











> = (0.0573 j + 0.0764k) nC/m? 
4m x5 
The flux density component due to the surface charge distribution is given as 
-9 
By= eg, =$-4,= 5j 2 a j 2107 nC/m? 


Hence, the total flux density due to the point charge and the surface charge distribution is 


D = D + D, = (0.0573j + 0.0764k) + 107 = (10.0573 7 + 0.07644) nC/m? 


2.9 ELECTRIC FIELD LINES (LINES OF FORCE) AND 
FLUX LINES 


2.9.1 Electric Field Lines 


These are the imaginary lines drawn in such a way that at every point, it has the direction of the electric 
field (E). The number of lines per unit area is proportional to the magnitude of electric field strength 


(E). 
2.9[2 Electric Flux Lines 


These are the imaginary lines drawn in such a way that at every point, it has the direction of the electric 
flux density vector (D). The number of flux lines per unit area is used to indicate the magnitude of the 
displacement density (D). 

In homogeneous, isotropic media, lines of force and lines of flux always have the same direction. 

The field lines for a positive and a negative charge are shown in Figs. 2.30 (a) and (5). It is observed 
that the direction of field lines is radially outward for a positive charge and radially inward for a 
negative charge. For a pair of charges of equal magnitude but opposite sign (an electric dipole), the 
field lines are shown in Fig. 2.30 (c). 


IN - cf Sos 
TN TN TN 


(a) (b) (c) 
Fig. 2.30 Field lines for (a) positive charge, (b) negative charge, and (c) an electric dipole 











Electrostatics 125 





Properties of Electric Field Lines 


1. The direction of the electric field vector E at a point is tangential to the field lines. 
2. Electric field lines never cross each other; otherwise, the field would be pointing in two different 


directions at the same point. 


3. The field lines must begin on positive charges (or at infinity) and must terminate on negative 


charges (or at infinity). 


4. Electric field lines are most dense around objects with the greatest amount of charge. 
5. At locations where electric field lines meet the surface of an object, the lines are perpendicular 


to the surface. 


6. The number of lines that originate from a positive charge or terminate on a negative charge must 


be proportional to the magnitude of the charge. 


7. The number of lines per unit area through a surface perpendicular to the line is devised to be 
proportional to the magnitude of the electric field in a given region. 


Example 2.25 Show that for electric lines of force 
d dod 


x y 2 
Solution We will consider a test charge at point P(x, 
y, z) in the field E as shown in Fig. 2.31. The force on 
test charge is directed along E, to point Q(x + Ax, y + Ay, 
z+ Az) 


The vector displacement of the test charge is 


Al = (Axi + Ayj + Azk) 





But, this is proportional to the field E. 
Ec Al 
or (E,i  E,j + E,k) ec (Axi + Ayj + Azk) 


Now, two vectors are proportional if and only if their 
components are proportional by the same amount. 


LN ST 





In the limiting case 


dx _ dy dr 
E, E, E, 
dr rdó dz 
E, ELUG 





dp = pdo _P sin Odo 


E, Eg E, 


x 
Fig. 2.31 


»N 





Q(x + Ax, y+ Ay, Z + AZ) 
> 

Al 

Es 

EX 

P(x, y, Z) 
y 
> 





in Cartesian coordinate 


in cylindrical coordinate 


in spherical coordinate 
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Example 2.26 Obtain the equation of flux line that passes through the point P (—2, 7, 10) in the 
field E where 





(a) E - 2(y - Dà, + 2x4, (b) E- ea, * (x & De'a, 
Solution 
(a) In two-dimensional system, the equation of flux lines is to be obtained from the equation 
dy dx 
E, E 
= dy _ E, nl, HONE 266 TOG 
dx E, 2Xy-1 y-l1 
=> (y — Ddy = xdx 
Integrating, 


y?-2y=x?+C 
The constant C is evaluated from the coordinates of the point (—2, 7, 10). 
(7? -2x7=(-27+C => C=31 
Hence, the equation of the flux lines is given as 


y-2y-xt3 >  (y-1*-2x?=32 





(b) In this case, 

dy dx 

E, E 
= qe 
> dy = (x + Idx 
Integrating, 


2y=x°+2x+C 
The constant C is evaluated from the coordinates of the point (—2, 7, 10). 
2x7=(-2)?+2x(-2)+C = C=14 
Hence, the equation of the flux lines is given as 


2y-x^-2x-414 => = 2y—(x+1)?=13 


2.10 GAUSS’ LAW 


Statement Gauss law, also known as Gauss "flux theorem, states that the total electric displacement 
or electric flux through any closed surface surrounding charges is equal to the net positive charge 
enclosed by that surface. 
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Proof We consider a point charge Q located in a homogeneous isotropic medium of permittivity, £. 
The electric field intensity at any point at a distance r from the charge will be 





R9. (2.22) 


closed surface 





Despo € s (2.23) 





Now, the electric flux through some elementary surface 
area dS as shown in Fig. 2.32 1s 


dy = DdS cos 0 (2.24) 


where, 0 is the angle between D and the normal to d$. Fig. 2.32 
From Fig. 2.32, dS cos @is the projection of dS normal 
to the radius vector. By definition of a solid angle, 


dS cos 0 = r?dQ (2.25) 
where, dQ is the solid angle subtended at Q by the elementary surface of area dS. 


Determination of net electric flux 
through a closed surface 


Thus, total displacement or flux through the entire surface is 


y = $dy = Dds cos 0 $ Dr’ dQ = £ fao fusing Eqs. (2.18), (2.22), (2.24) and (2.25)} 
S S S 


However, from the concept of calculus, the solid angle subtended by any closed surface is 47 steradian. 
Hence, total displacement or flux passing through the entire surface is, 


y 2 $D-dS 2 Q2 [pdv (2.26) 
S v 














This is the integral form of Gauss’ law. 
Applying divergence theorem in Eq. (2.26), we get 


$D.dS-2|pdv > [J(V.D)dv2|pdv — V-D=p 
S v v v 











V.D-p (2.27) 





This is the differential form or point form of Gauss’ law. 


NOTE 


The surface to which Gauss’ law is applied is known as Gaussian surface. 


Steps useful when applying Gauss’ law The following steps may be useful when applying 
Gauss’ law: 


1. First, the symmetry associated with the charge distribution is identified. 
2. Then a Gaussian surface is identified and the direction of the electric field is determined. 
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3. The field space associated with the charge distribution is divided into different regions. For each 
region, the net charge enclosed by the Gaussian surface, Q.,,, is calculated. 

4. The electric flux y through the Gaussian surface for each region is calculated. 

5. The magnitude of the electric field (E) is deduced by equating v with Q.,,/é. 


NOTE 


Gaussian Surface—a surface on which the magnitude of the electric field is constant over portions 
of the surface is known as Gaussian surface. This is a closed surface. 


2.10.1 Derivation of Gauss’ Law from Coulomb’s Law 


Gauss’ law can be derived from Coulomb’s law, which states that the electric field due to a stationary 
point charge is: 
poo 3% 
4rer 

where 

a, is the radial unit vector, 

r is the radius, |r |, 

q is the charge of the particle, which is assumed to be located at the origin. 


Using the expression from Coulomb’s law, we get the total field at F by using an integral to sum the 
field at F due to the infinitesimal charge at each other point F’ in space, to give 





p- L [8806 -7) 4, 


z zo op 
ARE - [Ir =r] 


where p is the charge density. If we take the divergence of both sides of this equation with respect to 7, 
and use the known theorem 


y. E = Anó(^) 


F^? 
where ó(r^) is the Dirac delta function, the result is 


V.É- E PENSE — F)dv 


Using the shifting property of the Dirac delta function, we get 
Vere 
E 
which is the differential form of Gauss’ law. 


2.10.2 Derivation of Coulomb’s Law from Gauss’ Law 


Gauss’ law provides information only about the divergence of the electric field intensity, E and does not 
give any information about the curl E. For this reason, Coulomb’s law cannot be derived from Gauss’ 
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law alone. However, we assume that the electric field from a stationary point charge has spherical 
symmetry. With this assumption, which is exactly true if the charge is stationary, and approximately 
true if the charge is in motion, Coulomb’s law can be proved from Gauss’ law. We consider a spherical 
surface of radius r, centered at a point charge Q. Applying Gauss’ law in integral form, we have 


ey gee oO) 
UL S 


By the assumption of spherical symmetry, the integrand is a constant and can be taken out of the 
integral as 


where a, is a unit vector directed radially away from the charge. Again, by spherical symmetry, E is 
also in radially outward direction, and so we get 
pa! 4 
4z£r 





If another point charge q 1s placed on the surface, the force on that charge due to the charge Q is given 
as 





which is essentially equivalent to Coulomb's law. 
Thus, the inverse-square law dependence of the electric field in Coulomb's law follows from Gauss’ 
law. 


NOTE 


Coulomb's law applies only to stationary charges; whereas, Gauss’ law holds for moving charges as 
well, and in this respect Gauss' law is more general than Coulomb's law. 


211 APPLICATIONS OF GAUSS' LAW 


Gauss' law provides an expedient tool for electric field computation. However, this law 1s applicable 
only to systems that possess certain symmetry; namely, systems with planar, cylindrical and spherical 
symmetry. The following table provides some examples of systems in which Gauss’ law is applicable 
for electric field computation, with the corresponding Gaussian surfaces: 

















System Symmetry Gaussian Surface 
Point charge Spherical Concentric sphere 
Infinite rod Cylindrical Coaxial cylinder 
Infinite plane Planar Gaussian “Pillbox” 
Sphere, spherical shell Spherical Concentric sphere 
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2.11.1 Electric Field due to a Point Charge 


Example 2.27 Determine the electric field at a distance r from a point charge Q. Use Gauss’ law. 


Solution We consider a point charge Q located at the 
origin. In order to determine the field E (or D)at point P at 
a distance r from the charge, we follow the steps outlined in 
section 2.10. 





Gaussian surface 


1. This problem possesses spherical symmetry. 

2. We imagine a fictitious spherical surface of radius r, so 
that the point P is on the surface. So, the surface of the 
sphere with radius r is the Gaussian surface in this case. 

3. The amount of charge enclosed by the Gaussian surface 
is the point charge Q. Fig. 2.33 Gaussian surface of a point 

4. Since E is perpendicular to the Gaussian surface, i.e., charge 
E- Ea, or, D- Da, 

So, total flux through the Gaussian surface is 


2 
$D.d$ =D f f r? sin 0d0dó = D4nr? 





S $-00-0 
5. Applying Gauss' law, 
EX $D E d$ = Orne 
S 
=> D4nr? =O 
_@ 
Arr? 


In vector form 





Duces or, E= 9 à (2.28) 
Aner 


2.11.2 Electric Field due to Infinite Line Charge 

















*Example 2.28 Determine the electric field at a distance r from an infinite straight line carrying 
a uniform line charge distribution with line charge density A. Use Gauss’ law. 


Solution We will consider an infinitely long wire of negligible radius with a uniform line charge 
density, A. We calculate the field E at a distance r from the wire. 
We shall solve the problem by following the steps outlined in Section 2.10. 


1. This infinitely long wire possesses cylindrical symmetry. 

2. The charge density is uniformly distributed throughout the length of the wire, and therefore, the 
electric field E must be radially outward from the axis of the wire [Fig. 2.34 (a)]. The magnitude 
of the electric field 1s constant on cylindrical surfaces of radius r. Therefore, a coaxial cylinder 
of any radius r is a Gaussian surface in this problem. 

3. The amount of charge E by the Gaussian surface (1.e., a cylinder of radius r and length 7) 
[Fig. 2.34 (b)] is Oone = 

4. The Gaussian surface ous of three parts, as indicated in Fig. 2.34 (b). Those are: 

(a) Left-end surface S, 
(b) Right-end surface S, 
(c) Curved surface S}. 
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A 
r ‘ 
<< dc 
^ / 

N. PA 


Y 


(a) (b) 


Fig. 2.34 (a) Field lines for an infinite uniformly charged wire, and (b) Gaussian surface for a uniformly 
charged wire 











Gaussian 
surface 


mi 


The flux through the Gaussian surface is 
y - d$ E- dS = Q9 E- dS + $P E- d$, + dp E- d$, 2 0-0 + E,S, = Erri) 
S 5 S, 5; 
where E, = E (say). As can be seen from the figure, no flux passes through the ends since the area 
vectors dS, and dS, are perpendicular to the electric field, which is directed radially outward. 
5. Applying Gauss' law 











Elar- > E= A => D-gE- A 


In vector form 
pu 3 podes e 
E= mS a, or D= Ds a, (2.29) 


| r 

















This is observed that the result is independent of the length / 
of the cylinder and only depends on the inverse of the distance Fig. 2.35 Electric field due to a 
r from the symmetry axis. The variation of E as a function of uniformly charged rod 
r is plotted in Fig. 2.35. as a function of r 


2.11.3 Electric Field due to an Infinite Plane Sheet of Charge 


*Example 2.29 Determine the electric field intensity due to a uniformly charged infinite plane 
sheet with surface charge density o. 


Solution We will consider an infinitely large non-conducting plane in the xy-plane with uniform 
surface charge density o. We want to determine the electric field everywhere in space. We will follow 
the steps as outlined in Section 2.9. 


1. This infinitely large plane possesses a planar symmetry. 

2. Since the charge is uniformly distributed on the surface, the electric field E is directed 
perpendicularly away from the plane E — Ea,. The magnitude of the electric field is constant on 
planes parallel to the non-conducting plane. Therefore, the Gaussian surface for this problem is 
a cylinder, which is often referred to as a ‘pillbox’ (Fig. 2.36). 
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Gaussian 
pillbox 





Fig. 2.36 (a) Electric field for an infinite plane of charge, and (b) Gaussian surface for a large plane 


3. Since the charge is uniformly distributed over the surface, the charge enclosed by the Gaussian 
‘pillbox’ is, Q4, = OS, where S = S; = S, is the area of the end-surfaces. 

4. The Gaussian pillbox consists of three parts: two end-surfaces S, and S5, and a curved surface S}. 
The total flux through the Gaussian pillbox flux is 


y =E. dS 2 (9 E- dS, - 9 E- dS, + (9 E- dS,» ES, + E,S,+0=(E,+ E,)S 
S 5, S, S, 
Since the two ends are at the same distance from the plane, by symmetry, the magnitude of the 


electric field must be the same, E, = E, = E. Hence, the total flux can be rewritten as y= 2ES 
5. By applying Gauss’ law, we obtain 





























2pg- Le .08 pS 
£ E 2€ 
In vector form, the result can be written as 
" 7 E. 
E- Ads z»0 z 
o 
PC NUT (2.30) ZEN 
2e 7? 
Thus, we see that the electric field due to an infinite large Z 
non-conducting plane is uniform in space. The result is 
plotted in Fig. 2.37. 8 
Note again the discontinuity in electric field as we cross 2£9 
the plane: Fig. 2.37 Electric field of an 
u _ Oo o| o infinitely large non- 
AE, = E- E, 2E | g) E conducting plane 


2.11.4 Electric Field due to a Uniformly Charge Sphere 


*Example 2.30 Derive the expression for the electric field intensity at any point inside and 
outside of a sphere of radius ‘a’ due to a uniform spherical charge distribution of volume charge density 
of ‘p’. Use Gauss’ law. 
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Solution We consider a non-conducting solid sphere of radius a uniformly charged with volume 
charge density p (C/m?). We want to determine the electric field everywhere inside and outside the 
sphere. We follow the steps outlined in Section 2.10. 


1. This problem has a spherical symmetry. 

2. In this case, the electric field E is radially symmetric and directed outward. The magnitude of 
the electric field is constant on spherical surfaces of radius r. Therefore, this spherical surface is 
the Gaussian surface. 

3. The regions r < a and r 2 a will be considered separately to find the charge enclosed and flux 
through the surface. 

Casel:r&a 
In this case, the Gaussian surface is a sphere of radius r < a, as shown in Fig. 2.38 (a). 





B 
E 
Gaussian surface x : 
Gaussian 
(a) (b) surface 


Fig. 2.38 Gaussian surface for uniformly charged solid sphere, for (a) r < a, and (b) r > a 


With uniform charge density, total Ed enclosed is 


One=[oav=p Í J J sin oardodo= p| Sur | 
¢=00=0r=0 


The flux through the Gaussian surface is 


2 
=$Ē -d5 = EfdS = E f i r? sin 0d0d9 = E(Anr?) 














5 S $-00-0 
Applying Gauss' law 
a Qne 24. p|4 i pr 
y= "mE E(4ar J= 37 or E- 3E 
In vector form 
Fa 
É- Pd, rsa (2.31) E BE 
ae p 
Case 2 rza l l l VS 
In this case, the Gaussian surface is a sphere of radius r = a, X 


as shown in Fig. 2.38 (b). Since the radius of the Gaussian 
surface 1s greater than the radius of the sphere, all the charge 
is enclosed in the Gaussian surface, 1.e., 








[ 

1 

I 

[ 

1 

I 

[ 

1 

|] 

1 

i 
a 





A = pdv =p f i jn r? sin 0drd6dó 
a aie Fig. 2.39 Electric field due to a 
= uds Za J uniformly charged sphere as a 
3 function of r 
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Electric flux through the Gaussian surface is given by 


2 
y -$E.d$-E$dS-E j f r? sin 0d0d9 = E(4nr?) 
S S 


$-00-0 


Applying Gauss' law, we obtain 


2 Gene 2 -2(4 J 
y= a E(4ar = 374 


or 





In vector form 











(2.32) 








The results can be summarized as 


E-PfUS O<rs<a 
3e 


3 
a - 
_ fp >a 


= a, r2 
3er? ” 


The field outside the sphere is the same as if all the charges were concentrated at the center of the 
sphere. The variation of E as a function of r is plotted in Fig. 2.39. 


*Example 2.31 Using Gauss’ law, determine the electric field intensity due to a uniformly 
charged infinite cylinder of radius ‘a’ having a line charge density of ‘A’, at a distance ‘r’ from the axis 


of the cylinder. 


Solution 

1. The problem possesses cylindrical symmetry. 

2. We consider a cylindrical Gaussian surface of radius r 
and coaxial with the charged cylinder. This is depicted in 
Fig. 2.40. 

3. The flux and charge enclosed are found considering two 
cases: 


When r >a: 


Applying Gauss’ law for region outside the cylinder of 
length / 





(2arl) x E = Gene _ AL 
€ € 
E- A 
E À 2ner 
In vector form E - ———a, 
2mer 


When r <a: 


|<——_|_>| 











r>a 
Fig. 2.40 Infinite cylinder 


In this case, we have to find out the charge enclosed by the Gaussian surface for a point inside the 


cylinder. This is obtained as follows. 


Let p—the volume charge density 





Electrostatics 135 


Charge in the length / of the charged cylinder is 


A 
Al -zadp > p=—> 
ma 


Charge enclosed in the Gaussian cylinder is 


2 r? 
Qa - nr p=] T Al 
Applying Gauss’ law in this region 
Qu _( 1? \Al 














E- Ar : 
2z£a 
In vector form, E- Er z. 
2z&£a 
The results can be summarised as 
= Qe 
E- ; r>a 
2mer ' 
= Ar 2 a r«a 
2z&£a 


*Example 2.32 A thin spherical shell of radius a has a charge +O evenly distributed over its 
surface. Find the electric field both inside and outside the shell. 





Solution 
1. In this case, the charge distribution has spherical symmetry, with a 
surface charge density E 
Qo 2 
O0 == = 
S 4ra 


2. The electric field E must have radial symmetry and must be directed 
outward (Fig. 2.41). So, spherical surface 1s the Gaussian surface. 
3. Flux and charge enclosed are determined by considering two regions 


< > 
r < a and r2 a separately, Fig. 2.41 Electric field for 


Whenr <a: uniform spherical 


In this case, the Gaussian surface is a sphere of radius r < a, as shown shell of charge 
in Fig. 2.42 (a). 
# N 
u M 
£ \ 
i L1 
Lj \ 
I i) 
1 1 
r } 
Gaussian \ / 
surface N rN = : 
NG 2 Gaussian 
7 "i surface 


(a) (5 
Fig. 2.42 Gaussian surface for uniformly charged spherical shell for (a) r < a, and (b) rz a 
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Since all the charge is located on the surface of the shell, the charge enclosed by the Gaussian 
surface is zero, Q.,,. = 0. Hence, by Gauss’ law, we have 


E = Que 302g r«a 
€ € 


enc 


When r 2 a: 
In this case, the Gaussian surface is a sphere of radius r 2 a, as shown in Fig. 2.42 (5). Since the radius 
of the Gaussian sphere is greater than the radius of the spherical shell, all the charge is enclosed, i.e., 


Qa. = Q. 
Total flux through the Gaussian surface is 


= f£- dS = ES = E(4nr)) 
S 


Applying Gauss' law 








E(4nr’) = E 
= g z^ 2a 
4rer 
The results can be summarized as 
E=0 r<a 
= Q r2a 
Amer? 


The variation of E as a function ofr is plotted in Fig. 2.42 (c). We see 
a discontinuity of E as we cross the boundary at r = a. The change in 
the field intensity from the outer surface to the inner surface, is given 








by Fig.2.42 (c) Electric field as a 
function of r due to 
AE-E,-E - Q 5 0- o a uniformly charged 
4z£r £o spherical shell 


*Example 2.33 A spherical volume charge density distribution is given by 


#2 
P= po je ; (<a) 
= 0; (r>a) 
(a) Calculate the total charge Q. 


(b) Find E everywhere for 0 < r < a and r 7 a. 
(c) Show that the maximum value of E is at r = 0.745a. 


Solution 
(a) Total charge Q 1s obtained by finding the volume integral of charge density function p over the 
entire volume of sphere of radius r = a. 


Q - JJJ pdv 


vol 
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Considering a thin spherical shell within the charged sphere as radius r and with thickness dr, the 
charge within the shell. 


2 
dQ - p x 4nr’dr = py | — 5 x Anr?dr 


Total charge 1s 


Q- f dQ = j p [1 5 arta arp i [9-5 are anp [E 
r=0 r=0 i a mer a? i 5a? 0 
3 3 
= amp 5-5) 
— npa? 
15 ^0 











L8 3 
Q- ys ^ Pod 





(b) Field intensity at a distance r from the center of the sphere, outside (r > a) the sphere is 


Q 2 Pot? 
Aner? 15 er? 





For field inside the sphere (r < a), applying Gauss’ law to the spherical surface 


r 2 3 5 
Exin! $- Dann] es - Lino E 
0 


























5a? 
Bode r 
ES i afz 5) 
Eu r 
g-A(r- n. 2, rsa 
_ 2 Pot, 
TOES E a,.5 r>a 
(c) For maximum value of E, £ =0. 
d| Pfr r -0 
dr| £43 sg? 
1 32 | 
^ S mmc 
=> Para 
=> r=0.745a 


Thus, the maximum value of E is at r = 0.745a. 
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Example 2.34 A long cylinder (charged) of radius ‘a’ has a volume charge density, p = kr, 
where ‘k’ is a constant and ‘r’ is the distance from the axis of the cylinder. Show that the electric field 
is given by 


=- kr 
E=- îr r<a 
ka 
ee rs r2a 


Solution 
1. This problem possesses cylindrical symmetry. 
2. The cylindrical surface of any radius ‘r’ is the Gaussian surface. 
3. Flux and charge enclosed are determined considering two cases: 
Inside the cylinder (r < a) 
We will consider a tubular cylinder of inner radius r and outer radius (r + dr) located coaxially within 
the charged cylinder of radius a. 
The charge contained in the tubing per unit length 1s 


dO = p2nrdr x1- kr2nrdr = 2nkr?dr 
Total charge per unit length contained in a cylinder of radius r is 





f 2nkr? 
= = E 
O= AO oak Ca, 
Applying Gauss’ law to the Gaussian surface of radius r 
Sie ed Me 

£ £€ 3 
p kr? 

3E 

Paa 
E 


Outside the cylinder (r 2 a) 
Here, total charge contained in the cylinder is 
r 2nka? 
= Z 2p — 
Or) 40 enka dr = 3 


Applying Gauss’ law to the Gussian surface of radius r 








pices De ae 
£ € 3 
_ ka? 
7 ~ 3er 
E= ka? P" 
Thus, the electric field is given as ger 
2 
E- ps rsa 
3 
= E rza 
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2.12 ELECTRIC POTENTIAL (V) 
2.12.1 Electric Potential (V) 


The potential of a point is the work done to bring a unit positive charge from infinity to that point. 
The unit of potential is Joule per Coulomb (J/C) or Volt. The dimensions of electric potential in 
terms of M, L, T and I are [ML TST]. 


2.12.2 Potential Difference 


The potential difference between two points 1s the change in the potential energy per unit charge as the 
charge tends to zero. This is depicted in Fig. 2.43. 


W| ig 
Vip = Lim =-|E-dl 
AB Lim( 7) J 


Explanation We will consider, a point charge Q, be moved from a point A to another point B in an 
electric field E. 
By Coulomb’s law, the force on Q is, F = QE 

Work done for a displacement of dl is, dW =-F -dl = -QE . dl 


Hence, the total work done in moving the charge Q from A 
to B, i.e., the potential energy required is 


B 
W --Qj[E.di 
A 


The potential energy per unit charge (5) known as 


the potential difference between the two points A and B, 
denoted by Vg is given as 





B 
Jg o m f E-dl (2.33) Fig. 2.43 Potential difference due to a 
A 


uniform electric field 





For example, if E is a field produced by a point charge Q at origin, i.e., E = 7 Q z 4,, then the potential 
Er 


difference between the points A and B is given as 
B 
Q - 1 
= V 
“Aner? audae ARE ", 2. [4 xz y Q5 - V4) 


Thus, the potential difference between the points A and B may be considered to be the potential (or 
absolute potential) of B with respect to the potential (or absolute potential) of A. 

In case of a point charge, the reference is taken to be at infinity with zero potential. 

Hence, potential (or absolute potential) of a point is defined as the work done to bring a unit positive 
charge from infinity to that point. 














Vipg--— 
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Q 


= Teh (2.34) 











If the point charge Q is not located at the origin but at a point with position vector r, then the potential 
of the point at a position vector R is 





(2.35) 











Principle of Superposition of Potentials — If there is a number of point charges Q4, Q>, ..., Qp 
located at position vectors 7, 7,,..., r, respectively, then the potential at point 7 is 


Q Q. Q, S 
1 2 = Dae 


— = = — . + — — 
|F -7| 4me|r —r,| 4ne|F -F| 








Hos 4nx£ 








VO) = 795% y e 








Potential due to Continuous Charge Distribution If the 
charge distribution is continuous, the potential at a point P can be 
found by summing over the contributions from individual differential 
elements of charge dq. 
Consider the charge distribution shown in Fig. 2.44. Taking infinity 
as our reference point with zero potential, the electric potential at P due < 
to dq is ‘ 


av= %4 P 
4re r 
AE 
Summing over contributions from all differential elements, we have 
Fig. 2.44 Continuous charge 
y- 1 dq distribution 
4me’ r 


For three different types of charge distribution, the potential at a point 7 is given below. 


V(r)- = (err for line charge distribution with density A (C/m) (2.37) 


= qm ED for surface charge distribution with density o (C/m?) (2.38) 


^ b ds us : ; 
-u axe] [pF] $ ut ve ” for volume charge distribution with density p(C/m?) (2.39) 
Here, the primed coordinates refer to the source point and the unprimed coordinates refer to the field 


point (the point where the potential is to be calculated). 
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NOTE 
V=- J E . dl ;as E isin the radial direction, any contribution from a displacement in 0 or @ direction is 
cancelled out by the dot product. Hence, E - di = Edl cos 0 = Edr. Thus, the potential is independent 
of the path. For a closed path, $E - dí = 0. Applying Stoke's theorem, $E -dî = | (V x E). dS - 0. 
1 Es I S 
VxE=0 


Thus, the electrostatic field is conservative or irrotational. 


*Example 2.35 Consider a uniformly charged ring of radius R and charge density A. What is the 
electric potential at a distance z from the central axis? 


Solution We shall consider a small differential element dT = Rdg’ on the ring as shown in Fig. 2.45. 
The charge carried by this element is 
dq = Adi = 1Rdq’ 
Potential due to this element is 
1 dq 1  ARd$' 


EE r Anë [R2422 


Thus, the potential at point P due to the entire ring is 

















1 AR 1 2nAR 
V=|aV= dd’ = 
J Ane Pon 4n£& [p24 72 
x 
ER AR zl Q Fig. 2.45 A non-conducting ring of radius R 
2g,|R2+z2 AME | R24 7? with uniform charge density À 
Dux HR 








7 2e R? + 2? 


where Q = 2zÀR is the total charge on the ring. 
Since the ring is uniformly charged, the electric field at point P will be along the axis, i.e., in the z 


direction. Hence, the field is given as 


























spp. Vrp __ 9 AR ARz f 1] Oz 
E=E k= k= k= k= 
2 Oz F | R2 +4 z2 | 2e(R? +2°)? Are (R? FA eye 
E ARz " 
E-—————k 
2e(R? + z?y? 
NOTE 
In the limiting case with z >> R, the potential becomes, V = Q and the field becomes E — Q k; 
Anez 4rez? 


which are the potential and field due to a point charge. Thus, if the distance of the field point is very 
large compared to the radius of the ring, the ring appears as a point charge. 
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*Example 2.36 Determine the electric potential at a distance ‘r’ form the centre of the sphere of 
Example 2.30. 


Solution The results for the field intensity for Example 2.30 are as given below. 














E- PLE r«a 
3 
EP Do Pug 
3er? " 
The potential for the two cases is obtained as follows. 
Outside the sphere (r = a) 
3 
Here, = pe 
3er 
Hence, die poreutalis, P ec pape pe y ie po 
ence, the potential is, V = } 36 1 72 der 
_ pa 
~ 3er 
Inside the sphere (r < a) 
Here, E- PE 
3€ 


Hence, the potential 1s 








r 2 r 2 
V =V(r=a)- | Edr = £2 P [rar £7 Med a!) = T Ga? r?) 


3E 3€ 
y P (ag? - p) V 
6€ 5 
pa 


The results are summarised below. 2e 





P R2 Q2. 
dini is r^); r<a 





pa. 
^ 8er? 


r»a 0 a aii 





Fig.2.46 Variation of potential 
The variation of the potential with the distance is shown in Fig. 2.46. with the distance 


*Example 2.37 Aspherical conductor of radius ‘R’ contains a uniform surface charge density o. 
Determine the field and potential due to the charge distribution. 


Solution We will consider two cases: 


Outside the sphere (r 2 R) 
Applying Gauss' law to the Gaussian surface of radius r 
Q An R?o cR? 


4Anr^E- > Ee 
€ € £r 








Electrostatics 143 











In vector form E- 














Hence, the potential is, V = — f Edr = = 





Inside the sphere (r < R) 
Since there is no charge inside the sphere, E = 0. Therefore, the field intensity everywhere inside the 
spherical conductor is zero. 


R 
Atr=R, y= 


Since E is zero inside the sphere, it requires no work to move a test charge inside and therefore, the 
potential is constant, being equal to the value at the surface of the sphere. 
The results are summarised below. 




















E=0; r<R y = 28, r<R 

2 d 
=R a; rar 76 | oR? Ea 
Er = er , = 














Example 2.38 Derive expression for E and V for a spherical volume of radius ‘a’ having a 
volume charge density: 


(a) p- po = (b) p= kr, kis a constant; 


(c) p= x k is a constant; (d P= Po T 
r a 


(e) p= po(r/ay? 


where ‘r’ is the radial distance from the centre of the sphere. 
Solution 
a 
(a) p= py 
We will consider two cases: 


Outside the sphere (r = a) 
Applying Gauss’ law to the Gaussian surface of radius r 





3e cO s T. xg 1f az 24 ce 
Haa ae gig ee 2€ 


poe 
2er? 
3r 3 
Pot pdr _ pod 
2g `r? 2er 





=> E= 








Hence, the potential is, V = — f Edr = 
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Inside the sphere (7 < a) 
Applying Gauss’ law to the Gaussian surface of radius r 


4rr°E = 2. = SI x 4rr’°dr = HI Z4nr'dr = - AT, E 


vol 


poH 


T 2€ 


Hence, the potential is obtained as 





4 a a a a 
x 1d a Bea) = BE Qa- n 


The results are summarised below. 

















m a. 
B= 2G; r<a y =% (2a ry r<a 
poe and id 
o4 - a 
= a, r2a = 0%. > 
2er? 2er ' SH 











(b) p = kr, k is a constant 
We will consider two cases: 


Outside the sphere (r = a) 
Applying Gauss' law to the Gaussian surface of radius r 














Anr^E- £-1 -fff x 4rr?dr = gl tra = = ana 
PA 
4 
z fz ka ; 
4er 
Hence, the potential is, V = — f Edr =- kat pdr _ ka! 
: i E 4E `r? 4er 
Inside the sphere (r < a) 
Applying Gauss’ law to the Gaussian surface of radius r 
Anr^E = e = - [fp x Anr?dr = [bearer = = wk 
e ol 
EN B dd 
— 4e 
Hence, the potential is obtained as 
2 ka‘ f kr? Pt ka? k 3 34 k 3 3 
Y= Zea J ag 4e Tne 0) pg cr) 
The results are summarised below. 
ad k 
EP. r«a ; pz 4€ - y r<a 
E = ka’ 
———,a,,r2a =——; r2a 
4er? 4er 
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(c) p= E k is a constant 
r 


We will consider two cases: 


Outside the sphere (r = a) 
Applying Gauss' law to the Gaussian surface of radius r 


2 o 2 E 4nzka 
== 4nr^dr 2— dr = —— 
4rr E a Ille» zr^dr = ds r 2 
> E= Ee 
Er 
m i ka’ dr _ ka 
Hence, the potential is, V = 3 gas =S Ek zc 
Inside the sphere (r < a) 
Applying Gauss' law to the Gaussian surface of radius r 
Anr^E = 2 - [fox anari ann dr = ane 
E Vol 
4 ga 
Er 


Hence, the potential is obtained as 




















r 
(d) P= po a 
We will consider two cases: 


Outside the sphere (r = a) 
Total charge enclosed by the sphere is 


Q- j 40- | panrdr i j r?dr = npa? 
r= r=0 r= 


Applying Gauss’ law to the Gaussian surface of radius r 


4ar2E - = Pot 
E € 

poe 

4er? 





> E= 


| 146 Electromagnetic Field Theory 





Pot t dr. po? 
4e `r? 4er 





Hence, the potential is, V = — f Edr = 


Inside the sphere (r < a): 
Charge enclosed by a spherical shell of radius r and thickness dr is 


dQ, = pAnr?dr = py 7 4anr?dr = IEM ag, 


Total charge enclosed 


Applying Gauss' law to the Gaussian surface of radius r 





Agpp-9- lzpor* 
E€ € a 
2 
_ Por 
= ^ 4ea 


Hence, the potential is obtained as 


_ poa? [arra _ Poa” Po [E -a )- _ 




















^ 4ea 4ea 4€ 4ea 3 ea 12€ 
The results are summarised below. 
2 
p DW -. = 

ET a; r«a = fo r<a 

3 and á 
- Po a3 rza SIUE. r2a 

4er? Aer 




















NOTE 
Part (b) and (d) are same with k — ^ 5 


(e) p= py(r/ay? 
We will consider two cases: 


Outside the sphere (r 2 a) 
Applying Gauss' law to the Gaussian surface of radius r 


Amp, a? 2 4mpy 3 
ca? 92 9 € 





A4nr’E = Ge =— x Anr?dr = — Í py (r/a)y?? Anr?dr = 
E ER fp 
vol 
2Po PE 


=> E= 
9er 


2p t dr. 2Poa” 
9e -,? Yer 





Hence, the potential is, V = — f Edr = 
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Inside the sphere (r < a): 
Applying Gauss’ law to the Gaussian surface of radius r 





25; 9 ] 24, lf 32 42,24, 2 4t por”? 
4rr a paar dro laa 4rr deg us 
2p" 
= = 9ga”? 


Hence, the potential is obtained as 


r 














2pga? amr" 2pga? 209 2,50 n 4p (2 7/2 7/2, 7/2 
V= dr= = 

9ea oer? Pe. gpg ue ^ 4 res an (oe or HE 
_ 4po (2 7/2 e 
"6éxa 2^ 77 


The results are summarised below. 

















A dato 4Po [9 s2 2m 
E- gg 4e Fe B siae OTT se 
9£a 63£a 
2 and M 
^ a 
= Po gas. r2a = Pd : r2a 
9er 9er 




















2.13 PRINCIPLE OF SUPERPOSITION OF 
ELECTROSTATIC FIELDS 


The principle of superposition states that the total resultant electric field at a point is the vector sum of 
the component fields. 


We will consider a general system with the following charges: 


. a number of point charges q4, qo, .... qp} 

. a line charge distribution with density À (C/m); 

. a surface charge distribution with density o (C/m?); and 
4. a volume charge distribution with density o (C/m?). 


Ww N E 


The system is shown in Fig. 2.47. 


Surface charge distribution 
o (C/m?) 







Line charge 
distribution 
A (C/m) 


Volume charge 
distribution 
p(C/m3) 


Fig. 2.47 General system with different charge distributions 
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Then, the resultant electric field at a point P is given by 


E=E 


E due to point charges +E due to line charge distribution +E due to surface charge distribution + Egue to volume charge distribution 

















Ila- h- In ~ | l pdl- dd pdv ~ 
> a, + = apt: t = 3m + j= a4 j= a,s Ip 
An£ | |n P BP A Ane + | P Ane | ^5 E aia p 
s o ]lj|s«d - Adl ~ aa a pdv ~ 
Biel apt) camen. ast 4 (2.40) 
az 3i AP” slis TA 











The principle of superposition is also applicable for potential calculation. For the same system, the 
potential at the point P is given by 


y= Vase to point charges * Fus to line charge distribution * Vie to surface charge distribution * Vase to volume charge distribution 


14,4 ,..,4n 1 pdl, 1 (odS$ pdv 
"s tat T | ate! tame] Fe 2s 





v 











"g, ~Adl . podS , pd 
b 2. | dis us (241) 


|; 








*Example 2.39 A point charge of —57 mCoulomb is located at (4, 0, 0) and a line charge of 37 
mCoulomb/m is located along the y-axis. Find D at (4, 0, 3). 


Solution Here, D= Do + D, 
x O Q (F-P) -5m (40,3-(40,0 _ 5_ 3a 


D,- xs Ets EN x2 =-0.1384a, mC/m? 
aaa 4x |r—7’P 4m |(4,0,3)-(4,0,0P 4° 3 í 











- Az A G-r) 3m (403)-(000) _3 4a,+3a, _ 2 es 2 
D a x 0.24a.+0.18a, mC/m 
LP 2nr" 2n|p-r? 27 |(4,0,3)-(4,0,0)7 2 25 » : 





Thus, total flux density is 
D= Dj + D, = -0.1384, + 0.244, + 0.184, = (2404, + 424,)  uC/m? 


Example 2.40 (a) A line of length ‘/’ carries a charge A per unit length. Show that the potential 
in the median plane is 


A. (itsina) A,|4P v4 «I l 
a l1- sin œ = gme ” NEW Beste gr 
~ I^ * 4Ar* - 1 
(b) A thin square loop carries a uniform charge of A. Show that the potential at the centre of the loop 
Sy. 2A 
isV = m In(1 SN) 


(c) A square that is 1 m on a side in air has a point charge Q; = +1 pC at the upper right corner, a point 
charge Q} = —10 pC at the lower right corner and a line distribution of charge density A = +10 pC/m 
along the left edge. Find the potential at the point at the centre of the sphere. 
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Solution (a) We will consider an elemental length dz at a Zi 
distance z as shown in Fig. 2.48. 
Charge on the elemental length is, dQ = Adz dz 
Potential at point P due to this charge is E 
_ dQ — Ad 
dY = nenk ^ AmeR | i e 
I P 
Total potential at point P due to the line is s; if 
1/2 1/2 
y 2 [av = Í n e Í dz 
-y2 TTE TE ti fre +z? 
Let,z=rtan@ = dz-rsec? 6d0 Fig. 2.48 Potential due to a charge 
ateina T 
z -1/2 12 " l carrying line 
where a= tan" |— 
0 -a 2r 
a 2 a 
y - A i rsec6d0 — A [ sec 640 
4re E A sec? 0 4re ee 


ox 


—a 





A 
= Fre (sec 0 + tan 0) 
_ AL In 1+sin æ 
^ Ane ]—sin« 
Now, since o = tan! (4). xen ds I2 E l 
i Ja +r nean 


JP +4r? +1 
y=74 In i 
TE (Per =] 


À In l+sina " À In JD Ar? +1 
4re \l-sina) 47e I cas 23 


(b) Here, total potential at the centre P is given as 

















V= 











V = Potential due to line 4B + Potential due to line BC 
+ Potential due to line CD + Potential due to line DA 


— Vg t Vgc * Vep t+ Vp, (Fig. 2.49) 


Now from part (a), potential at point P due to line AB is 


y À In 1+ sin 45° 
4B Ane \1—sin 45° 




















B C 


Fig.2.49 Potential due to square 
loop with line charge 
distribution 
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n va = Vgc = Ven = Vpa 


caoi ei A NZ iA (2-1? |_24 
ree Ján) | oer — Ane V2) 














2A 
V=<5hn(1+ 42) 











(c) The potential at the centre is given as 





























Qi =+1 pc 
V=Vo+Vo,+Vy EN A 
1x 107!2 A= 10pC/m e Pd 
= 2 2 SP 
Arey, (0.5)? + (0.5) osm im 
-10x 107! P4 Sg | 
+ “ vx 
Az £4 (0.5)? + (0.5? g ` 
A (¥2+1 Ry = rae 
In Q3 = -10pC 
4n&y 142-1 Fig. 2.50 


— 0.012 — 0.12 4- 0.159 
=0.044 Volt 244 mV. (Fig. 2.50) 


2.14 POTENTIAL GRADIENT AND RELATION 
BETWEEN E ANDV 


2.44.1 Potential Gradient A 


We know that the line integral of electric field intensity potentia! 


E between any two points gives the potential difference 
between the points [see Eq. (2.31)]. For an elementary Y silt eats A 
length AL, we can write the potential difference as AV 


AV =-Ē-AL eee i 





Hence, an inverse relation must exist between the change 
of potential AV along the elementary length AL with the 
electric field E as AL 0. 0 

The rate of change of potential with respect to the SH AL 
distance is called the potential gradient. 








- > 
<— distance 





Fig. 2.51 Potential gradient 
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From Fig. 2.51, we can write that 





ends oe Oe 
Potential Gradient = AE Tim | x z) 











Relation between Potential V and Electric Field Intensity E We will consider two points 
in a surface separated by an infinitesimal distance dl . The work done by an external electric field E in 
moving a unit positive charge from one point to the other is given as [see Eq. (2.31)] 

dW - dV =-E-di 


Since V is a function of the position coordinates, in Cartesian coordinates (x, y, z), the above can be 
written as 











dV =-E-di 
oV oV dE eic e 
Or ax AMT Qui dz=-E-dl 
V- Vs Vz a m W PJT 
or (ài Sr a i) (asi dj + dh) = E-dl 
or (VV): dl =-E-dl 
or Levy 


Thus, we have the relation that the potential is the gradient of the electric field intensity. 





E--VV (2.42) 











From Eq. (2.42), we can also have two conclusions: 


1. The magnitude of the electric field intensity is given by the maximum value of the rate of change 
of the potential, and 

2. The maximum value is obtained when the direction of the displacement is opposite to the field 
direction. 


Mathematically, we can think of E asthe negative of the gradient of the electric potential V. Physically, 
the negative sign implies that if V increases as a positive charge and moves along some direction, say 


x, with T > 0, then there is a non-vanishing component of E in the opposite direction (i.e., —E, # 0). 
Example 2.41 Given the potential V = E sin cos @, find the electric field intensity and flux 
r 
density at (4 B o) 
Solution The electric field is given as 


QV. 19V. a. 
a 





+ 


bios E r rog 9 * y ap” 


E sin 0 cos $a, — 5 cos 0 cos bag + sin pay 
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At (4, 7/2, 0), the field intensity is 
J-i a REC | cee alae 
Hen sin [£ cos 04, 4 cos| | cos 0a, +19 sin 0a, = 1a, 


Therefore, the flux density is given as 


D= eË =8.854 x 10-2 x aa, =2.774, pC/m? 


2.15 EQUIPOTENTIAL SURFACES 


Definition — Equipotential surface is a surface with equal value of potential at every point on the 
surface. In other words, the locus of the points which have the same electric potential is known as 
equipotential surface. The surface obtained by joining the points with equal potential is known as 
equipotential surface. 

The potential difference between any two points on an equipotential surface is zero. 


Properties of Equipotential Surfaces The properties of equipotential surfaces are given here: 


1. The electric field lines are perpendicular to the equipotential surfaces and are directed from 
higher to lower potentials. 

2. The tangential component of the electric field along the equipotential surface is zero; otherwise 

non-vanishing work would be done to move a charge from one point on the surface to the other. 

. No work is required to move a particle along an equipotential surface. 

4. The equipotential surfaces for a point charge or a sphere with uniform charge distribution are 
spheres concentric with the charge. 

5. The equipotential surfaces for a line charge or a cylinder with uniform charge distribution are 
concentric cylinders centered on the axis of the charge distribution. 

6. The equipotential surfaces for a flat surface with uniform charge distribution are planes parallel 
to the surface. 


w 


In Fig. 2.52, we illustrate some examples of equipotential surfaces. 

















YYYY 














(a) (b) 
Fig. 2.52 Equipotential surfaces and electric field lines for (a) a constant E field, (b) a point charge, and 
(c) an electric dipole 


Example 2.42 Prove that electric field lines are perpendicular to the equipotential surfaces. 


Solution Since E - — VV, it can be shown that the direction of E is always perpendicular to the 
equipotential through the point. We give proof below (Fig. 2.53). 
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O 


Fig. 2.53 Change in V when moving from one equipotential curve to another 


Let the potential at a point P(x, y, z) be V(x, y, z). The difference in potential at a neighbouring point 
P(x + dx, y + dy, z + dz) is given as 


dV =V(x+dx, y+ dy, z + dz) - V(x, y, z) 


y y y 
-[res y, 2+ Fave Kayra —V(x, y, z) 
_ ov aV aV 
EC AR EA 


With the displacement vector given as dI = dxa, + dya, + dza,, we can rewrite dV as 


oV oV oV oV- V- aV- 4 5 š 
qv =F acs Lay a (Bra Ea, Pa. tis + da, + ded) 
=(VV)-di 
=-E-dl 


If the displacement d I is along the tangent to the equipotential curve through P(x, y, z), then dV = 0 
because V is constant everywhere on the curve. This implies that E is perpendicular to V along the 
equipotential curve. 


2.16 ELECTRIC DIPOLE 


Two equal and opposite point charges separated by a distance, which is small compared to the distance 
at which the potential or the field is to be calculated, constitute an electric dipole. E 
Fig. 2.54 shows an electric dipole with +g and —q charges separated by a distance d. 


y 
PO) cr E. 
i—318 


ess ae UI reat n id 


yA 












(a) (b) (c) 
Fig.2.54 (a) Electric dipole, (b) Field lines for an electric dipole, and (c) Field lines for a pure electric dipole 
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2.16.1 Dipole Moment 


The product of the magnitude of one charge and the separation distance between the charges is called 
the dipole moment (P). This is given as 


P- Qd (2.43) 
This is a vector directed from the negative charge to the positive charge. Its unit is Coulomb-meter (C-m). 


For an overall charge-neutral system having N charges, the electric dipole moment vector (p) is 
defined as 


N 
B= LO; (2.44) 


where 7 is the position vector of the charge Q,. 


Examples of dipoles include HCl, CO, H,O and other polar molecules. In principle, any molecule 
in which the centres of the positive and negative charges do not coincide may be approximated as a 
dipole. 


NOTE 


An electric dipole is said to be a pure dipole if d ^ 0 and Q — ~ at the same rate so that the dipole 
moment (p = Qd) remains constant. The field lines for a pure dipole are shown in Fig. 2.54 (c). 


2.16.2 Electric Potential due to Dipole 
We will consider the dipole shown in Fig. 2.54 (a). The potential at point P(r, 0, @) is given as 


y=-4/1_1]|-_4 |2" 
~ 4re| r, r| 4re| nr. 


where r, and r. are the distances between P and +q and P and -q, respectively. If r >> d, then 





(r-r)-2dcos0 and rr «7r? 
q dcos@_ qdcos0 


"Tne „2 Aner’ 





Since, d cos 0 = d - a,, and dipole moment, p = Qd , we can write the potential as 





| qdcosÜü q d.à, | 1 pà 1 pr 
í 4rer? 4ng r? 4nE r? Arte IFP (2.45) 














If the dipole centre is not at the origin, but at a position vector 7’, then the potential can be written as 





(7) = prr 


2.46 
Ane |r — 7’? eee) 











This is the potential at any point P due to an electric dipole. 
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NOTE 
(i) Equation (2.43) shows that the potential due to dipole varies inversely as the square of the 


distance (ve 4) unlike as (4) for a point charge. 
r 


(ii) For 0 = 90°, V = 0, i.e., the potential along the perpendicular bisector to dipole axis is zero and 
the perpendicular drawn at O will be an equipotential line of zero potential. 


2.16.3 Electric Field due to Dipole 
The electric field due to the dipole with centre at the origin is given as 


= _ [9V 4 , 19V -~ : 1 
ms [9r me 00 A (in spherical coordinates) 


9 { qd cos 0 à 1 ð ( qd cos 0 P 
Or\ Amer? |" r90| Amer? )? 
B qd cos 0 - " gend 

















Qner? "Aner? 











E = qd ; (2 cos 0a, +sin ae) = P. 3 (2 COS 0a, sin 0a) (2.47) 
Aner Aner 











The electric field due to an electric dipole may also be expressed as follows. 











Td | 1 Dr) 1 1 CA EMT 1 M " 


Sma VB y= grand eae 7 


rP) ire 











= 1 |3(p.r) p 
E= 2.48 
idi Aner? l r? 5 (249) 











Thus, the field intensity due to a dipole varies inversely as the cube of the distance of the field point 
from the dipole (5. unlike as B for a point charge. 

r 
NOTE 


(iii) For 6 = 90°, E, -0 and E, = 
angular component persists. 


(iv) Fore = 0°, E,- 


per i.e., the radial component of the field vanishes, but the 
mer 


c and E, — 0, i.e., if the point is somewhere in alignment with the dipole 
mer 


axis, perpendicular component of the field will be zero. 
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2.16.4 Electric Dipole in an External Electric Field 


We will discuss the effects when an electric dipole is placed in an external field, say, E = Ea,. We will 
determine the torque experienced by the dipole and the potential energy of the dipole. 


Torque on an Electric Dipole when placed in External Field From Fig. 2.54, we see that 
the unit vector which points in the direction of P is (cos 0a, + sin 0a, ). Thus, we have 


p 7 qd(cos 0a, + sin 0a,) 























As seen from Fig. 2.55, since each charge experiences an equal y 
but opposite force due to the field, the net force on the dipole is 
Perag i . 
E 
Even though the net force vanishes, the field exerts a torque on 
the dipole. The torque about the midpoint O of the dipole is 
T= xF, +i xE ra 
- [(d/2) cos 8a, + (d/2) sin 8a, x (F, a,) 
+[-(d/2) cos 0a, — (d/2) sin 0a, ] x (~F a,) 
= (d/2) sin 0 F, (—a,) + (d/2) sin 0 F_(—a, ) Fig.2.55 Electric dipole placed in a 
= Fd sin 8(-a,) {oF = F_} uniform field 


= qEd sin @(—a,) 
= pE sin 0 (—4,) {. p=qd} 
The direction of the torque is (—a,), or into the page. The effect of the torque is to rotate the dipole 


clockwise so that the dipole moment becomes aligned with the electric field E. The magnitude of the 
torque can be written as 








T= pEsin@ (2.49) 


Thus, we see that the cross product of the dipole moment with the electric field is equal to the torque. 








In vector form, the torque can be written as 


Potential Energy of an Electric Dipole when placed in External Field The work done 
by the electric field to rotate the dipole by an angle 40 is 


dW - —140 =- pE sin 0 d0 


The negative sign indicates that the torque opposes any increase in 0. Therefore, the total amount of 
work done by the electric field to rotate the dipole from an angle 6, to 0 is 


0 
W = | (- pE sin 8)d6 = pE(cos 0 — cos 8%) 
9% 


The result shows that a positive work is done by the field when cos 0 cos 6). The change in potential 
energy of the dipole (AU) is the negative of the work done by the field, 1.e., 


AU =(U —U,)=—W =- pE(cos 0 — cos 6) 
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where, Ug =—pE cos 0, is the potential energy at a reference point. We will choose our reference point 
to be @ = 90? so that the potential energy is zero, i.e., Uy = 0. Thus, in the presence of an external field, 
the electric dipole has a potential energy 





U=-pEcos@0=-p-E (2.51) 











NOTE 


(i) For 0- 0*, W=-pE and t= 0, i.e., potential energy is minimum. A system is at equilibrium when 
its potential energy is a minimum. This takes place when the dipole moment p is aligned parallel 
to E, making potential energy a minimum, Uji, = —pE. 

(ii) For 0 = 90°, W = 0 and t= pE, i.e., potential energy is zero when the dipole is perpendicular to 
the electric field. 

(iii) For 0 = 180°, W = pE and t = 0, i.e., the potential energy is a maximum and, therefore, the 
system is unstable when p and E are anti-parallel. 








If the dipole is placed in a non-uniform field, there would > 
be a net force on the dipole in addition to the torque, and the F -8 q F, 
resulting motion would be a combination of linear acceleration — uw he ww s 
and rotation. In Fig. 2.56, we consider the electric field E, at +q E(x-a) E(x+a) 
differs from the electric field E. at — a 

B 4- Fig. 2.56 Force on a dipole 
Assuming the dipole to be very small, we expand the fields 
about x as 
dE dE 
E, (x+a)= E(x)* of © E_(x-a) = E(x) - of =) 
Hence, the force on the dipole is, 
= 2 zn dE \ ~ dE | ~ 
B= qË,- B) - zuo (£E a, - (ha, (2.52) 


*Example 2.43 An electric dipole of dipole moment 1008, pC-m is located at the origin. Find 
the potential and field at point (0, 0, 10). 


Solution The potential is given as 


EE 
4n, r? 





Here, F = (0, 0, 10) — (0,0, 0) 2 10a, 
p: | (100x10 Pa.) (10a,) 








-Aner 10? ad 
TEgr 3 

4n x agg x10 
Field intensity is 

r3 941 —12 ~ 
zi L pepr j|- L a 104, 100x103, 
ANET d 4r x10 x10? 
36z 


=1.8a, mV/m 
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*Example 2.44 Two dipole with dipole moments —5a, nC-m and 9a, nC-m are located at points 
(0, 0, —2) and (0, 0, 3) respectively. Find the potential at the origin. 


Solution The potential is given as 





y= e Peh 1 A d 
ka4mEyr ANE 
Here, 
pi7-58, p,-9G, 
ñ = (0, 0, 0)—(0,0,-2)=2a,; n-|nl-2 
n = (0, 0, 0) — (0, 0, 3)=-3a,; n-|n|-3 


sb dom. d 10 27]. F 
=. 9? z|- | PE z|- 20.25 x 10” Volt 
4r x L—— 
36z 





*Example 2.45 Figure 2.57 shows two charges at points A and 
B in free space. Find the electric field at point P due to these charges. 
Is the result consistent with what may be expected if d >> s? 


UU 


Q 
3 


Solution Electric field at point P will be the resultant field due to 
the charges at point A and point B. This is obtained as follows. 


p q : ^ q d ta e------------ 
E =————_ X 2 sin ġa, = x2x a A sm sm B 
2 2 z 2 2 [> 2 Z 
MEN TESI std Fig. 2.57 Arrangement of 


= qd A Example 2.45 
2ne(s? e d*?y? * 


e 
i 
1 
1 
1 
1 
1 
1 
1 
1 
f 

$ 








When s << d, i.e., S ua 1, the field reduces to 


qd d 


E- a = 
) ^ ned? 





a, 


2 
med S41 


Example 2.46  Anelectron anda proton separated by a distance of 10!! metre are symmetrically 
arranged along the z-axis with z — 0 as its bisecting plane. Determine the potential and field at point 
(3, 4, 12). 

Solution The position vector is, F = 34, + 4a, 12a, r-|r|-13m 
The dipole moment is p 21.6x10-?x107!! @, =1.6 x107% a, 
Thus, the potential at point (3, 4, 12) is given as 


pF (6x10 7?5.).38a,-4a,*12á,)  1.6x10? x 12x 9 


3 -9 -9 3 
4 Egr de e x1» 10°” x13 





= 7.865 x 107” Volt 
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The electric field intensity at point (3, 4, 12) is given as 


go [err 5) 





A4nEeyr r 
3x 1.6x 107°" x 12) x 3a, + 44, +124, 
l ( P OERD ) Lexi? 
An lU iF 13? 
367 


= (4.1894, + 5.5854, € 10.24,) x10 7* V/m 


Example 2.47 Figure 2.58 shows a linear quadrapole 
arrangement, with charges + q, — 20 and + Q disposed as indicated. 
Show that the potential due to this quadrapole at a large distance 
r'in comparison with the spacing ‘2/’ is 


P(r, 0, 9) 





2 
y - e ; G cos? 8 1) 








4z£gr 
Solution By the principle of superposition, the potential at Fig. 2-58 Linear quadrapole of 
point P is given as Example 2.47 
1|O 20,0 Q Raa: (i) 
4z£9| n r ^ ~ Amer n h 


Now, using trigonometric relation for the triangle with sides r, r,, and /, we have 


=r? +P + 2rl cos 0 


2 
| =1+ eI cos 0 


2] 1/2 

)- n 
ói -1/2 

)- In 


= 


E 
t 
E 





2 29_ 
=1—Leosa A90 1) 


Similarly, we have 


2 29_ 
(Z Jer Lose (Pent 2 J 
ty 2 
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Thus, from (i), we get 


Q Pa 2| 


Aner In Dn 


Lcd aicut ES l pe 
"wn pU S 2 +1+- -cos 0 +— 2 2 


p? 
r ian “Geos? 9 - D| 


























2 
y «(3 cos 8-1) 
£g 











2.17 MULTIPOLE (OR FAR FIELD) EXPANSION OF 
ELECTRIC POTENTIAL 


We will consider an arbitrary local charge distribution with volume 
charge density p in a volume V. It is assumed that the position 
coordinate of the field point is much larger than the position 
coordinate of the source point, i.e., (F »» 7^). This is shown in 
Fig. 2.59. 

Then, the electric potential at point P with position coordinate 
F is given as, 





Fig.2.59 Multiple expansion of 
potential due to a volume 
charge distribution 














pa, p) 
x J T dV = = line pal (2.53) 
Now, using the cosine law 
nw rà 
D. (zz = 2 ^2 | , = 2 r r Em 
Rz(r-rzr*-*(r)-2rr'cos0 plr+(2) 2") cs rjl+e 
where e - [LE - 2 cos 9}, since (r»»r),£««1 
1l 1 | 1. 35 54 
ip 0*9 3s 2€*g* i66 tv 
, rd , ^ à 
=i, _lLiryr_ AE 5(rr. 
-ti Se 20s) +3(")(" 2.0086) - ss Jc 20s 9) +. | 
, nv r\3 
m PN e EIS ms 1 | 3 uad 
"fr (eso (7) [Fos 0 jt [Fos 0 Seas) +. 
Here, the terms in parenthesis can be written in terms of Legendre polynomials as 
EC Z) P oos (2.54) 
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Putting this in Eq. (2.53), we get 





pect [283 ay = p xc - P, cos @pt7")aV 





Ane LIF - | 
1 x 7 ; "P 
LET " P, cos 0) dV 2.55 
Are Em prd Je ) n p(r ) ( ) 
ES = 
F- Ane i a Sat ig Py cos p(r )dV (2.56) 











This can be written as 





(2.57) 





D V+ [reos pd «s [e (3 cos 9-5] pav +.. | 








This is the multipole or far field expansion of electric potential of a given charge distribution in terms 


of powers of t. The first term (n = 0) is called monopole term; the second term ( = 1) is called the 


dipole term and the third term ( = 2) is called the quadrapole term, the fourth term (n = 3) the octopole, 
and so on. 


2.18 ENERGY STORED IN ELECTROSTATIC FIELDS 


Electrostatic energy is the energy necessary to establish a given charge distribution in space. 


Energy Stored in a Region with Discrete Charges 
In order to determine the energy stored in an assembly of 
charges, we determine the amount of work done by an external 
source to assemble the charges. 

We consider a region in space with no charge initially and 
zero field intensity. Point charges are brought from infinity to 
specific points in that space, one by one as shown in Fig. 2.60. 

Work done to bring the first charge Q, from infinity to 
point P, is 


oc 





Fig. 2.60 Assembly of charges 


Wi -0 [~ initially charge-free region] 
and the field intensity due to charge Q; at a distance r is 
É--&. zâ 
Aner 


Work done to bring the second charge Q, from infinity to the point P; is 


cs QO a aa,- QQ» 


Aner? ATEN, 


B. a 
(-05-0|-] Eat - 0, -| 


where r; is the distance between the points P, and P}. 
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Similarly, work done to bring the third charge Q, at point P, is found as follows. 








Tog agr ow sri 
hcec Ende Edi anes 
a a 


w,- oy, - 22 4 222 


4mX£n4 AMEN; 





Total energy in the system is 





E E QQ, L0. Gs 
Fa E eae DARECS 


W = 1 [22 5 220: , 212s) 


An£| n» P 43 





(2.58) 


This is the energy obtained by arbitrarily bringing the charges in the sequence Qj, Q, and Q}. As energy 
depends on charges and potentials, the energy will be same if we reverse the sequence, i.e., we bring 
Q; first, then Q, and then Qj. 

In that case, total energy in the system is 


Q, 


3 
+ + 
Q Aner, Q; Aner, 








W = (+ 1, e) =0+ 0, ee 


w=- [22.22 , 212) 


An£| mi Ey) Ry 





(2.59) 


Adding Eq. (2.58) and (2.59), we get 
WwW = ol Q 3E Q» | + ol Q, + Q; | + ol Q, + Q» | 


4mérn, Aner, 4xz£n,  4nZ£n, 4xX£n4 AMEN; 
= QV, + QV. * QV; 


(since the terms in the parentheses are the potentials at the corresponding nodes due to the other charges 
at the other nodes) 











W = (QW + QW, + QA) 


Thus, for N point charges located at points P,, P5, ..., Py, the electrostatic energy stored in the charge 
system is given as 





W=3$ QV, (Joule) (2.60) 


Mz 


Il 


1 








Energy Stored in a Region with Continuous Charge Distribution Instead ofan assembly 
of point charges, if there were a volume of charge of density p(C/m?), then the electrostatic energy 
stored can be written as 


W = zl pdvV [dv —1s an elemental volume and V —is the potential] 


= il (V-D)Vdv (using Gauss'law, V -D= p) 
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-3l[v VD)-B(VV)|dv & V-(AB)= A(V B) B- (VA) 
lum Lees i 
-— ; Lp < E=- 2.61 
z% axem Edv {- E=-VV} (2.61) 
If we go on increasing the volume to trap all the charges, the surface area must shrink to keep the 
energy constant. 


Now, E varies as x and V varies as 1 and surface area as 7°. Therefore, vba% ; and Sar? and S 


r? 
ot r^; So, the surface will reduce as i and thus the surface integral will vanish. Hence "s energy stored 
in the charge system is 








W «2| D. Édv - 5 eE’ d (2.62) 








From this, we can define electrostatic energy density w (in Joule/m?) as 





dW dlzz. 
nr di -3D E-5 





cE? (2.63) 











and the total energy stored in the system is 


W =| wdv (2.64) 


v 


Example 2.48 Four point charges Q, = 1 nC, Q, =-2 nC, Q, = 3 nC and Q, =—4 nC are located 
at (0, 0, 0), (1, 0, 0), (0, 0, —1) and (0, 0, 1), respectively. Find the energy in the system. 


Solution The energy in the system is given as 


1 
W = 3 (Q5 + QV, + QV, + OV) 








-2 QO , ® , a E Q, QB, OQ 

2|4mz&(1) 4rne(l) 4reg(l) 2 | 4z&, d Axe (V2) | An&eg(d 2) 
G A , 9 2 ]29[29.. &., 8 
2 | ATEC)  4me, Q2) + Ane, (2) 4n€Q(l) — Are, (2) 4ne&(Q2) 





"X x00. * Q0 + 0.0, + P EO a 


-5| 2+3-4+ 





zs 


——68.2772 nJ 


Example 2.49 Calculate the energy of a sphere of charge of radius R in which the charge is 
uniformly distributed. 


Solution The energy stored is the work done in bringing charges from infinity to the sphere. We 
imagine that the sphere is formed by assembly of various thin shells of charge. 
We consider a small sphere of charge of radius r. Let p be the charge density. 
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Total charge on the sphere = iar p 


Suppose a small layer of charge dq in the form of thin shell of thickness dr is deposited on the sphere. 
dq = p4nr?dr 
Work done in bringing this charge from infinity is 
3 


arp 2 
dW = potential at r x dq = l1 3 ( 4nrdr) - 479 rid, 
ATE) r p 3&, 





Total energy required to assemble charges so as to build up a sphere of radius R is 


_ Ang a Amp” ys 
36; Irae pg 





0 


Example 2.50  Acharge distribution with spherical symmetry has the density 


p-py OSrsR 
=0, r>R 


Determine the potential V everywhere and the energy stored in the region, r « R. 


Solution From Examples 2.30 and 2.36, the potential and field inside the sphere (r < R) are given as 


.DPona2 2 T Prg, 
dixi s r^) and E= 36, 


Energy stored in the system is given as 





2 2 R 
1 1 1 
W= Sea ea) Ae | ie: r^r? sin 6dód6dr 














298, ,- 00-06-0 
Dd r’ = 2npi 
188, 5 458, 
_ 2npj ps 
Ts 45 i 











Example 2.51 A charge Q is placed on a spherical conductor of radius R. Calculate the 
electrostatic energy density at a distance r (^ R) from the centre of the sphere. Hence, find the 
electrostatic energy of the system. 

Q 


Solution Electric field at a distance r (> R) is, E = 5 
4z£gr 


Energy stored in the system is given as 


Q? R mx 27 


2 
1 
W-ie gabs dv= —r’ sin 0dód0d 
jj pen J 320 Eg „Loot "a d 


" a 


= T 
32n?^8; 24^ 8mEyL r 8negR 
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Q 
de 8zeyR 














2.449 POISSON'S AND LAPLACE’S EQUATIONS 


In the earlier sections, we have determined the electric field E in a region using Coulomb's law or 
Gauss’ law when the charge distribution is specified in the region or using the relation E--VV 
when the potential V is specified throughout the region. However, in practical cases, neither the charge 
distribution nor the potential distribution 1s specified, and the electrostatic conditions (charge and 
potential) are specified only at some boundaries. These types of problems are known as electrostatic 
boundary value problems. For these types of problems, the field E and the potential V are determined 
by using Poisson 5 equation or Laplace s equation. 

For a linear, homogeneous material medium, Poisson's and Laplace's equations can easily be 
derived from Gauss' law. 








V.D-p 
or V.gE-p 
or Verse 
€ 
or V-( vr)=£ (- E=-VV) 
or wy =- 
E€ 
vy =—£ (2.65) 











This equation is known as Poisson’s equation which states that the potential distribution in a region 
depends on the local charge distribution. 

In many boundary value problems, the charge distribution is involved on the surface of the 
conductors; for which the free volume charge density is zero, 1.e., p = 0. In that case, Poisson’s equation 


reduces to 
(2.66) 


This equation is known as Laplace 5 equation. 
Substituting the Laplacian operator V? as discussed in Chapter 1, the Laplace's equation in three 
different coordinate systems becomes 
V y v 
+ 
o? əy? o 
l9 (2x) 13V 4 
ror\ or} 52995 (x 
1 zi e 1 E are 1 gh 
PP P) p*sing 90 p? sin? 0 99? 


—0 in Cartesian coordinates 








—0 incylindrical coordinates (2.67) 





0 in spherical coordinates 
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Respective Poisson’s equations can be written from Eq. (2.67) by replacing zero on the right hand 


side by Ep 


Example 2.52 Find whether the potential functions in a region of free space satisfy the Laplace’s 


equation: 


(a) V = e?" cos (13y)sinh(12z), 


Solution 


(a) V = e?" cos (13y)sinh(12z) 


v 
ox — 
CHA 
ox? 
OV 
dy 

CHA 
dy 
oV 
Oz 

CHA 
9y? 


Adding (i), (ii), and (iii), we get 


(b) V= 


z cos Q 


2 2 
OV , OV 


(b) V= 


"A 





o dy” 


+ 
Oz 


Z cos Q 30 
r 


(c) V 2 — cos 8 
p 


—5e ?* cos (13y)sinh(12z) 

= (-5) e?* cos (13) sinh(12z) = 25V 

- —13e ?" sin (13y)sinh(12z) 

+ = (C13x13)e ?* cos (13y)sinh(12z) = -169V 
= 12e ?* cos (13 y) cosh(12z) 


= (12)? e?" cos (13) sinh(12z) = 144V 


; = (25-169 +144)V =0 


Vy =0 


Hence, this potential function satisfies Laplace’s equation. 

















ƏV | zcosó ƏV | zcosó 
or rA "Or r 
2| ov 2 ces) rene 
or\ or] or r | p 
1ə/ 0V| zcosó 1 
13,2). r? coa 
oV | zsinó 
dp r 


(i) 


(ii) 


(iii) 


(i) 





3V  zcosó 
90 r 
19V  1zcoó 1| 
rop por r? 
oV  cosó 
oz r 
9n. 
oz? 











0 
Adding (1), (ii), and (iii), we get 
19 | ar) 


s 19v v 1| 
ror\ or 


roe o pg r 
V?y-0 


Hence, this potential function satisfies Laplace's equation. 





(c) y - 309,8 
p 





op p 








1 9( 59V 60 2 
op 





2 





l g [sin o3" - 
p? sin 0 90 


av _ 
d$ — 
yv 
ag? 
Adding (i), (ii), and (iii), we get 





0 
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(ii) 


(iii) 


(i) 


= 0 x 2sin 6 cos 8 = — D. sin 0 cos 8 
p 


(ii) 


(iii) 





1 0( 59V 1 (si ar) ov 2 
2 » P ac] rasgos sin 035 *39 "ud 


VV 20 


Hence, this potential function satisfies Laplace's equation. 
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2.20 UNIQUENESS THEOREM 


Statement This theorem states that any solution of Laplace equation (or Poisson’s equation) that 
satisfies the same boundary conditions must be the only solution, irrespective ofthe method of solution. 





Proof The proof of this theorem follows a proof by contradiction. 

Consider a volume v bounded by some surface S. Suppose we are given the charge density p 
throughout the volume, and the value of the scalar potential V on the surface. Suppose, for the sake 
of argument, that the solution of Laplace's (or Poisson's) equation is not unique. Let there be two 
potentials V, and V, and which satisfy the boundary conditions. 


Thus, 
ie = -2 and V°, = -2 throughout v, and 
Vi,=V,=Vs; on S. 
V2(V,-V;)=0 (2.68) 
and (Vis Vag) = 0 (2.69) 


According to vector identity for any scalar A and any vector p 
V -(AB) = A(V- B) + B. (VA) 
Let, A = (V — V;) and B=V(V,- V;) 
Thus, 
V-[0U4 - V) V(, - V9] - 0 - VIV - VO, - Vj) V0, - V): V(, - V;) 
-( -VV*G, - Vj) -LV(A - VE 
Integrating throughout the volume enclosed by the surface, we get 


[V-I9,- V) V (4 - V;)ldv = [(, - Vj)V* 094 — V;)dv + JIVO - Va) dv (2.70) 


Applying divergence theorem to the left-hand side of Eq. (2.70), we get 
[VI - V) VO, - Vld = fs —Vas)V Vis- Vos]: d$ =0 (using Eq. (2.69)} 
v S 


Also, in the right-hand side of Eq. (2.70), V&(V, — V>) using Eq. (2.68). 
Thus, Eq. (2.70) reduces to 
JIVA - V;)P dv=0 


Here, the quantity [V(V, — V3)P is always positive. The only way in which the volume integral of 
a positive definite quantity can be zero 1s if that quantity itself is zero throughout the volume. This 
is not necessarily the case for a non-positive definite quantity: we could have positive and negative 
contributions from various regions inside the volume which cancel one, hence, the integrand must be 
zero everywhere, so that the integral may be zero. 


[V,-Vjp20 => V(W-V,)50 => (W,—V;)- constant (k) 
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Now, applying the boundary condition that on the surface 
(sU I s 
V - V, 


Hence, our initial assumption that V, and V, are two different solutions of Poisson's equation, satisfying 
the same boundary conditions, turns out to be incorrect. 
The fact that the solutions to Poisson's equation are unique is very useful. 


221 GENERAL PROCEDURE FOR SOLVING POISSON'S 
AND LAPLACE'S EQUATIONS 


The following procedure may be followed for solving a boundary value problem, using Poisson's or 
Laplace's equation. 


1. The equation is solved using either 
— direct integration when V is a function of one variable. 
— separation of variables if V is a function of more than one variable. 

2. The unknown integration constants are found by applying the boundary conditions; so that the 
solution becomes unique. 

3. Having obtained V, the field is obtained from the relation: E = - VV. 

4. The charge induced on a conductor is obtained from the relation: Q = Jods; where o is the 


s 
induced surface charge density, o = D, = &E,; where E, is the normal component of the field. 
2 


5. The capacitance between two conductors is obtained from the relation: C = y 


2211 Solution of Laplace Equations in Cartesian Coordinates 
Parallel Plate Electrode System 


Example 2.53 The region between two conducting plates at x = 0 and x = d is filled with perfect 
dielectric of uniform permittivity £. If the plate at x = d is maintained at a voltage V, and at x = 0 is 
grounded, find the potential distribution between the plates. 


Solution Here, the space between the plates is filled with perfect dielectric material and there is no 
variation in the y and z direction. So, the problem is one-dimensional. 
By Laplace's equation in Cartesian coordinates 
2 2 2 
OHA xi OHA x oV 


0 
o? ð? o 





2 
D =0= and V varies with x only the partial derivative becomes ordinary derivative. 
y z 
2 
aY 0 
dx 


Integrating twice, we get 
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Applying boundary conditions: 
(1) Atx=0, V=0, 
~ B=0 
(2) Atx=d, V= V), 
Vo 


A=, 


Hence, the potential distribution between the parallel-plate electrode system is given as 





v=) (2.71) 


Example 2.54 Two parallel planes of infinite extent in the x and y directions and separated by 
a distance d in the z-direction have a potential difference applied between them. The upper plane has a 
potential V, and the lower one has a potential V, (V, > Vo). 

(a) By using Laplace's equation, find the potential distribution and electric field strength in the 

region between the planes. 

(b) What will be the potential at z (0 € z € d) if the space between the planes is filled with electric 


Z 
charge of volume density P = Po 7. Also, obtain the surface charge density on each plane. 
Solution 


(a) The planes being infinite, the potential V is a function of z only. Hence, Laplace’s equation can be 
written as 





2 
d 4 -0 
dz 
Integrating twice 
V -Cz-tC, 


where C, and C, are constants. 


Applying boundary conditions, we get 





Atz-d,V-Vy, => Gane 








Therefore, the potential is given as 


Hence, the field intensity is given as 





W a 
g-- d (2 


(b) If the volume charge density p is present, then by Poisson's equation 


dV p | Po 
dz € ed 
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Integrating twice 











“Fed 3 +Cz+C, 
where C, and C, are constants. 
Applying boundary conditions, we get 
Atz=0,V=K > G=) 
Atzed,V-V, > V,=-P%d+Cd+C, > G= Mad 


6ed v *' 6E 


Therefore, the potential is given as 








Hence, the field intensity is given as 


. dV | Po 2 (575 pod) 
Ba ed ga 








The surface charge density on each plane is 


V, — V, d 
G|,-9 = €E|,-0= e( zI g + Po } 


Pod V, pod ) | pod W- V, 
oium eE BEL (7 |. n - (H7 











2212 Solution of Laplace Equations in Cylindrical Coordinates 
Potential of Coaxial Cable 


*Example 2.55 Using Laplace's equation, find the potential 
distribution within a coaxial cable of length ‘L’, having an inner conductor 
of radius ‘a’ and a outer conductor of radius ‘b’, if potential of * V, is 
applied at the inner conductor with reference to outer conductor. Also, 
determine E. 





Solution Since the medium between the concentric cables is filled 
with perfect dielectric, we use Laplace's equation 





Fig. 2.61 Coaxial cable 
Vy-0 


In cylindrical coordinates 





la (24) + 1 3V gow 
ror\ or} rag TA 


Since the potential variation is only in the radial direction, the equation reduces to 


19o[. ƏV 
13(, ay). 1 


=0 


172 Electromagnetic Field Theory 





or 2-24) =0 
or\ or 
Integrating 
oV _ 
r3 = A 
OV A 
4 oro r 
Integrating 
V=Alnr+B 


Applying boundary conditions: 
(1) Atr—-a, V= Vo, 





^ Vo=Alnat+B 
(2) Atr- b, V=0, 

- O=Alnd+B 

r o h e _ hlb 
Solving A e and B--Alnb- in(alby 


Hence, the potential distribution for the co-axial cable is given as 
|. Vylnr lnb  Vyln(r/b) 











a In(a/b) ]n(a/b) —In(a/b) 
-o p | 
V= in(alby n(^ (2.722) 
Now, the field intensity is given as 
Am _ (9V 5. 190V- , aV - 
E=-VWV= (¥ eet gh 3 à.) 


Here, as the potential 1s a function of only r, the field intensity 1s given as 


Rey estf e. 0 2 mfz) a,- Yo 2 x ta, VOL ey 











or In(a/b) ðr b In(a/b) x, ~ rin(b/a) 
NERA REN. T 
E= r In(b/a) ^ (2.72b) 















*Example 2.56 In cylindrical coordinates two (@ = constant) 
planes are insulated along z-axis. Neglect fringing and calculate the 
expression for V and E between the planes assuming that V — 100 
Volt for à = œ and V = 0 at à = 0 as shown in Fig. 2.62. 


V= 100 Volt 





Solution Since the medium between the concentric cables is 
filled with perfect dielectric, we use Laplace's equation 


VV 20 


ó-a 


Fig. 2.62 Arrangement of 
Example 2.56 
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In cylindrical coordinates 
































1 2 [ ar) 13V ov 
ror\ or PUE a j 
Since the potential is constant with respect to r and z 
18V 
rop 
2 
or e =0 
ag 
Integrating 
oV — 
36 ^ 
Integrating 
V=AbO+B 
Applying boundary conditions: 
(1) At d= a, V= 100, 
<. 100=Aa+B 
(2) At ¢=0, V=0 
“ O=B 
Solving, A= » and B-0 
Hence, the potential distribution for the coaxial cable is given as 
y-219, vot 
a 
100 
dir i 
Now, the field intensity is given as 
E i 18V- 
E=-VV= AT ay 
Here, as the potential is a function of only r, the field intensity is given as 
a . 19V.  109]|100 a,- (Ha 
Er rao? Lo a oa, a r^ 
E= ~100(1) ay 
Qa Ar 











Example 2.57 Find the potential and electric field intensity for the region between two 
concentric right circular cylinders, where V = 0 at r, = 1 mm and V = 100 V at r, = 20 mm. Neglect 
fringing. 
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Solution Since, V varies with r only, Laplace's equation can be written as 


Integrating twice 


where A and B are constants. 
Applying boundary conditions, we get 


Atr=r,=0.001V=0 = O0c-Aln(0.00)- B 
Atr=n,=0.02,V 2100 = 100-41n(0.02)4 B 





Solving, A = 33.36 and B = 230.49 
V = (33.36 In r + 230.49) Volt 

Hence, the field intensity is given as 

oV à 


E=-VV =-<a, 


V/m 





33.36 ~ 
-— a, 
r 
2.21.3 Solution of Laplace Equations in Spherical Coordinates 
Potential of Spherical Shell Electrode System 
*Example 2.58 Develop expressions for the potential difference and field intensity at any point 


between spherical shells in terms of the applied potential. Given: V = Vy; atr = a and V = 0, atr = b 
(a « b). Hence, find E. 


Solution By Laplace's equation in spherical coordinates 


1 2 (28%), 1 oO 
r2or\ Or] /*sin@ 00 





. ar 1 ov 
sin 0 + = 
| 90) r?sin?0 d$? 
By symmetry of the problem, the field and, therefore, the potential function depends on the radial 
distance ‘r’ only. 


42 2 2r | -0 
r2 or or 
(pan). 
iad or G or) d 
Integrating 
QV 4 
r x r? 
Integrating once 
V= 2 +B 
r 
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Applying boundary conditions: 
(1) Atr—-a, V= Vo, 














h= E tB 
a 
(2) Atr- b, V-0, 
0- E +B 
' _ hab _ ha 
Solving, 4-777 nd BS sn 
Hence, the potential distribution for the spherical shell is given as 
y- Vab Li Voa soa L) - Yo b-r 
a-bjr a-b a-b\r b r \b-a 

















| 








V= ref ) (2.73a) 
r \b-a 
Here, as the potential is a function of only r, the field intensity is given as 
M _ ƏV- _ hab ofi +) fa, =| 22 1 
i or” b—alor\r b|| (a-b) 
= { pab A 
-( od ja (2.73b) 
r 











*Example 2.59 Region between the two coaxial cones is shown 
in Fig. 2.63. A potential V, exists at 0; and V = 0 at 0. The cone vertices 
are insulated at r = 0. Solve Laplace's equation to obtain potential at a 
cone at any angle 0. 


Solution Since, V varies with @ only, Laplace's equation can be 


written as 
1 d [. 4dV| 
r? sin 0 (sin 47] =l 
Integrating 
P dV 
sin 0775 = 4 — 10 = Acosec 0 


Integrating once again 
V = Aln(tan 2) tB 
where A and B are constants. 


Applying boundary conditions, we get 





AtO=6,, V-V, = M=Aln(tan%)+B 





At@=0,, V=0, = 0=Aln(tan%)+B 











Fig. 2.63 Coaxial cones of 
Example 2.59 
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Solving for A and B 











A= 5 
1)-v(u 2) 
in( tan S. —In tan > 
9 in( tan % 
B=—Aln( tan 2) = V, 
MELCOLCS 
n| tan n| tan-> 


Substituting the values of A and B and rearranging, we get 


in{tan 8) — in( tan %2) 
V =V, 


1 
in( tan S. — [n tan > 


Example 2.60 Two coaxial cones are insulated from each other at their vertices. Axes are along 
the z-axis. In spherical coordinates, the cones are presented by 0, = 10° and 0, = 45°. The inner 
cone is at potential of 100 V and the potential of the outer cone is 0 V. Determine the potential for 
0—30*. 

Solution From Example 2.57, substituting the values, V, = 100, 0, = 10°, 0, = 45°, 0— 30° we get 
the potential given as 


= In(tan 6/2) — In(tan 65/2) | _ In(tan 15°) — In(tan 22.5°) 
~~!) In(tan 6/2) - In(tan 05/2) f ~ In(tan 5°) — In(tan 22.5°) 

















}=2801v 


2.22 CAPACITOR AND CAPACITANCE 


Capacitor: A capacitor is a device that stores elec- 
tric charge and hence electrostatic energy. It con- 
sists of two conductors separated by an insulating 
medium. 


Depending upon the shape and size of the conductors 
and insulating medium, capacitors are available in 
varying in shape and size, but the basic configuration 
is two conductors carrying equal but opposite charges 
(Fig. 2.64). 

When the capacitor is uncharged, the charge on any 
one of the conductors is zero. During the charging process, a charge Q is moved from one conductor 
to the other, giving one conductor a charge +Q, and the other one a charge —Q. Thus, a potential 
difference AV is created, with the positively charged conductor at a higher potential than the negatively 
charged conductor. This must be remembered that whether charged or uncharged, the net charge on the 
capacitor as a whole is zero. 

Experiments show that the amount of charge Q stored in a capacitor is linearly proportional to the 
electric potential difference between the conductors, AV. Thus, we may write 


(S 
S 


Fig.2.64 Basic configuration of a capacitor 
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z _ Q 
Q-CIAV| = C= 


where C is a positive proportionality constant called capacitance. Physically, capacitance is a measure 
of the capacity of storing electric charge for a given potential difference AV. 


Capacitance: The capacitance of a capacitor is the ratio of the magnitude of charge on one conductor 
to the potential difference between the conductors. 


E-dl (2.74) 


The SI unit of capacitance is the farad (F): 
1F = 1 farad = 1 coulomb/volt = 1 C/V 





The dimension of capacitance in terms of M, L, T and J is L, T and I + | / = 
is [M LPTP]. 

Figure 2.65 (a) shows the symbol which is used to represent | \ 
capacitors in circuits. For a polarised fixed capacitor which has a (a) (b) 
definite polarity, Fig. 2.65 (b) is sometimes used. Fig. 2.65 Symbol of capacitor 


Energy stored in Capacitors The energy stored in a capacitor is equal to the work done to 
charge it. Consider a capacitance C, holding a charge +q on one plate and -q on the other. Moving a 
small element of charge dq from one plate to the other against the potential difference V = q/C requires 
the work dW: 


q 
dW =—=d 
C q 
where W is the work in Joule 
q is the charge in Coulomb 
C is the capacitance in Farad 


We can find the energy stored in a capacitance by integrating this equation. Starting with an uncharged 
capacitance (q = 0), the work done, in moving charge from one plate to the other until the plates have 
charge +Q and —Q respectively, is given as 


Q 2 
q 10 1 
Woharging Í ga 2 C op. W steed 
0 











S 





1 
Wetored = 2 cy? (2.75) 








where W is the energy in Joule 
C is the capacitance in Farad 
V is the voltage in Volt 
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General Procedure for Calculating Capacitance of Capacitor 


1. A suitable coordinate system is chosen. 
. We assume that the two conductors carry charges +O and —Q. 
. The field intensity E is calculated using either Gauss’ law or Coulomb's law. 


. The potential difference between the two conductors is calculated using the relation, V = JE -dl. 
1 


Un A WN 


. Finally, the value of the capacitance is obtained from the relation, C = E 
We will now compute the capacitance in some systems with simple geometry. 


222.1 Parallel Plate Capacitor 


Example 2.61 Determine the capacitance of a parallel plate capacitor with plate separation d 




















and area A. 
+Q 
(QD. 
-Q 





(b) 
Fig. 2.66 (a) Parallel plate capacitor, and (b) Electric field line for parallel plate capacitor 


Solution We shall consider two metallic plates of equal area A separated by a distance d, as shown 
in Fig. 2.66 (a). The charge on the top plate is +O while the charge on the bottom plate is —Q, both 
distributed uniformly on the plates. 


Question: What do you mean by the edge effects and fringing effects? 

Answer: In order to determine the capacitance C of parallel plate capacitor, the knowledge of the 
electric field between the plates is necessary. For an ideal capacitor, the plate separation d is very 
small compared with the dimensions of the plate. However, a real capacitor is finite in size. Thus, 
the electric field lines at the edge of the plates are not straight lines, and the field is not contained 
entirely between the plates. This is known as edge effects, and the non-uniform fields near the edge 
are called the fringing fields. In Fig. 2.41 (5), the field lines are drawn by taking into consideration 
these edge effects. 


Neglecting the edge effects and fringing effects, assuming an ideal situation, where field lines between 
the plates are straight lines, the electric field is calculated using Gauss’ law as 


$E ! ds = Qa 

s € 
By choosing a Gaussian “pillbox” with surface area A to enclose the charge on the positive plate (see 
Fig. 2.66), the electric field in the region between the plates is given as 


B=2(-a,)=--La 


€ EA F 
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Gaussian A 
surface +Q A 
A TTT 
YY YY YYY | 
Path of xS 
integration 
Fig.2.67 Gaussian surface for calculating the electric field between the plates 
The potential difference between the plates is 
+ d 
; Dro. Od 
V=(V,-V. yale dl =-(-&a. dea, = = 
From the definition of capacitance, we have 
Q £A 
C o SS. 
Vd (2.76) 











NOTE: 


The capacitance C depends only on the geometric factors A and d. The capacitance C is directly 
proportional to the area A since for a given potential difference V, a bigger plate can hold more 
charge. On the other hand, C is inversely proportional to d, the distance of separation, because the 


smaller the value of d, the smaller the potential difference V for a fixed Q. 


Example 2.62 The permittivity of the dielectric material between the plates of a parallel plate 
capacitor varies uniformly from €, at one plate to € at the other plate. Show that the capacitance is 


given by 
_A &7& 
D n(&/&) 


where A and D are the area of each plate and separation between the plates, respectively. Arrive at the 


value of C for €, = &. 
Solution Let, at a distance x from the plate of dielectric constant €,, the permittivity be 
£-£& t kx 


Now, at x = D, the permittivity is £; 
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Field intensity at a distance x from the plate of permittivity £j 








E(x)= 2 = = o = surface charge density on plate 1 
SS a 
ES (254 Js 
Potential difference between the plates is 
D D E x=D 
y -[EG)dx- o] : TUS LE ista) 
0 e275) (-e)L \ D 2o 
D 
oAD £5 
-——— —]n i = 
(£) - €)A (2 ) 
QD (= 
= In -"Q-0A 
4(£j-&) V& e 


So, the capacitance of the parallel plate capacitor is 





Example 2.63 The region between two conducting plates at x = 0 and x = d is filled with perfect 
dielectric of non-uniform permittivity 


=e 
x 
1-(35] 


If the plate at x = d is maintained at a voltage V, and at x = 0 is grounded, find: 


£= 


(a) The potential between the plates; 

(b) The field intensity; 

(c) Surface charge density, o at x = 0, d; 
(d) Capacitance per unit area for the plates. 


Solution We know that, E = - VV and p - V. D =V. (eE) - eV -(-VV) =-V -(eVV) 
Using the identity, for a scalar S and a vector V, 


V-(SV) - SV.V -V.VS 





Here, 

V.(eE) 2 eV. E - E. Ve 
or eV -(-VV)+(-VV)-Ve=p 
or EVV +Ve-VV =-p 


For a charge free region, p = 0, so that 
eV V +Ve-VV «0 
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Considering the variation of £ and V only with respect to x, the equation becomes 


rud [asa | - 0 





























ox? ox }\ ox 
or oe) =0 
dxV de) 
Integrating, we get 
OV — 
dE =A 
T ƏV A A -4| A 
ox € E Eo 2d 
x 
1-(35] 
Integrating again, we get 
_A_ Ax _A A 
V (x)= XS Ade; +B= af, 23 +B 
Applying the boundary conditions: 
(1) Atx=0, V=0, 
0=0-0+B>B=0 
(2) Atx=d, V= V), 
A A 3 Ad 4 &yV, 
yy- d - - 
nins 4d) 4& ^ 3 d 
(a) So the potential is given as 
re 
MOF a ad 
(b) The field intensity is 
= PE 2 trl x Ja 
E=-VV= ot 34 2d] ^ 
ity. 5 fae eee -4ni 2a __ 42% 5 
(c) Flux density, D = £E = € = TE x{ 34 1 zdl 3 gq * 
2d 
So the surface charge densities are 
V. 
lo, = IPl.=a = ac 
(d) Charge on either plate per unit area 1s 
gis 
A| 3 d 
Thus, capacitance per unit area is given as 
'G QA. 4E 
A h 3d 
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Example 2.64 The plates of a capacitor are squares, each 
of side length /, as shown in Fig. 2.68. The plates are inclined to 
each other at an angle œ. The smallest distance between the plates 
is a. Calculate the capacitance when œ is small. — 0 0 4pe———--t--—-- 


e um hose 


fo 


Solution We will consider an elemental strip of the capacitor 














of thickness dx at a distance x from the edge. 
x 
Plate separation of the strip is p l >| 
d=a+xtana@=(at+xa@) {7 & <<} Fig. 2.68 Capacitor of Example 2.64 
; : A £gldx 
Capacitance of this strip 1s, dC — 0 
a+ xo 


So, the capacitance of the complete capacitor is given as 


£gldx 
a xc 





c- [ac- j 





x 10 I 





Let, (a+ xæ)=p -. adx=dp 














plajlatal 





1 atal a+al 
Si &dx _ j Eoldp _ £g j dp _ alpat) Eol in(t+ e 
oat xa a OP a P d B à 


: s (a! ae 
alla 2\a 
Neglecting the higher order terms as, œ is small. 


c= fo l- ar) 


a 2a 





a 














*Example 2.65 A transmission line consists of a pair of long parallel conductors of radius r with 
a spacing D between centre in a medium of permittivity £. Show that when D is large compared with r, 
the capacitance of the pair of conductors per unit length is given approximately by 








_ TE 
~ In(D/r) 
Solution We shall consider a line charge distribu- -A 
: : EIU: +4 
tion of density A between the two cylindrical conduc- [3 E 
tors. If the charge on conductor A is positive, it will 
be negative on conductor B by electrostatic induction. x | 
(Fig. 2.69) — rx D > 
The electric field intensity at point P is due to both Fig. 2.69 Capacitance between two wire 
the charges and is written as transmission lines 





E= A À _ Adi 1 
2mex 2re(D-x) 2ng£ x D-x 
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The potential at P is given as 


i age He Ta fH 
V=JE-dl 2zx&£ J É pé 





-2 -pJ 
= 57g P x + In(D x) 


= A [in(D - 7) - In r (D - D +r) - ID - r) 


A (2=) 
= — In| —— 
TE r 














C À He TEL when D>>r 
l In| — 
r 
C= TE 
(2) 
In| — 
r 











2222 Cylindrical or Coaxial Capacitor 


Example 2.66 A solid cylindrical conductor of radius a is surrounded by a coaxial cylindrical 
shell of inner radius 5, as shown in Fig. 2.43. The length of both cylinders 1s L which is assumed to be 
much larger than (b — a), the separation of the cylinders. Calculate the capacitance of the cylindrical 
capacitor. 


Solution Since the length of both cylinders is L is assumed to be much larger than (5 — a), the 
separation of the cylinders, the edge effects can be neglected. 


Let +Q be the charge in the inner cylinder 
—Q be the charge in the outer cylindrical shell 


We compute the electric field both inside and outside the capacitor. 
Due to the cylindrical symmetry of the system, we choose the Gaussian surface to be a coaxial 
cylinder with length / < L and radius r. 


Region r « a: 
The charge enclosed is zero, QO... 
Therefore, the field is also zero. 


= 0, since any net charge in a conductor must reside on its surface. 


E=0 
Region a <r < b: 


Using Gauss' law, we have 


$E. d5 = Lee or, E(2arl)= 
s € 


E 
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where À = 2 is the charge per unit length. 


Region r > b: 
The charge enclosed is zero, Q.,,. = A — Al = 0 since the Gaussian surface encloses equal but opposite 
charges from both conductors. Therefore, the field is also zero. 


E=0 
This is seen that the electric field is non-vanishing only in the region a <r < b. 
The potential difference is given by 
» - (E. ai -Aa dra. - nl 
V=(V,-V_)= E dl = (xe a, dra, = > (£) 


Thus, the capacitance of the coaxial capacitor is given as 





Q AL  2meL 
V V (ba) 





C= (2.77) 











Once again, we see that the capacitance C depends only on the geometrical factors, L, a and b. 


Example 2.67 A capacitance is made of two coaxial 
metallic cylinders of radii r, and r, (r, < r5) and length L (L >> r;). 


The region between r; and r; (=4/ 7n ) is filled with a medium 
of dielectric constant K, and the remaining region is filled with a 


medium of dielectric constant K,. Find the capacitance of the system SS 
(Fig. 2.70). ~ 


Solution Let, A be the charge per unit length on the outer 
surface of the inner cylinder of radius rj. 





In the region, r, € r < r, applying Gauss's law 


À 


nr 


Fig. 2.70 er cylinders filled 
with two dielectrics 


2nrLD- AL > D-j 





Now, let, E, and E, be the electric field intensities in the two dielectrics of relative permittivities K, 
and K, respectively. 


D = £& K E = £ KE, 


A 


aue us 2m€yK yr 


Em 2z£&yKir 


Therefore, the potential difference between the cylinders is given as 
f 7 À dr à "ar À n À D, 
=| Ed E,dr= = l I 
das es 2d nek! r + rek; l r 2x&K, of E Y 
A «| Rs ) A »| 2 | 


2z£yK, n 2n£yK, lnr, 





n 
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A pn À ph 
= l | 
2TE)K; | n ) 2n£9K, «| n | 
À pn 1 1 
= 1 — — — 
IE, ol 7 E i E 


Hence, the capacitance of the system is given as 











_ AL _ 2z£gL 7 ATE L _ INTEK, KL 
Y (ri 1] KRt) e.p. h) 
C cae in 2 |S) (aK in 2] 
«| n ]z F ral n KK; 1 2) n 
C= 4zn£ KKL 
(K, + K>) in| 
ñ 











Example 2.68 Find the capacitance per unit length between a cylindrical conductor of radius a 
and a ground plane parallel to the conductor axis and a distance 7 from it. 


Solution This problem can be solved using the method of images. The grounded conducting plane 
is replaced by an image charge at a distance A inside the ground. 


From Example 2.63, the potential between the actual charge and the image charge is 


n A2] 
ME a 





So, the potential between the actual conductor and the ground plane is half this potential, i.e., 


y-ly-À w(2^-4) 
27€ a 





So, the capacitance per unit length between the conductor and the ground plane is given as 











À 2mE 
C= "T 
V (25-4) 
In 
a 
C= 2m€ 














NOTE 


fasiten C-E 


In(2A/a) 
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2.223 Spherical Capacitor 


*Example 2.69 Find the capacitance of a spherical capacitor which consists of two concentric 
spherical shells of radii a and b (a < b), as shown in Fig. 2.71. 





E 





(a) 
Fig. 2.71 (a) spherical capacitor with two concentric spherical shells of radii a and b (b) Gaussian surface for 
calculating the electric field 


Solution Let the inner shell have a charge +Ọ and the outer shell an equal but opposite charge 
—Q, both uniformly distributed over its surface. We want to calculate the capacitance of this spherical 
capacitor. 

Similar to a cylindrical capacitor, the electric field is nonvanishing only in the region a < r < b. 
Using Gauss' law, we obtain 





$E. d5 = uc Or, E(4nr2)=2 or, E- 9 
5 E E 4rer 





Therefore, the potential difference between the two conducting shells is 
am yatea O A aaa a 2 (1 L)= o (ba) 
Kec E ae i 27r dra, = o5] rx = Ame a b] 4ne\ ab 


Thus, the capacitance of the spherical capacitor 1s given as 








a 








Q 4me — ab 
C V [i 7 D ane pe ;) (2.78) 
a b 











Again, the capacitance C depends only on the physical dimensions, a and b. 
Capacitance of an Isolated Charged Sphere 


*Example 2.70 Find the capacitance of a conducting sphere of radius R. 


Solution  Foran isolated capacitor, the second conductor is assumed to be placed at infinity. From 
the result of a spherical capacitor, if the outer sphere is infinitely large, we can say the configuration 
as an isolated sphere. 
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Therefore, the capacitance of an isolated charged conducting sphere is obtained by putting the limit 
b > e, in Eq. (2.77) as given below. 








boo boo b-a 


Lim C = Lim ane ab 


Thus, for a single isolated spherical conductor of radius R, the capacitance is given as 





C=4mneR (2.79) 











The above expression can also be obtained by noting that a conducting sphere of radius R with a charge 


Q uniformly distributed over its surface has the potential, V = 
point having zero potential (ee) = 0; This gives 





, using infinity as the reference 
4reR 8 y 


Q Q 
C=% =p =4€R 

V Ql4neR 
As expected, the capacitance of an isolated charged sphere only depends on its geometry, namely, the 
radius R. 

Example 2.71 Derive an expression for the capacitance of a spherical capacitor consisting of 
two concentric spheres of radii a and b, the dielectric medium between the two spheres being air. 
y E € 

Henceforth, show that the same expression can be written as C — aN A,A,, where A, and A, are the 
surface areas of the two spheres with radii a and b respectively and d is their separation distance. 


Solution From Example 2.69, the capacitance of the spherical capacitor is given as 
ab 
C- ine [5 ;) 


Areas of the spheres are, 4, — 4zaà?. and 4,-4zP? 


Here, separation distance = d 








a L^ Ay 
= An and b -= am 
Therefore, the capacitance 1s written as 
2 ab |. 1 | Aa Ay _ £o 
C ane, (| ANE) 7 am az d 4 4,4, 
C2 D 4, As 











Example 2.72 A concentric spherical conductor arrangement is shown in Fig. 2.72. If the 
capacitance of the arrangement is 0.1 nF, and a is 10 cm, find 5. 
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Inner 
spherical 
conductor 





air 
Outer spherical 
conducting shell 


of thickness 
(c—b)m 


Fig. 2.72 Spherical capacitor of Example 2.72 


Solution From Example 2.69, the capacitance of the spherical capacitor is given as 


C =4ne, (5) 





Here, 
C-0.1x10? F,a=10cm 
= 1 0.1b 
0.1x107? 2 4m x 
36z x10? (tr) 
> b= 11.25 cm 


2.03 METHOD OF IMAGES 


The method of images, introduced by Lord Kelvin in 1848, is commonly used to determine V, E, D 
and o due to charges in the presence of conductors. 


The image theory states that a given charge configuration above an infinite grounded perfect 
conducting plane may be replaced by the charge configuration itself, its image, and an equipotential 
surface in place of the conducting plane. 


For image theory, two conditions must be satisfied: 


1. The image charge(s) must be located in the conducting region. 
2. The image charge(s) must be located such that on the conducting surface(s) the potential is zero 
or constant. 


Definition of Images: The fictitious charges, placed in the region where the field is not required 
and producing the same field in the desired region as with the actual electrification of the surface, 
are defined as the electrical images. 


Suppose we have a conducting surface in the vicinity of one or more point charges. The point charge 
will induce charges on the conducting surface. 

Our purpose is to find the potential and field in the space outside the conductor not occupied by the 
charges. In this region, Laplace's equation is satisfied with suitable boundary conditions. 

In the method of images, the actual electrification of the surface is replaced by one or more fictitious 
point charges in the region where the field or potential 1s not desired. The positions and the magnitudes 
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of these fictitious charges are such that in the desired region, Laplace’s equation is satisfied with the 
same conditions. 

For example, the method of images suggests that for a point charge +Q at a point (0, 0, d), an exactly 
equal and opposite charge —Q is assumed to exist at point (0, 0, —d); replacing the conducting plane 
by an equipotential surface with zero potential. Typical examples of point, line and volume charge 
configurations are shown in Fig. 2.73 (a) and their images are shown in Fig. 2.73 (b). 


E. v 
Q . 
À -P Equipotential surface, V= 0 


Perfectly conducting plane, V= 0 -Q, » 2 p 


(a) (b) 
Fig. 2.73 Image systems: (a) charge configurations in the presence of perfectly conducting plane, 
(b) image configurations 


By the method of images 


pus of an electrical charge 


m Field of its image 
in front of a conducting d = (Held OE Ihe chalgs) s 


in the conducting plane 


We will consider the following examples using method of images. 


223.1 Applications of Method of Images 


A Point Charge in front of an Infinite Grounded Plane 


Example 2.73 An electrical system consists of a single charge q placed a distance d from an 
infinite earthed conducting plane. Determine 

(a) Electric field and potential at any point P(x, y, z); 

(b) Electric field acting on the conductor surface; 

(c) Surface charge induced; 

(d) Force exerted by q on the conductor surface. 


Also, draw the lines of force for the system. 
Solution The charge and its image configurations are shown in Fig. 2.74. 


(a) Potential and field at a point P(x, y, z): The image charge —q is placed at a distance d in the 
conducting region and the conducting grounded plane 1s replaced by an equipotential surface of zero 
potential. 

For the charge q at (0, 0, d) and its image q' at (0, 0, —d), the potential at any point P(x, y, Z) is 


, 











1 q 1 q 
V(x, y, Z)= + 
Ame d à. y? (z - y. AME | y! zie)? 
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(a) (b) 
Fig.2.74 Point charge in front of conducting grounded plane (a) Charge configuration,and (b) Image 
configuration 


At z=0, i.e., on the conducting plane, V = 0. 


L4 








1 q 1 q 
“| tane T2 2 2 
ME Pky rd? TE xy. 
q =-4q 


Thus, we see that the magnitude of the image charge is —q. 


Hence, the potential at any point P(x, y, z) is 


q 1 1 
V(x, y, Z) = 
TT SET 


The electric field at any point P(x, y, z) can be found out by using the relation E=-VV or may also 
be written as, 

















podl qlxi +y +(z-d)k] 1 q'[xit yj t(zt+a)k] 
Are [x + epe 47€ [x3 + y? + (zd) P? 
| q [xi +y +(z-d)k] [xi + yj +(z t+ d)k] TN 
: eo Seat EE 








(b) Electric field on the conductor surface: The electric field component E, on the xy plane, i.e., on 
the conductor surface is 





x -qd 
E, (x, y,0)=2x = 
ees elie ty 2p 2ne[x? + y? e d? ^? 
The parallel field components £, and E, vanish as they should. 


(c) Induced surface charge density and total induced surface charge: The induced surface charge 
density is given by, o= €E,. The total induced surface charge is given by 


— qddxdy 
induced 7 ffo, y)dxdy = Í ds 2n[x? + y^ 4 d? 


d? *?  rdrdó 
ay | agit 2 4 dP 





372 
] 


[r? 2 xà + y*, dxdy = rdrd@] 
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(r? +d?) = pli rar = pd 
= Pp’; rar = pap 
On É 

p d œ 
qd 1 

induced 7 27 x 2n| d + o] =-q 
Yinduced ^ 4 

The field at the surface due to q is Bg since half the field at the surface is due to q and the other half 


is due to the image charge -q. : 


(d) Force experienced by the point charge: Thus, the force experienced by q is given by the integral 





























of LES 
2 2 
(Aon, -- J| e£ - -1 eff xil aay 
2 2 2ne[x) + y? - d? P? 

EN A j j dxdy | gd’ {I rdrdó _ TEC rdr 
8T E vp -y-dP Bme E 4 o[r?+a’P 4ne o [r? - d? 
Oe (r? + d?) = p?; rdr = pdp 

ee a i 
Ane rd 5 9$ 

p d œ 

7 qia? mm q? 

Ane | —A4d* l6zed? 


The negative sign indicates that the force is attractive. 





q? 


- Toned? 











Clearly, the force F is that between the charge +q and its image 


Lines of force: The lines of force originate from q and terminate 
normally on the conducting plane. In fact, the lines of force are 
the same as those for two point charges q and —q separated by 
a distance 2d. The lines on the left hand side have been shown 
by dotted lines as they do not exist in reality, as depicted in Fig. 
2.75. Actually, the field in this region is zero, the conducting 
plane being grounded. 


A Charge in the Presence of a Grounded 
Conducting Sphere 


*Example 2.74 A point charge ‘Q’ is situated at a distance 
‘d’ from the centre of a grounded spherical conductor of radius 
‘a’ (< ‘d’). 


—q separated by a distance 2d. 











Fig. 2.75 Lines of force between the 
point charge and its image 
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(a) Show that the image charge required for computing the field outside the spherical conductor is 
a point charge of value 207 lying at a distance T from the centre of the conductor along the line 
joining the centre to the charge Q and on the side of Q. 

(b) What is the induced charge on the surface of the conductor? 


Solution We consider the point charge Q at a distance d 
from the centre of a grounded sphere of radius a, shown in Fig. 
2.76. 


(a) Image charge: Let Q' be the image charge located at a 
distance x from the centre of the sphere on the line joining the 
point charge Q and the centre of the sphere. 
To find the values of x and Q’, we shall consider two points on 
the sphere. If V, and Vg are the potentials at these two points, then 
Since the sphere is grounded, V, = 0 and V} = 0. 











Now, Fig. 2.76 Point charge in front of 


EON + o 1 _ conducting sphere 
^ 4red-a 4rea-x 





and 





pa or © ae 


“Aned+a 4rea+x 











P í(0 007) 
From the first equation, Q 2 —Q (=a) 
Substituting this value in the second equation 

Q __ Qa-x) 
(d+a) (d-a)a+x) 
or (d — a)(a * x) 2 (d * aY(a — x) 
or 2dx = 2a? 
oa 
d 











Putting this value, we get 


M" (a — a?2) " (ad — a?) 
g--9 (d-a) ETE 











Q'--07 





(b) Potential and field at Point P: The potential at any point P is, 


r-u. ed -Lg. eme 


4n&£|n h Anej n ty 
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Here, 











223 p 
n7 Ja? r? - 2dr cos 6; t= x +17? — 2xr cos 0 = D +1? —2-—r cos 6 


To find the charge density at a point on the sphere, we find the normal component of the field intensity 
E atr = a as follows. 



































E- oV |. 0| l Q aQ 1 
r or Lg or Are (a? +r? - 2dr cos @ d ( ; a 
T +r -2-7 7" cos 0 bs, 
__@ 9 l «2 
4ne or Jd? +r? 2dr cos 0 4re Vd or [e J E 
f| ep] -2--rcos0 
d d r=a 
z E 
Q r — d cos 0 (2) dae iid 
An£ | (d? +r? -2dr cos 9? \d 


a : 3/2 
a 2.5990. 
(4) +r 25 rent] 1 


ad — a’ cos 0 


























0 a — d cos 0 (s d 
An€ (d? + a? —2dacos 0? \d) (a4 +. a?d? — 2aà?d cos 0? 
L d? 
_ OQ a — d cos 0 a^d(d — a cos 0) 
An£| (d? -- à? —2dacos0y? a? (a? d? — 2ad cos y? 
of a — d cos (2 (d —a cos 0) 
4n£| (d? -- a? -2dacos 9? Va] (d? +a? -— 2da cos 0? 
= 5 e 3m [a* — da cos 0 — d? + da cos 0] 
4z£a(d^ + a^ — 2da cos 0) 
" Qla? - d?) 
^ Amea(d?-- a? — 2da cos 9)? 
co Q(a* - d?) 2 








a 
" Am&a(d?-- a? 2da cos 9?" 





Induced surface charge density and total induced surface charge The surface charge 
density of the induced charge is 
2 42 
-d 
o=€E,= 2 ae 3 
4za(d* + a“ — 2da cos 0) 
Since d > a, it is seen that o is negative. The magnitude of the surface charge density is a maximum 


when the denominator is a minimum, i.e., when 0— 0°. It decreases with increase in 0, and is a minimum 
when 0 — 180°. The variation of |o| with 0 is shown in Fig. 2.77. 
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Therefore, the total charge induced on the surface of the sphere is A 
given as lol 


eae T | oa? sin 0 d0 dọ 














$-00-0 
KE f Oa- ad") a? sin 0 dO dọ r 
$-08-0 Ana(d? + a? — 2da cos 0? 5 > 
Qa(a? — d?) sin 0d6 l MN M 
re EE x 20 f (d ieee gy Fig. 2.77 Variation of |o| with 0 
8-0 = 
_ Qa(a? - d?) F sin 0 d0 





2 920 (d? + à? — 2da cos 0)? 


Let, (d? +a? — 2da cos 0)= p? ~. sin 0 d0 = Pap 




















da 
Q'- Qala’ - d ene Qala? A dp 
2da aP 2da — qup 
Qa(a-d?)[1Y^^ | Qa(d-d?)( 1 1 
2da p bas, 2da d+a d-a 
Qa(a?-d?)( -2a 
2da d?^-gq 
Qala? — a?) 2a 
2da & — d? 
2-04 
- Q^ 
L a 
Q =-07 


Force experienced by the point charge Since the induced charge on the sphere is replaced 
by the image charge, the force exerted on the charge Q is the force between the charge Q and its image 


Qr. 
Thus, 


Qo’ . Q(-Qald) _ Q"ad 
Anx£(d—aldy  4ne(d—a?/2) . Am&(d?—- a’? 





Here also, the negative sign indicates that the force is attractive. 





s Q"ad 
An£(d? — a’)? 











Ora 


If d>> a, the force becomes F = $ 
4red 
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Lines of force The lines of force originate from Q and 
terminate normally on the conducting sphere. In fact, the lines of 
force are between the two point charges Q and its image charge 
—Q(a/d). This is shown in Fig. 2.78. 


A Charge in the presence of a Conducting Sphere at 
Constant Potential 


Example 2.75 What will be the image charge if the 
spherical conductor in Example 2.74 is not grounded, but has a 
potential * 7? Fig.2.78 Lines of force between the 

point charge and its image 





Solution Ifthe sphere is at a constant potential V, then the 
image system which will mimic such a sphere consists of two charges: 


a? 


d from the centre of the sphere, and 


— one as already found Q' at a distance (- 
— another at the centre of the sphere, Q". 
Then, the total potential on the sphere is 
V —(Vot Vo tV) 


But, from Example 2.74, we have, (Vo + Vy) = 0 





Vy =V 
Also, since Q" is a point charge at the centre of a sphere 
-2 - 
Vo = Jeg (on the sphere at r = a) 


Q” =4reaV 


Thus, if the sphere is at a potential V, then the image system consists of 
2 
(i) Point charge Q’ = -o( 4} at a distance x = A from the centre, and 


(ii) Point charge Q” = 4zeaV at the centre of the sphere. 


The induced surface charge density in this case is 


Q(a* - d?) Q" Qa’ - d^) eV 


= + = 
Aza(d?-a?—2dacos0y" 4ra? A4na(d?- a?—2dacos0y"? a 





The force experienced by the point charge is 


OQ’ QQ” Q(-Q ald) O4neaV Qad QaV 
= + = + = + 
4n&(d —a?|dy | A4med?  4me(d— a?|ldy ^ 4ned? 4ng(d?-q?y da? 








This force may be attractive or repulsive depending upon which term is greater in the equation. 


Example 2.76 A point charge ‘Q’ is located at point (a, 0, b) between two semi-infinite 
conducting planes intersecting each other at right angles. Determine the potential at point P(x, y, z) and 
the force on Q. 
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or 
Two semi-infinite earthed conducting planes meet at right angles to each other. In the region between 


the planes, a point charge ‘+Q’ is placed. The distance of the point charge from each plane is ‘a’. 
Determine the force on the charge ‘+Q’. 


Solution In this case, the number of im- 
age charges is 


_ {360° _ (360° _ 
N ( 7 i [350 i 3 
The image configuration is shown in Fig. Q (-a, 0, b) 
2.79. 


The potential at P(x, y, z) due to all four 
charges is 


y ae kc -| 


4mel| i h n n 


N 


P (x, y, 2) 





























where 











n = Gay + y!  (z - by +Q (-a, 0, —b) -Q (a, 0, -b) 
n = Gay ty? - (2 - by 
n =y Gay +y? e (z by? 
n 7G - aj y! + (zb? 


Total force on the +O charge is 





Fig. 2.79 Image configuration for Example 2.76 








F=(F +F +F) 
Q? Q? OF 





= a,)+ da.)+ cos 0a, - sin 0a 
Axe by 2 arela 2 Areja)? + Qby'] i 2 
= Qo = o’ ~ Q? a a b E 
Ceca zu tu cdam qq 1; 
l6zeb 16zeb l6me(a“ + b*) | a“ +b a+b 





lo a LEA b Tus 
= a+ a 
lege | (a? +b q[7 lap? Bf 7 
If a= b, then the force becomes 
pu Q? a Tx a = alt es 
F = Tore (era) qi at (ray? a a, 


mes 1 sgar 
e 1) (35 ] | 
_ 2V2 - no? 


32n£a? 
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_ (2V2 - no? 


F 2 
327€a 











Example 2.77 An infinitely long line charge of uniform line charge density ‘A’ is situated 
parallel to and at a distance ‘x’ from the grounded infinite plane conductor. Obtain the image charge 
and show that the induced surface charge on the conductor per unit length is ‘—/’. 


Solution The finite line charge À is assumed at x = 0, z = h and the image A' is assumed at x = 0, 
z = —h, so that the two are parallel to y-axis. 


The field at point P (x, y, z) 1s 














EN » 7 
E= (Ej + Ex) "S 2z£gr aat 2z£gr, au, 
Here, 
n-(x,y,z)-(0,y,h) = (x, 0, z — h) 
n = (x, y, Z) — (0, y, —A) = (x, 0, z + h) 
= 1 | Afxa,+(z-h)a,} | A' (xa, (z+ h)a,] 
E- 2 TENES 2 2 
2n£, x^ (z-h) x^ (zh) 
Potential at P is 
V-(V;*V)- Tne, In 7 + OnE, In r, 


At the conducting plane, V=0 => N=A (withz=0) 


-= A |íxa,*(z-h)a) {xa ,+(z+h)a,} 
l p; 
2TEo|  x° + (z- hy x^ (z+ hy 











1/2 
V= A In 5 = ln n = zA In| 4. |= A In x +a hy 
^ 2m&  ! 2me, ^? 2re (n) 228, | x24+(z +h) 
The surface charge induced on the conducting plane is 
Ah 
= D =€ E Lam - 
Ps n 0 z0 n(x? + h?) 


The induced charge per unit length on the conducting plane is 


any dx Br ani (2 xd Alt 4 |= À 
zo x. m h) 


—oo 

















p,7 | pd = 





pi;--À 


Example 2.78 A pair of conducting planes meets at an angle of 60°. A point charge +Q is 
located at a distance ‘a’ from both the planes. Find the electric field intensity induced at the foot of 
perpendicular. 
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Solution For $ — 60°, the number of charges is 





The image configuration is shown in Fig. 2.80. 
We have to find the intensity at the point P. 


Now, 





AB =2a, ^ BG = AB sin 30° =2ax =a 


Also, OB = (OG + BG) = (a + a) = 2a 








AG = AB cos 30° = 2a x Y3 = J3a=0P 





Fig. 2.80 Image configuration of Example 2.78 
- ,=PB=/0B?+0P? =\3a+4a=J7a 7 Brae ado 


Also, PH =2PO = 243a 





r7 4 PH? + CH? - 412a? à? - 413a 


Field intensity at P: 
(i) due to charges at B and E is 


Ër =2x Q cos Oa, = Q 2 ec Qa 


Ane meg no" meo 
TE TE 7d TE 








Sy O a 
^ sea ^ {oH V7a} 


[Since charges at B and C are equal and opposite, their horizontal components cancel each other and 
the resultant field intensity is in the vertical direction. ] 


(ii) due to charges at C and D is 











Ēcp=-2x Q z Cos 0,4, = Q ; oa, = De 3 
4T £r; 2z£grj 12 2M £r; 
Q = 
== a, {e n=N 13a} 
2&2 134/13 ? 


[Since charges at C and D are equal and opposite, their horizontal components of field intensity cancel 
each other, but vertical components give the resultant field intensity. ] 
(iii) due to charges at 4 and F 1s 

F 20: cen 


Ameya’ " — 2z£gd? 








Hence, the total field intensity 1s given as 
E - (Egg Ecp t Eg) - 9 a, 7 a, 7 7 d 
Teya? 747 ^ 2mea 13413 " 25&a 
Q 1 re a 
2 + 2 an 
Tega? | 264/13 747 


- -04566—2 â, 
Epa 
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Example 2.79 Two infinite intersecting planes are intersecting at right angle. A charge of 
100nC is placed at (3, 4, 0). Find the electric potential and electric field intensity at (3, 5, 0). 


Solution In this case, the number of y P (3, 5, 0) 
image charges is A 
_ ( 360° _ {360° N 
N ( ó 7 | 90° i 3 
The image configuration is shown in Fig. Q(-3, 4, 0) 
2.81. v 


The potential at P(x, y, z) due to all four 
charges is 


v=o 1,1 - 
ATE n h n 4 





























where 











n24(-39 e - 4 ez +Q(-3, -4, 0) -Q (3, -4, 0) 
n= NIE n" 3)? +(y- 4) 472 Fig. 2.81 Image configuration for Example 2.79 


n24(x-3?-(ye4p ez 


n= (x-3)2 «(y +4242 








At P (3, 5, 0), 
n=l, m=V37, n-4l7, n-9 
So, the potential is given as 


yes 1 1 


1 1 E 1 
+ = 900 + 
| 437 47 ;| f 437 V17 9 











| = 735.25 Volt 


Field intensity 1s given as 
oV á oV. OV. 




















E=-VWV= DX oy dy ~ 44, 
However, 2K = ooo = RE. ru =19.8 
dx pgs, s, o) n n n 4 ja 
WY) ^ --8936 ad Æ| =0 
Y Ip, 5,0) Z |P(3,5,0) 





E — —19.8a, + 891.368, V/m 


223.22 Method of Images at the Boundary between Dielectrics 


In this case, as shown in Fig. 2.82, we no longer have the boundary condition that the potential is 
constant at the interface. We now must use the conditions that the normal components ofthe D-fields and 
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tangential components of the E-fields are continuous. Furthermore, 
we have the fields on both sides of the boundary. 

We put the charge Q in A at a distance d from the interface and 
place an image charge Q' in A’ at the same distance from the interface. 
The potential from these two charges on the right side is 


V(r, z)= l 9 T p | 


ANE, Jr Gay Jr * Gay 
z>0 








To find the potential in the left side we put an effective charge Q" in 
A (replacing Q). 


V(r, z)= l Q , z«0 
4z£ 4r? G- ay 








From this we find that 




















ov) 1| (Q- O’)d 
dZ |, 4m (r2+d?)>” 
av| _ 1 Q"d 

Oz|. 4me, (r2 +. q?y? 
9V| | 1 (Q+Q%r 
or Li 4n€, (rtg? y? 
ov} | | Q"r 

or m Ane, (r? +d?’ 





To satisfy the boundary condition, we have 
(0-90) =0" 
1 AX 1 n 
z;0*9)-70 


and 











Fig.2.82 Method of images for 
dielectric-dielectric 
boundary 


From this, we could have obtained the results for a conducting plane if the metal were treated as a 
dielectric with infinite static dielectric function €; = ee; Q’ = —Q; and Q” = 2Q. Note that Q” does 
not contribute to the potential inside the metal since the potential is divided by €; which is infinite. 
The problem cannot be solved with a charge outside a dielectric sphere with a finite number of image 


charges. 
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2.244 ELECTRIC BOUNDARY CONDITIONS 


If an electric field exists in a region consisting of two different media, then the conditions that the field 
must satisfy at the interface between the two media are called boundary conditions. 


We consider three different interfaces: 


1. Dielectric—Dielectric Boundary, 
2. Conductor—Dielectric Boundary, and 
3. Conductor-Free Space Boundary. 


To determine the conditions, we use Maxwell's and Gauss' law 
$D-d$2Q and $£-di =0 
S 1 
Also, the electric field intensity vector (E) can be decomposed into two orthogonal components as 
E-É-E, 
where, E, and E, are the tangential and normal components of E , respectively. 


2.24.1 Dielectric-Dielectric Boundary Conditions 


We consider two different media 1 and 2, characterised by the permittivities £& and €,, respectively, 
shown in Fig. 2.83. 

















Fig. 2.83 Dielectric-dielectric boundary conditions 


Applying Maxwell’s equation for the closed path abcda 


Ah Ah Ah Ah 
0- E, ^0- Eng Ean T Bp AO + Ean Zt Ein 


Assuming the path to be very small with respect to the variation of E, where E,= |E;| and E,— |E, |, as 
h ««, we have 


Ej 7 Ey; (2.80) 


Since, D = £E = D, + D. Eq. (2.80) can be written in terms of the flux density as 





Du Phi 


DEUS (2.81) 
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Thus, the tangential component of E is continuous at the boundary; but the tangential component of 
D is discontinuous. 


Now, applying Gauss’ law to the pillbox (Gaussian surface), with Ah — 0 
Dinag AS — Dy, AS = AQ = OAS 





(D, — D,)-6 (2.82) 


where ois the free surface charge density placed deliberately at the boundary. In general, no free charge 
is placed, so that, o — 0. Hence, Eq. (2.81) can be written as 





D,, = D>, (2.83) 








In terms of the field intensity, the boundary condition can be written as 


& Ey, = £j E,, (2.84) 

















Thus, the normal component of D is continuous if there is no free charge at the interface, but normal 
component of E is always discontinuous at the boundary surface. 


Example 2.80 Show that for a charge-free medium, the electric boundary conditions can be 


. tanO, € f ; : 
expressed by the equation ta m = T where the notations have their usual meanings. 
2 € 





Solution Let the fields make angle @ with the respective normal to the interface. Then we can 
combine the boundary conditions as 


E,—-E, or £,sin@,=£,sin 0, 











and 
€En = EE, or €E, cos 0,=€,E, cos 0, 
Combining 
tanO,  & 
—-—-| or |&,cot 0,— £ cot 0 2.85 
tanO, &) | i L2 7 (E89) 

















This is the law of refraction of the electric field at a boundary free of charges. 


224.22 Conductor-Dielectric Boundary Conditions 


For a perfect conductor, the conductivity is infinite, © — ce, or the resistivity is zero, p — 0 and so, the 
field inside a conductor is zero, E = 0. 

If some charges are introduced in the interior of such a conductor, the charges will move to the 
conductor surface and redistribute themselves in such a manner that the field inside the conductor is 
Zero. 

We consider the same procedure for finding the boundary conditions (Fig. 2.84). 


Applying Maxwell's equation for the closed path abcda 
Ah Ah Ah Ah 
0—- EAo-E, 2 0 2 0A0 +0——+ E, 


= E,=0 
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D,-0- E, (2.86) 


Thus, the tangential component of E and D are both zero for a conductor-dielectric boundary. 

















Medium 2 < > 
Conductor (e = 0) 


Fig. 2.84 Conductor-dielectric boundary conditions 


Now, applying Gauss’ law to the pillbox (Gaussian surface), with Ah — 0, 
D,AS—-0AS-AQ-OAS > D,=0 














pe Pee 
€ € 
o 
D,-o and EQ (2.87) 











Thus, we can conclude that: 


1. Inside a conductor, the electric field is always zero. This property is used for electrostatic 
shielding. 

2. The electric field can only be external to the conductor and normal to its surface. 

3. Since E 2 - VV and E = 0 inside a conductor, there is no potential difference between any two 
points in the conductor, 1.e., a conductor is an equipotential body. 


224.3 Conductor-Free Space Boundary Conditions 


These boundary conditions will be identical as those for a conductor-dielectric boundary except that 
€ will be replaced by &, so that the boundary conditions for the tangential and normal components 
become 





D,-0-E, and |D,=o and E,- = (2.88) 
0 














*Example 2.81 A boundary exists at z = 0 between two dielectrics £, = 2.5 in the region z < 0, 


and e, = 4 in the region z > 0. The field in region of €,, is E,=—30i +507 +70k V/m. Find the electric 
displacement vector in the second medium. Also, find the angle between electric field intensity in the 
second medium and the normal to the boundary surface. 


Solution Since z = 0 is the boundary, k is the normal to the boundary plane, and the normal 
component of the field is 
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Ei, = Ek =70 
E,, = 70k 
E,,= E, - E,,=—30i +507 
By the boundary conditions for dielectric—dielectric interface, we get 
Ey, = Ey, =-30i + 507 
and 


2:9 
4 





EE, = EE, > É,- e É,- 52 x 10k = 43.75% 


Ey = Ey, + Ej,7 —30i +507 + 43.75k 
Hence, the flux density is 


Dy = & E, = €y€,9 X (-30i + 507 + 43.75k) 
= 8.854 x 107? x 4 x (-30i +507 + 43.75k) 
- 1.061; 4- 1.768 j +1.547k nC/m? 


The angle between electric field intensity in the second medium and the normal to the boundary surface 


is given as 
E 430? + 50? 
0, = tan! | Ex | ean | | 312" 


43.75 





2n 


Example 2.82 It is found that Æ, = 60i + 20j — 30k mV/m at a particular point on the interface 
between air and a conducting surface. Find the flux density D and surface charge density p, at that 
point. 


Solution This is a dielectric-conductor interface. Here, the flux density is 


4 og -9 = s m A x fs 
D-&É- T x (607 + 20 — 30k) x 10? = (0.5317 + 0.1777 — 0.2654) pC/m? 


The surface charge density 1s given as 





p,=0=D,= J (0.531)? + (0.177)? + (— 0.265)" x (1072) = 0.619 pC/m? 


*Example 2.83 Two extensive homogeneous isotropic dielectrics meet on plane z = 0 as shown 
in Fig. 2.85. For z 2 0, £, = 4 and for z € 0, €,.=3. A uniform electric field, E,- 5á, - 2a, * 3a, kV/m 
exists for z 2 0. Find 

(a) E, forz<0. 

(b) The angles between electric field intensity and the normal to the boundary surface in both media. 
(c) The energy densities in J/m? in both dielectrics. 

(d) The energy within a cube of side 2 m centered at (3, 4, —5). 


Electrostatics 205 





Solution. 
(a) Since, a, is the normal to the boundary plane, 
the normal component is 


E,-E.à,-E.à,-3 











Medium 1 
Ey = 3a, én =4 
Bite e Medium 2 
By boundary conditions £p =3 
QQ) £,,= £,=5a,- 2a, 
and, _ Fig. 2.85 Arrangement of dielectrics for Example 
(2) £,5E5, = EEn 2.83 
zi £u zd ES 
— E, EH Ey, = a Ein= 4a, 
£,) 3 


So, the field in second medium is given as 
E, = (Ej, Ej) = (58, - 24, + 44,) kV/m 


(b) Let, œ; and a, be the angles E and E, make with the interface while 0, and 0, are the angles they 
make with the normal to the interface. 


=(90°-6,) and a, =(90°-6,) 


rur -329 =1.795 








tan 6, = 
; ae 
0, = 60.9° 
Similarly, 

45942 J 

en eee ae s322 Lisi 

E 4 4 

9, =53.4° 


Hence, the angles between electric field intensity and the normal to the boundary surface in both media 
are given as 


0,=60.9° and 0,=53.4° 


NOTE 





tan 6. 
The relation i 


tan 6, ge =^ is satisfied. 


(c) The energy densities are given as 


Wr = +6; Â P= 14x IO (25 44+9)x10°= 672 uJ/m? 
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E 107? 
T 


(d) At the centre (3, 4, —5) of the cube of side 2 m, z = —5 < 0; i.e., the cube is in region 2 with 2 < x < 
4,3 <y <5, —6 <z <-—4. 


(25 +4 +16) x 106 = 597 uJ/m? 





1 ze 
Wea= 2 £j |E; 


Hence, the energy within the cube is 


4 5 4 
W;-|wgdv- | | f wgdzdydx- wg X2Xx2x2=597 x8 uJ = 4.776 mJ 
xz2yz3zz-6 


Example 2.84 A homogeneous dielectric (€, = 2.5) fills region 1 (x € 0) while region 2 (x 2 0) 
is free space. 
(a) If D,=12a,-10a, + 4a, nC/m’, find D, and 6. 
(b) If E; = 12 kV/m, and 0, = 60°, find E, and 0,. Take 0, and @, as the angles of FE, and E, with 
the normal of the surface, respectively. 








Solution 
(a) Since, a, is the normal to the boundary plane, the normal component is 
Di Dou Ds 12 
Ti cupa. 


D, = D,- D, - -108, + 44, 
By boundary conditions 
(0 b,- zb, - 750103, +4ā,)=-4ā,+1.6ā, 
and 
(2) D;,- D, 12a, 
So, the flux density in second medium is given as 


D, = (Dy, + Dy,) = (124, - 44, +1.6ā,) nC/m? 


E, _ \ (-4)? + (1.6) E 





tan 0, = E, D 
0, =19.75° 
o E», 
(b) Here, -. tan 0, = tan 60? = —— 
E, 
E,— J3E,, 


Also, E, E2 + E2, = 12-44Ej, => E,=6V/m 


Ey, = Ey, = V3 x 6 = 10.39 V/m 
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E 2 Ey, = 55% 6-24 V/m 








E,- A E} + E2, = [0397 + (2.4)? =10.67 


_ Ey 1039 _ 
inim OE ES 
0, - 77 


*Example 2.85 Region y < 0 consists of a perfect conductor while y 2 0 is a dielectric medium 
(€, = 2). If there is a surface charge of 2nC/m? on the conductor, determine E and D at: 
(a) A (3, 2, 2). (b) B C4, 1, 5). 


Solution 

(a) Point A (3, 22, 2) is in the conductor as y = 2 < 0 at A. 
E=D=0 

(b) At point B (—4, 1, 5), p, = 2 nC/m? 


D, = p, = 2 nC/m? 





D - 2à, nC/m? 
n -9 
Fa 2 2368 4, =113.14, Vin 
EE, 107 x 3 y 
367 


2.25 DIRAC DELTA REPRESENTATION IN 
ELECTROSTATIC FIELDS 


In field theory, most of the functions used are continuous and have continuous derivatives. However, 
there are certain functions, such as point charges, filamentary currents, current shells, etc., which 
have singularities at certain points. These functions require special treatment. One method is to treat 
these discrete sources as limiting cases of volume distributions for which one or more dimensions are 
allowed to become vanishingly small. 

However, the most useful technique to treat these discrete sources is the use of Dirac Delta function 
(namely, unit impulse function in circuit theory). 

The Dirac delta at the point x = x is designated by d(x — x) and at x = 0 it is designated by d(x). It 
has the property that 


b 
J 5(x — xax = 1, if xgisin (a, b) 
=0, if xis not in (a, b) 


Thus, delta behaves as a very sharply peaked function of unit area. This function can be represented as 
a vanishingly thin Gaussian function of unit area as shown in Fig. 2.86. 
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ó(x — Xo) ó(x — xo) 


1 


x x 
Xo Xo 


(a) (b) 
Fig.2.86 The Dirac delta: (a) Approximate form, and (b) Symbolic representation 


A special property of delta function may be stated as follows: 


b 
[f G98Gr — xy)dx = f(x), if xyis in (a, b) 
=0, if xgis not in (a, b) 
This implies that the delta has the property of selecting the value of the function f(x) at the point xp; this 


property is known as sampling property. 


NOTE 


Technically, ó(x) is not a function at all, since its value is not finite at x = 0. In mathematics, it is known 
as a generalised function or distribution. 


2.25.1 Three-Dimensional Dirac Delta Function 


If r denotes the point (x, y, z) then the three-dimensional dirac delta function at the point r = 7% is 
designated by 6(7 — 7%) and is represented as 


JO@-H)dV =1 ifmisinV 
í =0 ifm isnotinV 
This three-dimensional dirac delta also has the sampling property, which may be written as 
| MSE —n)dx- fH), if Hisinv 
! =0, if 7 is not in % 


Three-dimensional dirac delta may be expressed in terms of one-dimensional deltas in different 
coordinates as follows. 





ÔC — H) = (x — xo )O(y — yg)ó(z — zo) in Cartesian coordinates 
z O(r — JÔC — po )O(Z — Zo) 
a a 
B 5(P — Py )6(O — 65)ó(9 — Ho) 


2 . 
põ sin 0, 





in cylindrical coordinates 


in spherical coordinates 
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2252 Dirac Delta Representation of Point Charge and Related 
Equations of Electrostatics 


If a point charge of q Coulomb is located within a volume JV, then it can be written in terms of volume 
charge density p as follows. 


[ pdV =q 
V 


If the charge q is located outside the volume J, then 

J pdV =0 

y 
The above two equations can be combined if p is set equal to q multiplied by three-dimensional dirac 
delta. Thus, the charge density of a point charge q Coulomb located at r = 7% may be written as, 

pl?) = 457 — 8) 
In terms of one-dimensional deltas in Cartesian coordinates 
PCF) = G(x — xy)óCy — yo)ó(z — zo) 
Therefore, for a point charge located at origin, the volume charge density is written as 
PCF) = qó(x)ó(y)ó(z) 


Similarly, line and surface distributions of charge may also be written in terms of Dirac delta. 
For a line charge density of A (C/m) along the z-axis, the equivalent volume charge density is given 


pF) = Aó(x)ó(y) 


For a surface charge density of o (C/m?) lying in the xy-plane, the equivalent volume charge density 
is given as 





as 


p(F) = 06(z) 


Therefore, Gauss’ law can be written in terms of Dirac delta function as 


V-E= Far) = 2600806) for a point charge 


x Žas (y) for a line charge along z-axis 
= Zae) for a surface charge in the xy-plane 


Similarly, Poisson’s equation can be written for a point charge q located at origin as 


Vv =-26(r) 


Summary 


e The quantitative expression for the affect of an electric charge and distance on electric force is given 
by Coulomb s law, which states that the force between two charges is 


ar 12, a M 
127753 UR 
Ane R? 


| 210 Electromagnetic Field Theory 





e If there is a number of charges Q,, Q2, ..., Q, placed at points with position vectors n, h, ..., F, 
respectively, then the resultant force F on a charge Q located at point 7 is 


po tQ6-n 


Ame i |F — FP 





This is known as principle of superposition of charges. 
e The electric field intensity (E) is defined as the force per unit charge when placed in an electric field. 
So, for a point charge, the field intensity is 
pcs. 
4x£R 


e If there is a number of charges q,, q», ..., q, placed at points with position vectors 5, 5, ..., F, 
respectively, then the electric field intensity is 


aR 


This is known as principle of superposition of field. 


e The electric field intensity due to different continuous charge distribution is given as 











E= e dal ) dl for line charge distribution 
Ame line P 
TER I oO) dS for surface charge distribution 
4ne€ S r? 
zeil f per) V for volume charge distribution 
4n£ , r2 


e The electric flux density (D) is defined as the total number of electric field lines per unit area 
passing through the area perpendicularly (in C/m?). It is related to the field intensity as 
D=eE 
Hence, electric flux through a surface is given as 
w=|D-ds 
S 
e Electric field lines are the imaginary lines drawn in such a way that at every point, it has the direction 


of the electric field (E). 


e Electric flux lines are the imaginary lines drawn in such a way that at every point, it has the direction 
of the electric flux density vector (D). 


e Gauss’ law states that the total electric displacement or electric flux through any closed surface 
surrounding charges is equal to the net positive charge enclosed by that surface. 


e Mathematically, it is expressed as 
y= $D -dS=Q= J pv. integral form 
S v 


V-D=p differential form 
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The total work done in moving a unit positive charge from a point A to another point B is called the 
potential difference between the two points, given as 


Wo a p 
Vjgp-—-—-J|E-dl 
AB Q J 

This potential difference between the points A and B is also considered to be the potential (or 


absolute potential) of B with respect to the potential (or absolute potential) of A. In case of a point 
charge, the reference is taken to be at infinity with zero potential. 


Potential (or absolute potential) of a point is defined as the work done to bring a unit positive charge 
from infinity to that point. This is given as 


_ Q 
P ER 


If there is a number of point charges Qj, Q), ..., O,, located at position vectors 7,7%,...,7, 
respectively, then the potential at point 7 is given as 





This is known as principle of superposition of potential. 


The electric potential due to different continuous charge distribution is given as 


V(r)- uu aa for line charge distribution with density A(C/m) 
m Je. for surface charge distribution with density o (C/m?) 
488 FF | 
p ane) PY P C. DE i for volume charge distribution with density p(C/m?) 


The rate of change of potential with respect to the distance is called the potential gradient. The 
relation between the potential and field intensity is written as 
E--VV 

The surface obtained by joining the points with equal potential is known as equipotential surface. 
Two equal and opposite point charges separated by a distance constitute an electric dipole. 
For an electric dipole with dipole moment p and centered at a position vector 7’, then the potential 
at a point P(r, 0, $) is given as 

p: -r) 

diio ure ERI 
Ane |r -r | 


Similarly, for an electric dipole with dipole moment P and centered at origin, the field intensity at 
a point P(r, 0, $) is given as 





Aner? r? 


pins [seg J 
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The torque on an electric dipole with dipole moment p when placed in external electric field is 
given as E 

T-pxE 
The potential energy of an electric dipole with dipole moment p when placed in external electric 
field 1s given as 

U=-p-E 


The electrostatic energy stored in an electric field is given as 
1 N 

W= 5 ¥ OV, for N point charges 
i=l 


= 5JD -Edv for continuous charge distribution 


For a linear homogeneous material medium, Poisson 5 equation for electric potential is given as 
vy =-2 
€ 


If the medium is charge-free (i.e., p = 0), Poisson's equation reduces to Laplace's equation, given as 
V?y «0 

For electrostatic boundary value problems, the field E and the potential V are determined by solving 

Poisson's equation or Laplace's equation. 

Uniqueness theorem states that any solution of Laplace equation (or Poisson's equation) that satisfies 

the same boundary conditions must be the only solution, irrespective of the method of solution. 


A capacitor is a device that stores electric charge and hence electrostatic energy. The capacitance 
of a capacitor is the ratio of the magnitude of charge on one conductor to the potential difference 
between the conductors. 
ef E. dS 
QE s. n 
V — [E.dl 
l 
The electrostatic energy stored in a capacitor is given as 
W. 1 


stored — 2 


cy? 
Method of images 1s used for solving electrostatic boundary value problems involving and infinite 
conducting plane. 


The conditions that an electric field, existing in a region consisting of two different media, must 
satisfy at the interface between the two media are called electric boundary conditions. These are 
given as 


For dielectric-dielectric interface: 
E= Ey, (D,—-D,,)-0 and D,-D,,(wheno =0) 
For dielectric-conductor interface: 
D,-0-E, and D,-e&E,-o 


Electrostatics 


213 








Important Formulae 





Coulomb’s law 


T OQ, ~ 
hj-k m a 


-QQ - n) 
























































2 Aneli -AP 
Principle of superposition of charges | _ Q &O(F-F) 
BC eS 
Ane i \F —n| 
Electric field intensity "E Q . Q,G; - T) 
SE aes cs 
O AneR? ^ Ame[i-rp 
Electric field intensity due to 25 s AG) . "E 
continuous charge distribution E- ane |) - dl for line chargedistribution 
Au uy dS for surface charge distribution 
ar 
— f - Oyy for volume charge distribution 
al 
Electric flux density D-ck 
Electric flux "m $D a" 
Gauss' law of electrostatics y= $D Ss Q- | pdv, integral form 
V. D- p, differential form 
Potential of a point due to point Q 12 Q 
charge (s) V —ameR ^ Ame 2 7 —F 
Potential due to continuous charge VF 1 ;A(F)dl’ for line charge distribution with 
distribution (r)= 4nes, F —F |” density A(C/m) 
| ,o(F)dS for surface charge distribution 
| Ane, |F-7"|’ with density o(C/m?) 
1 f pr’ dv for volume charge distribution 
"4m£' |F—7 |? with density p(C/m? ) 
Relation between potential and field | 5 __ yy 
Potential due to electric dipole p E-r) 
V r = 
e) 4ng|r'—-r' p 
Field due to electric dipole X 1 Xp . 
E- 3 | 2 p | 
4rer r 
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Electrostatic energy store in an 1x . 
electric field W=5 X OV; for N point charges 
= [D -Edv for continuous charge distribution 

Poisson's equation v p 
Laplace's equation VV =0 
Capacitance of a capacitor e f E.d$ 

C= Q_s 

V — [E.dl 
I 

Energy stored in a capacitor 1 


V sored = aor 








Electric boundary conditions for D,=0=E, 
dielectric-conductor interface 


Electric boundary conditions for E,-E,, (D,-D,,)-0 and D,- D,, (when o= 0) 
dielectric—dielectric interface 


and D,=€E,=0 














Exercises 





[NOTE: * marked problems are important university problems] 


e Easy 


1. 


*2. 


*3. 


*4. 


A thundercloud above earth sets up a vertical electric field of 40 V/m. A raindrop carrying a charge 
of 0.1 uC lies in this field. What is the electrostatic force exerted on this raindrop? — [9 x 10? N] 
Determine the electric field at a distance r from an infinite straight line carrying a uniform line 





charge distribution with line charge density A. = Ae S 
- a 

2mer " | 

Derive an expression of electric field due to uniform charge distribution over an infinite plane with 

surface charge density o. ee Git | 
es 


Determine the electric field due to spherical cloud of electrons giving the volume charge density 
of 7 3 
E- Por a O<rs<a 
3€ 
= = 3 
y nae = Por à,; rza 
3er | 








. Deduce Laplace's equation in spherical coordinates and find whether the potential field V — sin 


3 
volt in a region of free space satisfies it. 4 
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*6. 


*8. 
*9, 


Two concentric coaxial cones have the same vertex at the origin and their common axis coincides 

with the positive z-axis. The cone vertices are insulated, and their semi-vertical angles are 0 

and @,, respectively (0, > 0). The outer cone is earthed and the inner cone has a potential V}. 

Determine the potential in the region between the cones. | In(tan 6/2) — In(tan 0/2) | 
1 





In(tan 8/2) — In(tan 05/2) 


. Derive an expression for the capacitor of a spherical condenser consisting of two concentric 





spheres of radii a and b, the dielectric between the two spheres being air. ab | 
C= 4z&y| —— 
[emen (25) 
Show that the capacitance of an isolated sphere of radius R is 47ER. 
A boundary exists at z = 0 between two dielectrics £, = 2.5 region z < 0, and £, = 4 region z > 0. 
The field in region of €, is E, — —30a, + 50a, + 70a, V/m. Find 
(a) normal component of yn 
(b) tangential component of Eg 
(c) the angle œ € 90° between E, and normal to the surface, 
(d) normal component of D;, 
(e) tangential component of D;, 
(D D, 
(g) polarization in €, material, 
(h) The angle œ between E; and normal to the surface. 


70 V/m; 58.3 V/m; 39.85 1.55x10^? C/m?; 2.6x10^? C/m?; 
(-1.06a, + 1.774, + 1.55a,) X10? C/m^; 
(— 0.84, + 1.334, +1.164,) x 10? C/m?; 53.1? 


e Medium 


*10. 


11. 


*12. 


13. 


14. 


Three point charges of 0.25 uC are placed in air at the vertices of an equilateral triangle of side 
100 mm. Determine the magnitude and direction of the force on one charge due to other charges. 
[97.43 mN] 

Three point charges q; = 10 $C, q, — —10 C, and g; = 0.5 x 10 $C are placed in air at the corners 
of an equilateral triangle of 50 cm side. Determine the magnitude and direction of the force on q3. 
[0.018 N] 

Charges (—e) are placed at the vertices of an equilateral triangle of side a and a positive charge Q 
is placed at the centre of gravity of the triangle. What would be the value of Q if the force on any 
of the negative charges is zero? l e | 


Three point electric charges are situated in a straight line 10 cm apart. They have charges 2.0 uC, 
—1.0 uC and 2.0 uC, with negative charge in the centre. Find the forces on each charge due to the 
other two. [71.8 N, -1.8 N, 0.9 N] 
Three equal positive charges of 4 x 10? C each are located at three corners of a square of side 20 
cm each. Determine the magnitude and direction of electric field at the vacant corner. 

[1722.78 V/m; 45?] 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


*22. 


23. 


Four concentrated charges are located at the vertices ofa — Q120.2uC 5cm — Q,20.14C 
plane rectangle as shown. Find the magnitude and direction 
of the resultant force on Q,. ecm 

[0.93N at angle + 84° to line joining Q304] 
Four equal charges are placed at the corners of a square of @3=~9-1HC Q, = 0.1 pC 
area 1 m°. The force on each charge is 1 N. Determine the Fig. 2.87 
value of each charge. [7.62 uC] 
Four point charges of g, = +1 x 10? C, q, =-2 x 10* C, q3 = +3 x 10? C and q4 = +2 x 10 C, 
respectively, are placed at the corners of a square of side 1 metre. If the medium is air, find the 
magnitude and direction of the field intensity at the point of intersection of the diagonals. Also, 
find the potential at that point. [509.19 Volt] 
Two charges of similar sign and magnitude 1 x 107? Coulomb are located 1 metre apart. What 
is the potential at a point that is midway between the two charges and 50 cm from the line 
connecting the charges? What is the potential if the charges are of opposite sign? 

[0.25 Volt, 0 Volt] 

A spherical volume of radius R has a volume charge density given by p = kr where r is the radial 
distance and k = constant. Find the expression for E and V in the region 0 € r € eo. 

















2: pd k 

b= a, r«R| |V-15z 48 - Py r«R 
kR* - kR* 
4er? rec d 4er nok 


The surface charge density of a charged thin circular disc of radius R is o(7) = Ar, where A is a 
constantand F is the position vector ofa point of the thin disc from the centre of the disc. Calculate the 


electric field at any point on the axis of the disc. 
Az ae R 
n 





Zz 


A long charged cylinder of radius a has a volume density of charge p = yr, where y is a constant 
and r is the distance from the axis of the cylinder. Show that the electric field is given by 
yr 
E(r)= ETE r«a 
3 
_ ya ~ 
Sger T Za 


A spherical volume charge distribution p is given by 


2 
r 
= — — < 
p Zt £ for r x10 mm 
=0 for r » 10mm 
Show that the maximum value of electric field intensity E occurs at r = 7.45 mm. Obtain the 
value of E at r= 7.45 mm. p. 
1.656 — 
0 
For a spherical charge distribution 


p-p(a- ry r<a 
=0; r>a 
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24, 


25. 


26. 


27. 


*28. 


29. 


(a) Find E and Vforr2a 

(b) Find E and V forr<a 

(c) Find the total charge 

(d) Show that E is maximum when r = 0.145a. 





2 2 3 4 252. 2 4 
a) 2g à,, Po ; (p) P9 (2 r Ja, Bal? ar Po 4, [Pod : (c) 2 
15er? 158r £j \ 3 5 Ey X20 6 15ey — 608, 15 
A circular area of radius R has a point charge Q on its axis at a distance d from the centre of the 
area. Calculate the flux of the electric field due to Q through the circular area. 


Qd (1 1 
26d [pg 
Two infinite radial planes are inclined to each other at an angle œ. There is an infinitesimal 


insulating gap at r= 0. Solve the one-dimensional Laplace’s equation in cylindrical coordinate to 
obtain the potential V and field E as a function of ¢. Boundary conditions are given as 


V=0 at $-0 and V=% at b=a 
E ONE 7 | 
L a ps ra? 
Two concentric conducting spherical shells of radii a and b (b > a), are charged to potentials V, 


and V,, respectively. Determine the electric potential and field in the region between the shells. 
Also, determine the charge on the inner shell. 


__ab nh) bV,-aV, =  ab(W-Vopl. | V.-V,)| 
L aa + poem ;E Im E a; Q,-4z&ab Pets | 














r 





The space between x = 0 and x = d is filled with uniform charge of volume density p. The electric 
field at x = d is zero. Calculate the potential difference between x = 0 and x = d. pd? 7] 

28, | 
Prove that the capacitance between two lines is given by 


TE 


of 


where d is the distance of separation between these lines and r is the radius of each line. 

A point charge q is placed at a distance d from the centre of an earthed conducting sphere of 
radius a. Show, by solving Laplace’s equation, that the potential at a point outside the sphere can 
be calculated by replacing the charges induced on the sphere by a point charge —q(a/d) placed at 
a distance a’/d from the centre of the sphere on the line joining the centre and the charge q. 





C= 


e Hard 


30. 


Two point charges —q and +q/2 are situated at the origin and at the point (a, 0, 0) respectively. At 
what point along the axis does electric field vanish? Is this point a true minimum in the potential? 


[259] 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


*4]1. 


An infinite charged sheet with surface charge density o has a circular hole of radius a. The 
sheet is placed in the xy plane with its centre at origin. Using Coulomb's law or otherwise, find 
the potential V and the field E at any point at a distance z from the origin and long the positive 


z-direction. 
Be ety a: Bee 9 | 2 
V= 26, a tz'—-ay E i| "ex 


A line charge of length L has a uniform line charge distribution of A. Determine an expression for 
the force exerted on a point charge q, located a distance r from the midpoint of the line charge 
distribution and perpendicular to the line charge. | m ga L P | 


F — 
27 Egr | D 4 4y2 dr 


A charge density of ø (C/m?) is uniformly spread over the area of a disc of radius a. Determine 
the force on a charge q that is placed a distance from the centre of the disc and on a line that is 
perpendicular to the disc. pai í h 


a, h»0 
Ja xn 














A point charge q is kept at a corner of a cube. Determine the flux of the electric field due to q 
through the three surfaces of the cube which do not meet at q. | q] 
8E 





A semi-infinite line extending from —e- to 0 along the z-axis carries a uniform line charge 
distribution of 10 nC/m. Find the field intensity at point P (0, 0, 4). If a charge of 5 uC is placed 
at point P, find the force acting on the charge. [450a, V/m; 450a, uN] 
Two water molecules each having a dipole moment 6.2 x 10?? C-m point in the same direction 
and are inclined at an angle of 60? to the line joining their centres. Determine the potential energy 
due to their dipole-dipole interaction when their centres are 3.1 x 10? m apart. — (18.1 meV] 
Obtain by means of Laplace's equation, the potential distribution between two coaxial conducting 
cylinders of radii a and c with dielectric of constant €, filling the region between a and b and a 
second dielectric of constant €, filling the region between b and c. Given: c > b> a. 


A (lY.b,l,c 
G n = £5 JI 


The electrostatic potential in free space is given by V = a@— B(x’ +y?) = y In x? + y? , where a, 
Band yare constants. Find the charge density in the region. [48b] 
A thin circular ring of radius R carries a uniform surface charge density o. Calculate the electric 
potential and field at a point on the axis of the ring. 

A single wire of radius r runs parallel to the ground at a height of h. Find an expression for its 
capacitance. 21:8, 


Er 


r 








Two co-axial conducting cylinders of radius 2 cm and 4 cm have a length of 1 m. The region 
between the cylinders contains a layer of dielectric from r = c to r = d with €, = 4. Find the 


Electrostatics 219 | 





*42. 


43. 


44. 


45. 


46. 


47. 


capacitance if (i) c= 2 cm, d= 3 cm (ii) d= 4 cm and the volume of the dielectric is the same as 
in part (i). [(i)143 pF, (1177 pF] 
A parallel plate capacitor has the region between the plates filled with a dielectric slab of 
relative permittivity €,. The plate dimensions are: width œ, length / and the plate separation is 
d. The capacitor is charged to a potential V, after which it is disconnected. The dielectric is now 
partially withdrawn in the /-dimension until only length x remains between the plates. What is the 
capacitance of this new system? What is now the potential across the capacitor? 


£900 . £&IV 
l q V+C, Dt | 








The permittivity of the dielectric material between the plates of a parallel plate capacitor varies 
uniformly from e, at one plate to € at other plate. Show that the capacitance is given by 

sA EE 

d In(é,/€,) 

where A and d are the area of each plate and separation between the plates respectively. 
A parallel plate capacitor has rectangular plates of area A, but the plates are not exactly parallel. 
The separation at one edge is (d — a) while at the other edge 1s (d + a); a << d. Show that the 
capacitance is given approximately by 


> E oA a 
C= d | + ad? | 
A positive point charge Q is placed at a height h from a flat conducting ground plane. Find the 


surface charge density p, at a point on the ground plane, at a distance x along the plane measured 
from the point on the plane nearest to the charge. l -Qh | 


one bay 
Find the capacitance of an insulated conducting sphere of radius a when it is kept isolated. 
Determine the change in the capacitance when the sphere is placed at a distance b from an earthed 
conducting wall, where b is fairly large compared to a. 
[4z&ya; capacitance increases by 27t&, a’/b] 
A sheet charge of uniform density p, extends in the entire xy-plane. Show that Gauss' law in 
differential form for the entire sheet charge is given by 


V-E= E p,6(z); &(z) is Dirac delta function 
0 





Review Questions 





[NOTE: * marked questions are important university questions.] 


1. 


State and explain Coulomb’s law in electrostatics. Express it mathematically for two point 
charges. Does the form depend on the system of units? 


or 


State and explain Coulomb’s law and hence show that the electric field intensity is inversely 
proportional to the square of the distance between two point charges. 
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2. 
3. 
*4, 


s 


*8. 
*9, 


*10. 


*11. 


*12. 


*13. 


*14. 
*15. 


16. 
*17. 


18. 


State Coulomb's law and explain the factors that influence the forces. 

State and explain Coulomb's law for the vector force between two point charges in free space. 
What is the superposition principle in electrostatics? What do you mean by the volume, surface 
and line charge densities? How can you express a point charge using the Dirac delta function? 


. Explain the superposition principle governing the forces between charges at rest. 
. (a) What do you mean by electrostatic potential and equipotential surfaces? 


(b) Express the electrostatic potential in terms of the fundamental dimensions (MLTI). 
(a) Define electric field E at a point and show that V x E = 0. 


or 


Show that the electrostatic field is conservative. 
(b) What are the dimensions of E in terms of the fundamental quantities M, L, T and 7? 
(c) Express the relationship between electric potential and field intensity. 


or 


What is ‘potential’ and ‘potential gradient’? Prove that E = — VV, where, E is the electric field 

and V is the electric scalar potential. 

(d) Show that the potential rise between two points is equal to the line integral of electric field 
intensity along the curved paths between the two points. 

(e) State the properties of a static electric field. 

(f) Show that the electric field intensity at a point due to a number of point charges is the vector 
sum of the electric filed intensities due to individual point charges at that point. 

Discuss the term “electric field due to a static charge configuration". 

Define the term “potential difference V(A) — V(B) between points A and B in a static electric 

field”. Give an energy interpretation to potential difference. 

Define the term “potential difference V(4) — V(B) between points A and B in a static electric 

field". Explain the concept of reference point and comment on its location. 

Show that the work done in moving a charge from one point to another in an electrostatic field is 

independent of the path between the points. 

Define the electric displacement vector D in the presence of dielectric. Obtain the expression for 

its divergence. 

What are the equipotential surfaces for an infinite straight line of uniform charge density? 

Explain. 

What are the equipotential surfaces for an infinite plane of uniform surface charge density? Explain. 

(a) State and prove Gauss's theorem in electrostatics. What are the premises on which the 
theorem is based? Does the theorem differ from Coulomb's law? 


or 


Show that div D = p, where D is the electric flux density and p is the volume charge density. 
(b) Apply this theorem to calculate the electric field due to a (1) uniformly charged sphere and 
(ii) uniformly charged infinite cylinder. 
State and prove Gauss’ law in integral form, considering static charges in free space. 


E is the electric field due to a point charge Q C at the origin in free space. Find Je da where S 

is a spherical surface of radius R m and centre at origin. 

(a) Show that the charge resides on the outer surfaces of a charged conductor. 

(b) Prove that the electric field just outside a charged conductor is perpendicular to its surface. 
Also, determine the magnitude of this field. 
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19. 


20. 


21. 


*22. 
*23. 
24. 


25. 


26. 


27. 
28. 


29. 
30. 
31. 


32. 


33. 


If a total charge Q 1s uniformly distributed throughout the volume of a sphere of radius a, what 
would be the electric field at a distance r from the centre of the sphere? 

State the boundary conditions on E and D at the interface of two different dielectric media, when 
there is a charge density on the interface. 


or 


Establish the boundary conditions for the electric field on the interface between two dielectric 
media of different relative permittivity. 
What is an electric dipole? Calculate the electric field and potential in free space due to a dipole. 


or 


(a) Show that the electric field intensity due to a dipole varies inversely as the cube of the 
distance of the field point from the dipole. 

(b) Show that the potential of a dipole at any point varies as the inverse square of the distance 
from centre of dipole to the point. 

In electrostatics, what is meant by a physical dipole? 

What is meant by a pure electric dipole? 


For a physical dipole in the z-direction, located at the origin in free space, find the potential at a 
point [s 0,0- z (in spherical coordinates). 


(a) Determine the potential energy of a dipole in an external electric field. 
or 


An electric dipole of moment p is placed in a uniform electric field E. Show that its potential 
energy is —p- E. 
(b) Calculate also the torque on the dipole in a uniform electric field. 
Show that the torque on a physical dipole p in a uniform electric field E is given by p x E. 
Extend this result to a pure dipole. 
Obtain Coulomb's law from Gauss' theorem. 
(a) Derive Poisson's and Laplace's equations from fundamentals. 


or 


State and prove Poisson’s equation in electrostatics. What form does it take when the charge 
density is zero? Illustrate the application of this equation to find the electric field and poten- 
tial in two suitable cases of symmetric charge distribution. 

(b) What are the importances of Poisson’s and Laplace’s equations in electrostatics? 

Explain the Laplace’s and Poisson’s equations for steady electric field. 

State and prove Uniqueness theorem in connection with Laplace’s equation. 

The solution to Laplace’s equation in some region is uniquely determined if the value of the 

potential V is a specified function on all boundaries of the region. Prove it. 

Obtain Green’s integral identities and state their significance. Apply the first identity to show that 

the specifications of both divergence and curl of a vector with boundary conditions are sufficient 

to make the function unique. 

What are Dirichlet and Neumann conditions? 

What is an electrical image? State its usefulness in solving electrostatic problem. 


or 


Explain the method of electrical images in solving electrostatic problems. 
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34. 


35. 


36. 


*37. 


*4]1. 


42. 


What do you mean by the term ‘energy density’ in an electrostatic field? Show that in free space 
it is given by — 1 Zeb”, E being the electric field. 


Show that the IEO energy due to charged conductor in space is given by — 2 T D- Edv 
where fields D and E occupy whole of the space. 

(a) Define capacitance of a conductor and explain its significance. 

(b) Show that the electrostatic energy of a capacitor of capacitance C charged to a voltage V is 


l Ay2 
zC ve. 

(c) Show that, when a capacitor of capacitance C is charged fully by connecting it across a 
battery of e.m.f. E, the energy expended by the battery is CE”. 

(1) Define capacitance. Express its units in two different ways. 


(ii) As per the usual definition, show that a capacitance is always positive. 
(iii) Sometimes, capacitance of a single conductor is referred to. What does this mean? 


. Define capacitance and explain why it is always a positive quantity. 
. Derive the expression for the energy stored in a capacitor. 
. (a) A conducting body is in the electric field of static charges. Explain why the net electric field 


at any point inside the conducting body will be zero. 
(b) Use the result of (a) to show that 
(i) the net volume charge density at any point inside the conductor is zero, and 
(ii) the conductor is an equipotential body. 
For a conducting body in the electric field of static charges, explain what will be the 
(a) net electric field inside the conductor, and 
(b) volume charge density at any point inside the conductor? 
One medium is a dielectric with permittivity €; and the other is a conductor. Find the angle 0, 
between the normal and a field line in medium 1 incident on the conductor (medium 2). 





Multiple Choice Questions 





. Electric potential and electric field intensity inside a spherical shell are: 


(a) Zero and constant respectively (b) Both inversely proportional to radius 
(c) Constant and zero respectively (d) Zero and zero respectively 


. Poisson's and Laplace's equations govern the behaviour of electric scalar potential for: 


(a) Charge free region 


(b) A region of charge 
(c) Charge free region and a region of charge, respectively 
(d) Region of charge and charge free region, respectively 


. Electric field in a region containing space charges can be found using 


(a) Laplace's equation (b) Poisson's equation 
(c) Coulomb's law (d) Helmholtz equation 


. Capacitance of the earth of radius R is 


(a) 27ER (b) AneR (c) iae (d) none 


. When an insulator is inserted between the plates of an air gap capacitor charged with constant 


charges, the electric field 
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10. 


11. 


12. 


13. 


14. 


15. 


(a) decreases (b) increases 
(c) remains the same (d) becomes zero 


. Ona perfect conductor surface 


(a) The tangential component of E and normal component of B are zero 
(b) The normal component of D is the surface charge density 

(c) The tangential component of H is equal to the surface current density 
(d) All of the above 


. Boundary conditions at the interface between perfect dielectrics are: 


(a) Normal components of E and B and the tangential components of H and D are continuous. 
(b) Tangential components of E and H and the normal components of D and B are continuous. 
(c) Normal components of E and H and tangential components of D and B are continuous. 
(d) Normal components of B and H and tangential components of E and D are continuous. 


. As one moves at right angle to a charged parallel-plate capacitor, the electric field E inside the 


capacitor 

(a) Drops abruptly to zero 

(b) Remains constant 

(c) Approaches zero in a continuous and gradual way 
(d) Approaches zero sinusoidally 


. An isolated metal sphere whose diameter is 10 cm has a potential of 8 kV. The energy density at 


the surface of the sphere is 
(a) 0.011 J/n? (b) 0.11 J/n? (c) 1.1 J/n? (d) 11 J/n? 


An electron (mass = 9.1 x 10 ?!kg, charge = 1.6 x 10? Coulomb) experience force equal to its 
weight in an electric field. The field strength 1s 

(a) 5.6 x 10 !! N/C (b) 5.6 x 10 1 N/C 

(c) 5.6x 10? N/C (d) 5.6 x 10^ N/C 

Two metallic spheres, radii a and b, are connected by a thin wire. The separation is large compared 
to their dimensions. A charge Q is put into the system. The capacitance of the system is 


(a) Az&ab (b) An&y (c) Az&y(a +b) (d) 4n&yog, 


Two concentric rings of radius ‘a’ and ‘2a’ carrying equal and uniform charge densities revolve 
at the same angular speed ‘œ’ about their common axis. The ratio of flux densities due to the two 
rings at the centre will be 


(a) 1:1 (b) 1:2 (c) 1:4 (d) 2:1 
If E is the electric field intensity, V(V x E) is equal to 
(a) E (b) |E| (c) null vector (d) zero 


An infinite number of concentric rings carry a charge Q each alternately positive and negative. The 
radii are 1, 2, 4, 8, ... metres in geometric progression. The potential at the centre of the rings will 
be 

(a) zero o > () ,9- à) & 


127€ 87Ey 67t£, 





Two concentric spherical shells of radius ‘R’ and ‘2R’ carry equal and opposite uniformly 
distributed charges over their surfaces. The electric field on the surface of the inner shell will be 


(a) zero (b) Q 


Ame, R? 








8e, R? 167E R? 
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16. 


17. 


18. 


19. 


20. 


























Two point charges Q and —Q are located on two opposite corners ofa -Q .- - A 
square as shown in Fig. 2.88. If the potential at the corner A 1s taken as TA ra 
1V, then the potential at B, the centre of the square will be p rd 
i OY 
(a) zero (b —V ‘x B 
(c) 1V (d J2V P EX 
The electric field across an interface is £25 fT Fea C^ iQ 
shown in figure. The surface charge den- Fig. 2.88 
sity (in coulomb/m?) on the surface is e-3 T E- 2a, 
(a) -4& (b -3& 
(c) *3& (d) +48 
Match List I with List II and select the correct answer using the codes given below the lists: 
List I List II 
(Expression) (Law/theorem/equation) 
A. viy - P» 1. Gauss’ Law 
£ 
B. Vy-0 2. Divergence theorem 
C. [2 mes) 3. Laplace’s equation 


S 





D. jV . Ddy = JD .ds 4. Poisson’s equation 


v S 





5. Coulomb’s law 











(b) 


(d) 


—O0R0t0uw0 
NOWOUROr DU 


A 
4 
A 
3 
(c) A 
2 
A 
4 


Two positive charges, Q coulombs each, are placed at points (0, 0, 0) and (2, 2, 0) while two 
negative charges, O coulombs each in magnitude, are placed at points (0, 2, 0) and (2, 0, 0). The 
electric field intensity at the point (1, 1, 0) is 


BT (©) (d) 


Two infinite parallel metal plates are charged with equal surface charge density of the same 
polarity. The electric field in the gap between the plates is 

(a) The same as that produced by one plate 

(b) Double of the field produced by one plate 

(c) Dependent on coordinates of the field point 

(d) Zero 


Q 


ATE 


Q 


167€y 





(a) zero 
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21. 


22. 


23. 


24. 


25. 


26. 


Consider the following statements associated with a parallel plate capacitor: 
1. Capacitance is proportional to area of plates. 
2. Capacitance is inversely proportional to distance of separation of plates. 
3. The dielectric material is in a state of compression. 
Of these statements 
(a) 1, 2 and 3 are correct (b) 1 and 2 are correct 
(c) 1 and 3 are correct (d) 2 and 3 are correct 
Two concentric metallic spheres of radii ‘a’ and ‘b’ carry charges +Q and 
—Q respectively as shown in the given figure. Potential at the centre ‘P’ 
will be: 


























Q 
(a) Zero (b) Axe b 
__ 9 (t-4] 
(o) 4z£ga (d 4n£&y ia b 
The electrostatic field on the surface of a conductor at a certain point is — Fig. 2.89 
0.3i + 0.47. If the normal to the surface of the conductor at that point 
makes an angle 0 with respect to x-axis, the value of cos 0 will be 
(a) 0.8 (b) 0.75 (c) 0.6 (d) 0.5 
A point charge +Q is brought near a corner of two right angle conducting 
planes which are at zero potential as shown in Fig. 2.90. Which one of 620 
the following configurations describes the total effect of the charges for A 
calculating the actual field in the first quadrant? 
(a) -Qe e+Q (b) 0 e ° Q 
B 
| A i TM 
Fig. 2.90 
Oe | e 0 
C D 0e e -Q 
C D 
(c) -Qe e «Q (d) -Qe e «Q 
B | A B A 
-Q e e -Q +Q è e -Q 
C D C D 





The relation between electric intensity E, voltage applied V and the distance d between the plates 
of a parallel plate condenser is 


(@) E=4 (b) E=Vxd y f= 


d (dy 
A spherical conductor of radius a with charge q 1s placed concentrically inside an uncharged and 
unearthed spherical conducting shell of inner and outer radii r, and r, respectively. Taking the 
potential to be zero at infinity, the potential at any point P within the shell (r; < r < rj) will be 


q q q q 
(a) 4z£gr ( 4z£ga (c) ATE, I (d) ATE yh 


zi (d) E- Vx (d)? 
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27. 


28. 


29. 


30. 


31. 


32. 


Inside a hollow conducting sphere 
(a) electric field is zero. 
(b) electric field is a non-zero constant. 
(c) electric field changes with the magnitude of the charge given to the conductor. 
(d) electric field changes with distance from the centre of the sphere. 
In a uniform electric field, field lines and equipotentials 
(a) are parallel to one another. (b) intersect at 45°. 
(c) intersect at 30°. (d) are orthogonal. 
Energy stored in a capacitor over a cycle, when excited by an a.c. source is 
(a) the same as that due to a d.c. source of equivalent magnitude 
(b) half of that due to a d.c. source of equivalent magnitude 
(c) zero 
(d) none of the above 
Consider the following statements regarding field boundary conditions: 
1. The tangential component of electric field is continuous across the boundary between two 
dielectrics. 
2. The tangential component of electric field at a dielectric-conductor boundary is non-zero 
3. The discontinuity in the normal component of the flux density at a dielectric-conductor 
boundary is equal to the surface charge density on the conductor. 
4. The normal component of the flux density is continuous across the charge-free boundary 
between two dielectrics. 
Of these statements 
(a) 1, 2 and 3 are correct. (b) 2,3 and 4 are correct. 
(c) 1,2 and 4 are correct. (d) 1,3 and 4 are correct. 
Match List I with List II and select the correct answer using the codes given below the lists: 
(Symbols have the usual meanings) 


ListI List II 
A. Poisson's equation 1. V9-0 
B. Laplace's equation 2. VE + Kẹ E 2 0 where Ko @,/ LE 
C. Joule's equation 3. V?6 — —pl&, 

d S 

D. Helmholtz's equation 4. -E =U, = EJ 
Codes: 
(a) A B C D 

2 1 4 3 
(b) A B C D 

3 4 1 2 
(c) A B C D 

3 1 4 2 
(d) A B C D 

2 4 1 3 


By saying that the electrostatic field is conservative, we do not mean that 
(a) Itis the gradient of a scalar potential. 

(b) Its circulation is identically zero. 

(c) The work done in a closed path inside the field is zero. 

(d) The potential difference between any two points is zero. 
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33. 


34. 


35. 


36. 


37. 


38. 


Point charges Q, = 1 nC and Q, — 2 nC are at a distance apart. Consider the following statements: 
1. The force on Q, is repulsive. 


2. The force on Q; is the same in magnitude as that on Qj. 
3. As the distance between them decreases, the force on Q, increases linearly. 
4. The force on Q, is along the line joining them. 
5. A point charge Q, = —3 nC located at the midpoint between Q; and Q, experiences no net 
force. 
Which of the following statements are incorrect? 
(a) 3and4 (b) 3 and 5 (c) 1, 3 and 5 (d) none 
Plane z = 10 m carries charge 20 nC/m?. The electric field intensity at the origin is: 
(a) -10a, V/m (b) -18za, V/m (c) -72za, V/m (d) —360za, V/m 


Point charges 30 nC, —20 nC, and 10 nC are located at (—1, 0, 2), (0, 0, 0) and (1, 5, —1), respectively. 
The total flux leaving a cube of side 6 m centered at the origin is 

(a) —20 nC (b) 10nC (c) 20 nC (d) 60 nC 

The work done by the force F — 4a, — 3a, * 2a, N in giving a 1 nC charge a displacement of 
10a, + 2a, — 7a, m is 

(a) 103 nJ (b) 60 nJ (c) 64nJ (d) 20 nJ 

An electric potential field is produced by point charges 1 uC and 4 uC located at (—2, 1, 5) and (1, 
3, -1), respectively. The energy stored in the field is: 

(a) 2.57 mJ (b) 5.14 mJ (c) 10.28 mJ (d) none 

The region z < 0 is a dielectric of relative permittivity 2 while the region z = 0 is a dielectric of 
relative permittivity 5. If the electric field intensity in region z < 0 is E = 10a, kV/m, the potential 
difference between (0, 0, 10?) m and (0, 0, 10?) m will be: 











(a) zero (b) 70V (c) 20V (d) 14 V 
S 
Answers 
1. (c), 2. (d), 3. (b), 4. (b), 5. (a), 6. (b), 7. (b) 8. (b), 
9. (a, 10. (c) 11d. (c) 12. (a, 13. (d) 14. (d) 15. (b) 16. (c), 
17. (a), 18. (d, 19. (a, 20. (d) 21. (a) 22. (d, 23. (c) 24. (d), 
25. (a), 26. (a), 27. (a), 28. (d) 29. (c), 30. (d) 31. (co) 32. (d), 
33. (D, 34. (d), 35. (b 36. (d, 37. (D, 38. (d) J 








MAGNETOSTATICS 





Learning Objectives 
This chapter deals with the following topics: 

Concepts of electric current 

Basic characteristics of conductors and dielectrics 

Basic laws of magnetostatics 

To acquire knowledge of fundamental quantities of magnetostatics 


Boundary conditions in magnetostatics 


Concepts of inductances 





3.1 INTRODUCTION 


In the previous chapter, we have learned different aspects of electrostatic fields in free space or vacuum. 
In this chapter, we will discuss different phenomena of electric field in material space, like conductors 
and insulators. 

In the first part of this chapter, we will discuss the properties of such electrical materials and the 
important relations governing the behaviour of steady electric current in those materials. 

In the second part of this chapter, we will discuss the static magnetic fields, related laws and other 
terminologies in detail. 


Behaviour of Different Electrical Materials in Electric Field 


3.2 ELECTRIC CURRENT AND CURRENT DENSITY 
3.2.1 Electric Current 


Electric current is defined as the rate of flow of electric charges or electrons through a cross-sectional 
area. 
If Q amount of charges flow through an area in time t, then the current is given as 


I =£ (3.1) 
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or in differential form 


dq 
j = — 2 
e (3.2) 
and the charge transferred between time f, and ¢ is given by 
t 
q= fiat G3) 


fo 


NOTE 
(i) By convention, electric current flows in the direction opposite to the direction of the electrons. 
The current through a given area is the electric charge passing through the area per unit time. 
(ii) As charge (Q) is expressed in Coulomb, the unit of electric current is Coulomb per second and 
it is given the name Ampere (A). Thus, 


1 A current = flow of 6.24 x 10? electrons per second through an area 


3.22 Electric Current Density 


Current density (J) at any point is a vector whose magnitude is the electric current per unit cross- 
sectional area and whose direction is normal to the cross-sectional area. Its unit is ampere per square 
metre (A/m?). 


n (3.4) 


or in differential form J = Li (3.5) 


v 


where dS, is the projection of dS in a plane normal to that of the flow. This is depicted in Fig. 3.1. 




















Fig. 3.1 Current density distribution 


NOTE 
(i) For uniform cross section of the conductor, J is same in magnitude and direction everywhere. 


(ii) For non-uniform cross section of the conductor, J is different in magnitude and direction at 
various points. 


Thus, total current flowing through a surface S is given as 


12 [J.d$ (3.6) 
S 
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Depending upon how / is produced, there are three different current densities: 


1. Convection current density, 
2. Conduction current density and 
3. Displacement current density. 


Example 3.1 Ina cylindrical conductor to the region 0.01 € r € 0.02, 0 < z < 1 m and the 
current density 1s given by 


J-10e! "3, Alm? 


Find the total current crossing the extential of this region with $ — constant plane. 


Solution Total current in the wire is given as 


0.02 1 
I-jJd$- | f (10e'G,)-[raraza,] 
S r=0.01z=0 
002 1 
= f f 10re-190r drdz 
r=0.01z=0 


0.02 
=10 f re dr 
r=0.01 


—100r e 100r 
N E 100 ^ 


— -2 -1 
Ks ioo (0.92€ — 0.01e7") + 


0.02 0.02 








r=0.01 


e 190r 


—100 x 100 





0.02 
0.01 


Example 3.2 p the total current in a circular conductor of radius 4 mm if the current density 


=2x107%e!- 310367 
= 0.033 mA 


varies according to J =—— A/m/?. 


Solution Total see is given as 


2 2 2 0004194 0.004 
I-|J.d$- | | —-rdrdp=2nx10° | dr-2mx10'x0.004—80z A 
S 0-0 r=0 r=0 


Example 3.3 Ina certain region, the current density vector is given by, 
J = 3xa, + (y -3)a, * (2+ z)a, Alm? 


Find the total current flowing out of the surface of the box bounded by the five planes x = 0, y = 0, 
z= Q0 and (3x +z) =3. 
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Solution As shown in Fig. 3.2, we will consider the z^ 
normal vector to be always pointing out of the box so that 


$J : d$ gives the current flowing out of the surface. 
s 


— For the surface x = 0, 4 dS 


J-(y-3)à,* Q^ z)à, 








— For the surface y = 0, 1 
X 


J = 3xa,+—34,+(2+2)4, : 
"4 Fig. 3.2 Closed surface of Example 3.3 


— For the surface y = 2, 
J =3xa, + G,+(2+2)4, 
dS = dxdza,, 





m. ] 3-3x 1 3 1 3 
1=[]dš= | | ~dede= C3 3e d --IA 
— For the surface z = 0, 
J = 3x, + (y - 3)à, + 24, 
dS = —dxdya, 
2,” A 
I-jJ.d$- | | -2dxdy=-4A 
y=0x=0 
— For the surface (3x + z) = 3, 
J = 3x, + (y—3)4, + (5-3x)à, 
dS = (3a, +1a,) dxdy 
2-7. 1 1 1 
T=fJ-dS= | f @x+5-3x)dxdy= Í (18x10— 6x)dx = (12x 10) dx 216 A 
y=0x=0 x=0 0 


Adding the components of the currents, total current flowing out of the closed surface is 


-[0+2-23- i 
1=(0+3 > 4+16)=15A 
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Example 3.4 If J= E (2 cos 0 a, + sin 0 dg) A/m?, calculate the current passing through: 


(a) A hemispherical shell of idii 20 cm. 
(b) A spherical shell of radius 10 cm. 


Solution Total current is given as, / = {J -dŠ 
Here, dS =r? sin 0dọd0â, 
(a) Total current passing through a hemispherical shell of radius 20 cm is 


VA 20 1 
= | J —Qcos0 a, sin ag): (r^ sin dó dà, ) 
6=00=07 


A 2x 
=f f L 2 cos 6r? sin Odo dO 
0=0 9= or 


r=0.2 


r=0.2 
p 
ME 
TH f sin 6d (sin 0) 


0-0 
r=0.2 


_ 47 | sin* 0 26 
02) 2 


Vy 
=107 =31.42 A 
0 
(b) Total current passing through a spherical shell of radius 10 cm is 


J (2 cos 0 à, + sin 8 ag) (r^ sin do d0 â,) 





r=0.1 


2 cos 0r? sin 0dó dO 





r=0.1 


2 m 
=2nx= | sin 0d (sin 0) 
"go 


ES 2r 
OIL 2 Jo 


=0 





r=0.1 





Example 3.5 For the current density, J =10z sin? @ à, A/m?, find the current through the 
cylindrical surface r - 2, 1 <z < 5 m. 


Solution Total current passing through the cylindrical surface is 


z2 5 2n 
=10r =| f sin? ódó 


r=2 $-0 


=[J-d dS = j if (10z sin? $ a,) - (rdódza, ) 
z=1g=0 


=10x 2x tx = 2400 = 754 A 
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3.2.5 Convection Current 


Definition The motion of charged particles in free space (vacuum) is said to constitute convection 
current. 
Mathematical Equation We will consider a region with volume charge density p,, in which the 


charges are moving under the influence of an electric field with an average velocity U . This is shown 
below in Fig. 3.3. 








; . di 
Current density, J — dS, 
d 
But, dI = - B L— [dv = volume of an infinitesimal cylinder = dS,,d/] 











dS; r«— dl EM 


Fig.3.3 Flow of convection current 


dI _ p,dv dS, dl di 


dS J 


J735 da P asd Pv ap PU 





lu = velocity of charge movement = a| 


v 


In vector form, 











Jp (3.7) 





This is the convection current density. 


Some Features of Convection Current 
(i) Convection current does not require a conductor and does not obey Ohm's law. 

(ii) Convection current is not electrostatically neutral. 

(iii) Example of convection current is the motion of electrons from the cathode towards the anode in 
a vacuum tube. 

(iv) If both positive as well as negative charges with charge densities p, and p, move with average 
velocities U , and U , respectively, then the positive charges will move in the direction of the 
electric field and the negative charges will move in the opposite direction and the total convection 
current density will be given as 





J- pU, + p,-Ū_ (3.8) 
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3.2.4 Conduction Current and Ohm's Law 


Definition The motion of the free electrons present in a conductor, by the influence of an electric 
field constitutes the conduction current. 


Mathematical Equation When an electric field, E is applied, the force on an electron with 
charge, —e is, F — —eE As the electrons are not free in space, they will not be accelerated by the field; 
but they will suffer constant collisions with atomic lattice and drifts from one atom to another. 
Let, m — mass of moving electron, 

U — average drift velocity 
By Newton's law, 


mno —eE (tis the average time interval between successive collisions) 
Ü --SftE£--yÉ (3.9) 
m 


where, [= = is the mobility of electrons. 


From Eq. (3.9), we see that, drift velocity is directly proportional to the applied field. 
If there are N electrons per unit volume, the electron charge density is 


P, =—Ne 


Thus, the conduction current density is 
2 











j- pU - NeuE = Met E-oE 
2 
where, 0 = NET is the conductivity of the conductor. 
J-cE (3.10) 











This 1s the conduction current density. 


Some Features of Conduction Current 
(i) From Eq. (3.10), it is seen that the current density is linearly dependent on the external electric 
field. This equation is known as the point form of Ohm 5 law which states that the current density 
at any point in a conducting medium is directly proportional to the electric field. 
(ii) To maintain a steady current within a conductor, a continuous supply of electrons at one end and 
their removal at the other is necessary. So, conductor as a whole is electrostatically neutral. 


Example 3.6 Find the current in a circular wire of radius 2 mm when the current density in the 
conductor is 


J =30(1 = 610") a, A/m? 


Solution Total current in the wire is given as 


2.  2z 0.002 
I-jJ.d$- | f poa- ea 1. [rard9a;] 
S 4-0 r=0 
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2z 0.002 
=f f 300-21") rdrdo 
0-0 r=0 


0.002 
-60z | (1- e 199r) rdr 


r=0 
0002 -1000r 
re 
; | di | -1000 


r? 


2 





2 








0.00 9092 g- 10007 | 


dr 
, o -1000 


-1000, [999 
e 

1000 x 1000}, 

-120z x 10° +1202 x10 9x e? + 60z x10 5 x e? — 60z x10% 

= 60z x10 $(14- 3e?) 

= 265.03 UA 


= 602 x2x10°- sos 2 x1079 x e? + 





*Example 3.7 The free charge density of copper is 1.81 x 10! C/m?. For a current density of 


8 x 10° A/m”, find the electric field intensity and the drift velocity. Take conductivity of copper as 5.8 
x 107 mho/m. 


Solution Here, p- 1.81 x 10? C/n?, J =8 x 10° A/m?, o = 5.8 x 10" 
-. Electric field intensity 1s 





6 
usb SIO E 
0 58x10 
-. Drift velocity is 
6 
ge P0 ai nile 
P 1.81x10!° 


*Example 3.8 The resistivity of seawater is about 25 Q-cm. The charge carriers are chiefly 
Na’ and CI ions, and of each there are about 3 x 10?9/cm?. If we fill a plastic tube 2 metre long with 


seawater and connect a 12-volt battery to the electrodes at each end, what is the resulting average drift 
velocity of the ions, in cm/s? 


Solution The current in a conductor of cross-sectional 4 is related to the drift velocity U of the 
charge carriers as 


I = JA = pUA =neUA 
where n is the number of charge carriers per unit volume. Hence, Ohm’s law can be written as 


V=RI= (4 JneUA - neU pl 


V 
~ nepl 
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Substituting the values, we get 


Us et ie —2.5x10? cm/s 


nepl (6 x 10?) (1.6 x 107!) (25) x (200) 








3.25 Displacement Current int) — Yic() 
The concept of displacement current can be illustrated as in v(t) R Cl 
Fig. 3.4 by considering the currents in a simple parallel RC 

network (assume ideal circuit elements, for simplicity). e 








Here,  iy(f) conduction current 
I) displacement current 
From circuit theory, 


Fig. 3.4 RC parallel circuit 
representing a lossy capacitor 


RO= rosc 


PW 

In the resistor, the conduction current model is valid (J R= ORE R). The ideal resistor electric field 
(E R) and current density (J R) are assumed to be uniform throughout the volume of the resistor. 
The conduction current model does not characterise the capacitor current. The ideal capacitor is 
characterised by large, closely-spaced plates separated by a perfect insulator (Oç = 0) so that no charge 
actually passes throughout the dielectric [Je (t)= OcEc (t)]. The capacitor current measured in the 
connecting wires of the capacitor is caused by the charging and discharging the capacitor plates. Let 
Q(t) be the total capacitor charge on the positive plate. 

Hence, the capacitor current, also termed as the displacement current is given as 





E 20 dv(f) _ £4 dv(t) _ apol- dE(t) _ dD(t) 
ic) =i7( = =C di d d €A PAP €A di T eE] - A a 
So, the been current density 1s given as 
ane 


Ze 





As D may vary with space, the displacement current density is written as 


NO 240, (3.11) 








Thus, displacement current for a closed surface is 
l= pa dS = 9m. d$ 


Thus, the displacement current does not represent a current. It is only an apparent current representing 
the rate at which flow of charge takes place from electrode to electrode in the external circuit. Hence, 
the term ‘displacement? is justified. 


*Example 3.9 Find the displacement current through a surface at a radius r (a < r < b) in a co- 
axial cylindrical capacitor of length / when a voltage v = V,, sin wt is applied; a and b being the radii of 
inner and outer cylinders respectively. 
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Solution From Example 2.53 of Chapter 2, we have 


» V 
HT r In (b/a) 


-. Displacement current is 








_ GE _ d y _ 2nmel dV _ 2mel d . 
pred ee. Ed "aub ur negdi no 
_ 2nel 
= n/a) V,,@ cos Ot 
= CoV, cos wt 
2ngl . ; Í Lais : 
where, C = In (b/2) is the capacitance of the co-axial cylindrical capacitor 


I, = Cov, cos ot 


Example 3.10 Find J, and J; for moist soil which has the conductivity o= 10? mho/m, €,= 2.5. 
Given: E = 6 x 10°°sin (9 x 10°) V/m. 


Solution Conduction current density is 
Jc = 0E 210? x 6 x10% sin(9 x 10?7) = 6 x 10? sin(9 x 10? r) A/m? 


Displacement current density is, 


E ET 


Cirp E -6 o; 9 
Ja HED E€, + 16X10 sin (9 x 10" r)] 


= 2.5 x 8.854 x 107 x 6 x 1075 x 10? cos (9 x 10? r) 
- 1.19 x 10$ cos (9 x 10? 1) A/m? 


*Example 3.11 Show that the displacement through a capacitor is equal to the conduction 
current if the supply voltage is v = V,, sin at. 


Solution Here the applied voltage is, v = V, sin wt j 
€ 


We consider a parallel plate capacitor of capacitance given as C = a 


where, A is the area of the plate and d is the distance between the plates. 
The conduction current is given as 


dv £A d 


rc £4 “iy, sin o] =V,,0£4 cos øt (i) 


d 


However, as the medium between the plates is dielectric, there is no conduction current in a capacitor. 
A displacement current may be considered to flow which is given as 


dE 2 |s]-s44 





= = ; = £A T 
I;—€4ÀA £A d up [V,, sin ct] — Vc d cos Qf (ii) 


dt dt 


From (i) and (ii), it is seen that the displacement in a capacitor is equal to the conduction current. 
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*Example 3.12 (a) Show that the ratio of the amplitudes of conduction current density and 


displacement current density is (=) for the applied field E = £,, sin wt. Assume Lt = Up. 


(b) What is the amplitude ratio if the applied field is E = E,,e "" where Tis real? 


Solution 
(a) Conduction current density is 
Je=0E >. Je=|Je|=0E 

Displacement current density is 

;  ,9E 

ta Coe 

2407 ,,9E __9a : E ; i . 
Ja =|Ja\= E UE [En sin @t]= €E,,0 cos wot = joe E,, sin ot = jwEE 


From (i) and (ii), the ratio of the amplitudes is 


LINEA 
Ji, @E 
(b) Conduction current density is 
Je=0Ë Ium 
Displacement current density is 
; _ „ðE 
SE 
iF ie OE — 9 -u21. 4|. 1 -tit | [€ 
Jj =|Ja|=€ = és [Ene ]=€ T Epe | = T E 
From (i) and (ii), the ratio of the amplitudes is 
To 2300 
Jg E 


(i) 


(ii) 


(ii) 


*Example 3.13 A copper wire carries a conduction current of 1A. Assuming that copper has 


about the same permittivity as free space, i.e., € = £, find: 
(a) Displacement current in the wire at 100 MHz. 
(b) Displacement current in the wire at 60 Hz. 

For copper, o = 5.8 x 10’ mho/m. 


Solution Here, J. = 14; £= &; o= 5.8x 107 
From Problem 14 (a), we have 
Heu 


WE WE 2n fe 
J, ae d: d Co C ux 





Substituting the values 
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(a) Displacement current at f= 100 MHz is, 








6 -12 
Db Amft |, 27 x100 x 10° x 8.854 x 10 =958x108 A 
o 5.8x107 
(b) Displacement current at f= 60 Hz is 
-12 
pr 2n fE Šis 27 x 60 x 8.854 x 10 20,57 x 10-16 A 
o 5.8 x 107 


*Example 3.14 Charges are moving with a speed of v m/s along a line that has a charge density 
of A C/m. Both v and A are constants. Find the current through the line, and show that it is a steady 
current. 


Solution We consider a strip of the line with thickness d/ moved in time df. 


Charge enclosed in the strip, dq = Adl = Avdt E v= 2 


- dt 

Se dq | Àvdt 
Th t I2—- 
e current is given as a oe 


Since both À and v are constants, the current is a steady current. 





*Example 3.15 Copper has 2 mobile electrons per atom, 0.09375 x 107° atoms per kg, and a 
density of 9000 kg/m?. The magnitude of the charge of an electron is 1.6 x 107? C. 
(a) Find the mobile charge per unit length of a copper wire of radius 1 mm. 
(b) If there 1s a steady current of 1 A through the wire, find the velocity of the mobile charges. 


Solution 
(a) Volume of the cylindrical strip of length 1 m and radius 1 mm is 


v-2nzr^h-mx(0.001? x 1= m x10 95m? 
Mass of copper for this elemental volume is, 
m=900 x z x 1052 97 x10? kg 


Total atoms for this mass = 97 x 10? x 0.09375 x 1076 
Total electrons for these atoms = 2 x (92x 10? x 0.09375 x 1079) 
Total charge per unit length, 


À 22x (9r x10? x 0.09375 x 107°) x 1.6x 107? = 5.3014 x 104 C/m 


(b) Here, 7 - 1A 
dq _ Avdt _ 





From earlier problem, we got that 7 = D mn cie Av 
So, the velocity of the mobile charges is given as 
I 1 


= 1.886 x 10? m/s 





“2 53014x104 
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3.3 CLASSIFICATION OF ELECTRICAL MATERIALS 


Depending upon the atomic structure, electrical materials are of three types: 





1. Conductors 
2. Insulators 
3. Semiconductors 


1. Conductors: Electrical materials, which have large number of free electrons or loosely bound 
valence-band electrons that can easily be knocked out of their orbit and constitute a large current, are 
known as conductors. Almost all metals and some liquids are good conductors. 

2. Insulators: Electrical materials, where no free electrons are available and the valence-band electrons 
are tightly bound to the nucleus, are known as insulators. Examples of some insulators include glass, 
mica, plastics, etc. 

3. Semiconductors: Electrical materials where there are no such free electrons present, but free 
electrons can easily be created by adding some impurities, are known as semiconductors. Examples of 
some semiconductors include germanium, silicon, etc. For example, germanium, a semiconductor, has 
approximately one trillion times (1 x 10!”) the conductivity of glass, an insulator, but has only about 
one thirty-millionth (3 x 107%) part of the conductivity of copper, a conductor. 


3.4 BEHAVIOUR OF CONDUCTORS IN ELECTRIC FIELD 


When an electric field E is applied to a conductor, the electrons 














will experience a force (F =—eE). An isolated conductor under - N E 
a static electric field is shown in Fig. 3.5. As the electrons are not D n 
free in space, they will not be accelerated by the field; but they - Ej + 
will suffer constant collisions with atomic lattice and drifts from = + -E 
one atom to another. This is called drifting of electrons. After some Ei EE a 
time, the electrons will attain a constant average velocity, called z ; : >E 
drift velocity (U) which is directly proportional to the applied field 5 + 











(U =- uE; LL is the mobility of electrons). The current associated 


i ; VM ; . Fig.3.5 Isolated conduct: 
with this drifting is known as the drift current or conduction current i Ss ANE MEE ate 


= > isd . A under static electric 
(J=oE; o isthe conductivity of the conductor) as explained in field 


Section 3.2.2. 


Boe Roden! ; E =0, p, = 0; Vi; = 0 inside 
For a perfect conductor, the conductivity is infinite (0 — o). Py d 


ze i. conductor 
As the conduction current is (J = o£), to maintain a finite current 


density (J), the field E must be zero for an isolated conductor. All positive charges will move along 
the direction of E and negative charges will move in the opposite direction. Thus, all charges will 
accumulate on the surface and these induced surface charges will set up an internal induced field, E "s 
which cancels the externally applied field E . As field is zero inside a conductor, the potential inside a 


conductor is constant. Hence, a conductor is an equipotential body. 
3.41 Properties of Conductors 


From the discussion, we summarise the following properties of conductors: 


1. The conductivity of a conductor in infinite. 
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. Electric field inside a conductor is zero. 

. The charge density inside a conductor is zero. 

. The charge can exist on the surface of the conductor, giving rise to surface charge density. 

. The electric field at any point on the surface of a conductor is entirely perpendicular to the 
surface. 

. The conductor including its surface is an equipotential region. 


Un d WN 


e 


3.4.2 Resistance of Conductor 


Definition The ratio of the potential difference between the two ends of a conductor to the current 
flowing through the conductor is known as resistance of the conductor. This is given as 









































-FP 
E I A 
Mathematical Equation We will consider a uniform conductor as shown in Fig. 3.6. Let 
A uniform cross section, 
L length of conductor, 
V applied voltage 
Electric field E = "s 
; I 
Current density J = PI 
By Ohm’s law, 
J=0E Fig. 3.6 Conductor subjected to voltage V 
Ls 
=> A =O 1 
Jet cl pr 
sd 1 cA A 
( p= » = resistivity of the conductor 
; pl 
Resistance, | R = A. (3.12) 
In general, resistance of a conductor with non-uniform cross section is given as 
E-dl E-di 
.v [£ :- (155 d (3.13) 
I [J.d$ \O/JE-ds 
Ce J=0Ē) 


Example 3.16 A 3,000 km long cable consists of seven copper wires, each of diameter 0.73 
mm, bundled together and surrounded by an insulating sheath. Calculate the resistance of the cable. 
Use 3 x 10 Q — cm for the resistivity of the copper. 


Solution The resistance R of a conductor is 
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where p is the resistivity, / is the length of the conductor and A is its cross-sectional area. 
Since the cable consists of N = 7 copper wires, the total cross-sectional area is 


nd? 7 7(0.073)* 











2 = 2 
A=Nar°=7 1 1 = 0.0293 cm 
Thus, the resistance is 
-6 8 
ga BL ORI) ORIDO So etg 





A 0.0293 


Example 3.17 A truncated cone of altitude h and radii a and b for the right and the left ends, 
respectively is made of a material of resistivity p. Assuming that the current is distributed uniformly 
throughout the cross section of the cone, what is the resistance between the two ends? 


Solution Consider a thin disk of radius r at a distance x from the left end. From Fig. 3.7(b), we have 
b-r b-a 


x h 
x 
=> r=(a—b)7 +6 








Since resistance R is related to resistivity p by R= £ , where / is the length of the conductor and A is 
the cross-section, the contribution to the resistance from the disk having a thickness dy is 


dR = Pi pdx 
zr mb 4) x/hP 





By integration, we get 





h 
pdx ph 
R=|dR= = 
m[b 4 ^-Px/hp mab 


m 





(b) 


Fig. 3.7 (a) Truncated cone, and ri TUM of resistance of truncated cone 


3.43 Joule’s Law 


Statement The rate of heat production by a steady current in any part of an electrical circuit is 
directly proportional to the resistance and to the square of the current (P = PR). We will derive the field 
equation for Joule's law. 





Magnetostatics 243 
Mathematical Equation 


Let 
E electric field intensity, 
P, volume charge density, 
U average velocity of moving charges. 


-. Force experienced by the charge in a volume dv is 
dF = p,dvE 


If the charges move a distance di in time df, such that dI = Üdt , then the work done by the electric 
field is 


dW = dF - dl = p,dvE -Udt = p,U - Edvdt = J - Edvdt 
-. Power (work done per unit time) supplied by the field is 


dW 5 z 
dp —-——-J-Ed 
Ip E? J y 


-. Power density (power per unit volume) is 








veJ 








(3.14) 


This is the differential form or point form of Joules law. 
Total power 


P= | pdv 2 |J - Edv 





P-JE.Jay (3.15) 











This is the integral form or point form of Joules law. 
For a linear conductor, J = c£ ; thus, the power density is 


p=o0E-E=o|EfP 


-. Total power dissipation P = [oE 2dv 


v 


For a conductor with uniform cross-section, dv = dSdl; so, total power dissipation is 


P = | EJdv = | Edl | JdS = VI 
S 


v ! 





P=VI 











(3.16) 





2 2 2 
or, p= [c£*av- of(7-] des o^; u-£&)r:-* 


(4 — uniform cross section, / — length) 


244 Electromagnetic Field Theory 




















y? 
= 3.17 
Boss (3.17) 
J Lo tpt 2 
or, P= | Eldv=|—Jdv=—J A= J' 4 =PR 
Per (3.18) 











This 1s another form of Joule's law which states that the rate of heat dissipation varies as the square of 
the current in a linear conductor. 

Equations (3.16), (3.17) and (3.18) are the different forms of Joule's law for conductors with uniform 
Cross sections. 


Example 3.18 — A parallel-palate capacitor with 10 square-cm plates and 0.4 cm plate separation 
contains a medium with permittivity £, = 2 and conductivity o= 4 x 10? S/m. The potential difference 
between the plates is 200V. Determine the electric field intensity, the volume current density, power 
density, the power dissipation, the current and the resistance of the medium. 


Solution Electric field intensity is 





Current density 
J =oE =-4x10°x 50x 10°4,=—2a, A/m? 


The current through the medium 


I2[J.d$ =2x (0.1)? 2 20 mA 
S 


Power density is 
p-J-E-(-2à,)-(-50x10?a,) 2 100 kW/m? 
Total power dissipation in the medium is 


P= Í pdv 2100x10 x (0.1)? x 0.4x107=4W 


Hence, the resistance is 
P 4 


P^ Q0x103y 





=10kQ 


3.44 Electromotive Force (EMF) and Kirchhoff's Voltage Law 


We know, electric field intensity around any closed path vanishes; 1.e., $E -dI — 0. 
l 


Also, in a conducting medium, the current is, J = $J .d$ = $cE -dS 


S S 
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From these two equations, it follows that a purely electrostatic field cannot cause a current to circulate 
in a closed path (loop). In addition, there must also exist a source of energy to maintain the steady 


current in a closed loop. 
The external source of energy may be non-electrical, such as 
— achemical reaction (battery), 

— amechanical drive (d.c. generator), 

As these devices convert non-electrical energy into electrical energy; we consider them to be non- 


— a light-activated source (solar cell), or 
— atemperature-sensitive device (thermocouple) 


É- ES E, 


conservative elements, setting up a non-conservative field E, 3 
In general, the total electric field in a closed loop is 


where — Ey is the static electric field due to charges 
E, is the field generated by other causes (emf-producing field) 
Total power associated with the closed loop is 
P= | (Ec + Ej): Jdv = $1(Ec + E): di 
v l 


(assuming that the steady current is uniformly distributed, such that Jdv= Id] ) 
P-óIE,. dl t f Ec: di = o) 
1 l 
(3.19) 














or, 
By defining the electromotive force (emf) in the closed loop as 
E=GE,-dl 
(3.20) 


l 


Thus, power delivered to the loop is equal to the product of the emf and the current. Now, by Ohm’s 


we get 
law 
J=oE 
VE T E 
—-—EZ(E-.—-E 
— Oo (Ec e) 
T A E 
—— — (Ee 4 E, 
> Ao (Ec e 
ee Ras 
i UTER oA 
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Taking line integral around a closed path, 


$E, dl + $E, dl - 1$ ai 
l $ l 








C= IR; (3.21) 








where, A; is the total resistance in the closed loop. 
In general, for a closed circuit containing many resistances and emf sources, 


LC-IER (3.22) 














This is the Kirchhoff s voltage law (KVL). 
Difference between Potential (V) and EMF (£) 


1. Potential field, i.e., electric field generated by static charges, is conservative; but emf-producing 
field is non-conservative. 


$ Ec. dl 20; but, $E,- dl #0=€ (emf) 
i i 


2. Electric field produced by charges is not able to maintain a steady current; but emf-producing 
field can maintain a steady current. 


3. Potential (V) is the negative of the line integral of the static field Es while emf (€) is the line 
integral of E, . Thus, between two points a and b, 


b b 
V= (V,—-V,)-- [Ec dl and — £,- JE, dl 


4. Here, V, is independent of the path of integration between a and b, but & ,, is dependent on the 
path. 


3.4.5 Kirchhoff's Current Law 


The flux lines in a static electric field region begin and end on an electric charge and hence are 
discontinuous. 

The tubes of steady current form closed circuit on themselves and are hence continuous. For this, 
steady current is said to be solenoidal, i.e., no sources or sinks are present. 

Thus, as much current must flow into a volume as leaves it. In general, the integral of the normal 


component of the current density J over a closed surface S must be zero. 

















V-J=0 =  |$J.d$-0 (3.23) 
E 
This relation for steady current applies to any volume. As /A > 
illustration for the conductors shown in Fig. 3.8, (G - b - I; 
th-14)-0 D 
A 320 (3.24) S 











This is the Kirchhoff s current law (KCL). Fig, 3:8. Currents ma closed surface 


Magnetostatics 247 





3.4.6 Equation of Continuity and Relaxation Time 
This equation is based on the law of conservation of charge which states that charges can neither be 
created nor be destroyed. 


We consider a conductor carrying a surface current density J, flowing perpendicular to the area d5, 
having volume charge density p,. 
Thus, the total current coming out of the closed surface is 


1-6J.d$ (3.25) 
S 


Now, charges cannot be created or destroyed. Since, the current is simply the motion of charge, the total 
current flowing out of some volume must be equal to the rate of decrease of charge within the volume. 





jy asa (3.26) 
S v 


Equation (3.26) is known as the integral form of the equation of continuity. 
From Eq. (3.26), we get 














, oF 
> $V- Jav= [28a 
" dp 
rc 2 
VJ 3r (3.27) 











This is the differential form or point form of equation of continuity for time varying fields. 
For steady current, p is constant, so that the equation of continuity for steady current becomes, 


V-J=0 (3.28) 


NOTE ——— _HY}S-Y}SH--,_NHYT SS 


Equation (3.28) shows that the net steady current through any closed surface is zero. This implies 
that for a steady current flowing through a conducting, the current density within the medium is 
solenoidal or continuous. 

If the closed surface shrinks to a point, we have from Eq. (3.28) XI = 0, which is the statement of 
Kirchhoff's current law, stated as the algebraic sum of the currents at a point (called node) is zero. 


Relaxation Time This is the time taken by a charge placed in the interior of a conductor to drop its 
value to 37% (e^! = 0.368 = 37%) of its initial value. 
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From Eq. (3.27) we have 


D\ ues = 0 
J E e” 








-2 - v. j=V-(o8)=09-E=09- 


(Here, we have used, Ohm’s law: J 2 6E; Gauss’ law: V- D- P, and the constitutive relation: 
D=eE ) 


9 
2Ps tg 
Py E 
Integrating 
Py 9p, to ; R : ! 
f —— =- f —dt ; where py is the initial charge density at time ¢ = 0. 


Po Py 0 





Py = poe CY - poe "^ (3.29) 











Equation (3.29) shows that whenever some charge is introduced at some interior point of a material, 
there is a decay of volume charge density p,. This decay is associated with the movement of charge 
from the interior point to the surface of the material. 

The time constant of the decay, 1s called the relaxation time or rearrangement time 


t= (3.30) 


NOTE 


(i) The relaxation time is inversely proportional to the conductivity of the medium. This means that 
the value of tis very small for good conductors and very large for a good dielectric. For example, 
for copper, o = 5.8 x 10’ mho/m, and e, = 1, so that the value of relaxation time for copper is 


E _ EE  8.854x10 ? x1 


DRE SUUS 21.53 x 107? second 
8x 





t= 


(ii) For good conductors, the relaxation time is so small that whenever any charge is placed inside 
the conductor, the charge will escape from the interior and will come to the conductor surface 
very quickly. 

(iii) For a good dielectric, the relaxation time is so large that any charge placed inside it will almost 
remain within it. 


Example 3.19 Determine the relaxation time for silver having conductivity of o = 6.17 x 107 
mho/m. If the charge density of 5 mC is placed inside a silver block, find the charge density in time f= 
T and f — 57. 

Solution Relaxation time for silver is 
| £ & 8854x102 


T=—= 5 x1.435 x 107? second 
o 6 6.17 x10 





The initial charge inside the silver block, py — 5 x 10? C 
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-(o/e)t__ n tit 


The charge decays as per the relation, p, = Poe = Poe 
At t= T, the charge is 


T 


P, = poe T =5x10° ew(-£) =5x 10%” x 0.368 21.84 mC 


At t= 57, the charge is 


P, = pe =5x10° ew(-5] = 5 x 107° x 0.368 = 0.034 mC 

*Example 3.20 Using V. D= p , Ohm’s law, and the equation of continuity, show that if at any 
instant a charge density p existed within a conductor, it would decrease to 1 times this value in a time 
£ second. Calculate this time for a copper conductor. 

Oo 


Solution See Section 3.4.6. 

















Bs poe C, = pue ot 
€ 4.1 
At irr = Po 


This shows that 1f at any instant a charge density p existed within a conductor, it would decrease to — 
e 


; : . £ 
times this value in a time A second. 


For copper, o — 5.8 x 10’ mho/m, and e, = 1, the value of this time is 


_ € £g, _ 8.854x10 "x1 


=1.53 x 107? second 
o o 5.8x107 


Example 3.21 Current density in a certain region is given by 
apo A/m? 
(r^ 1) 
(a) Find the total current crossing the surface z — 3, r « 6, in the a, direction. 
(b) Find 9?» . 
ot 
(c) Calculate the total current crossing the closed surface bounded by z = 0, z =3,r = 1 andr=6. 
(d) Is [V-Jdv2 $J- d5? 
v S 


Solution 
(a) Total current is given as 





2n 6 
f=(J-a8a.= Í| f A rdrdó =107 In 37 2113.44 A 
S $0729 r° FT) 
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(b) By continuity equation 





7. 9p, 
v.j=-P 
9p, ns [è 19J, aL 
a WERL INE TR SM 


(c) We find the currents at four surfaces: 
Atz-3,1«r«6,0«0«2 min a, direction 
2n 6 
i= In dSa,= Í | xt 
ġ=0r=1 (r? + 1) 





rdrdó =107 ln 18.5=91.66 A (outward) 


Atz-0,1«r«6,0« 0 «2z in a, direction 
Y: j 10 


o=0r=1 (r^ +1) 





L=|J-dsea)= rdrdġ =-107 In18.5=—91.66 A (inward) 
S 


Atr=6,0<z<3,0<¢<2rin a, direction 


5 


L= I» J - dSā, = T j ~rdodz =30n A (outward) 
g=0z=0" 
Atr-1,0«z«3,0« 0 « 2zin a, direction 
t= JJ. dS(-à,) =- ii j = dódz-—30z A (inward) 
o=02z=0 


Hence, total current crossing the closed surface is 


4 
T= /,=1,4+1,+1,+1,=0 
i=l 


(d- V-J=0 e [(V.J)dv20 
[V-Jdv2 $J. d$ 20 
v S 


3.47 Boundary Conditions for Conducting Medium 


We consider a conductor-conductor boundary, as shown in Fig. 3.9, between two media of conductivities, 
0; and o» and permittivities, €; and &;, respectively. We want to find out the boundary conditions that 
the current density will satisfy at the interface. 
We will consider a coin-shaped surface, over the volume occupied by the surface 

J(V- J)dv2 $J-d$ 20 

v S 


If the surface area of the coin is AS and thickness of the coin approaches zero, then 
(Jin AS — J2, AS) = 0 


Ja = Jy, (3.31) 
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i Jon 
normal i f 
l 2 Medium 2 AS 
' 02 £2 
boundary i Medium 2 
' 02 £2 
í , Medium 1 
! Medium 1 01 E1 
01 01 E1 
Jin 


Fig. 3.9 (a) Conductor to conductor boundary with change in direction of current, and (b) Conductor to 
conductor boundary 


Equation (3.31) implies that the normal component of the electric current density J is continuous 
across the boundary. 

Further, since the electric field is conservative throughout the region, the tangential component of E 
is continuous. 


Ey, = E, 
J J 

> ae (3.32) 
O 05 


(since by Ohm's law, J = o£) 
Equation (3.32) implies that the tangential component of the electric current density J is discontinuous 
across the boundary. The ratio of the tangential components of the current densities at the interface is 
equal to the ratio of the conductivities. 
From Eqs. (3.31) and (3.32), we have 
Ju _ Jn Ju Jo 00i 
OJin | 0545, Jin Jn 03 


Hence, from Fig. 3.9, we get 





tan, o, 
tanÓ, 0, 





(3.33) 











If the boundary carries a surface charge with density, p, (C/m?), then by the boundary condition of 
normal component of electric displacement, D,, we have 


(D5, ~ Din) = Ps 
= (£E, m €E,,) = Ps (3.34a) 


Also, from Eq. (3.31), we get 
Jin= Jan > OE = OE (3.34b) 


Combining Eqs. (3.34a) and (3.34b), we have 


01 901 £j & 
=| & —Ey,-&Ey,|-|£;—--& |£, =| —-— —- IE 
Ps (a2 In Ê m) (a2 |) In 9, 0; 1£1n 
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p,- (2 - ài di (3.35) 











Example 3.22 Medium 1 (z > 0) has a dielectric constant of 2 and conductivity of 40 uS/m. 
Medium 2 (z < 0) has a dielectric constant of 5 and conductivity of 50 nS/m. If J, has a magnitude 
of 2 A/m?, and 0, — 60? with the normal to the interface, find J, and 6,. Also, find the surface charge 
density at the interface. 


Solution Here, J,,, = 2 cos 60° = 1 A/m? and J,, = 2 sin 60° = 1.732 A/m? 
From boundary condition of Eq. (3.345) 


Jin = Jan = 1 A/m? 
From boundary condition of Eq. (3.32) 
Je % _ 40x10% 


7 8 750 mo m => J „= 800 x 1.732 = 1385.64 A/m? 
2t 2 x 








i= wae +J? = 4o» + (1385.64 «1385.64 A/m? 


j 
6, = tan! E3 = an^ (1385.64 83.64) = 89.96° 


1n 


Surface charge density 1s obtained from Eq. (3.35), as 


pag eS SS 2 | 8.854. x 107? = 0.88 mC/m? 
o c 50x10? 40x10 





3.4.8 Laplace Equation for Conducting Media 


For steady current, 


(by Ohm's law, J = GE) 


UU 
3 








VV =0 (3.36) 








Thus, the Laplace equation for electrostatic field is the same as that for steady current. This implies that 
the problems involving distributions of steady currents in conducting media can be handled in the same 
way as problems involving static field distributions in insulating media. 


*Example 3.23 
(a) A uniformly thick metal plate in the shape of a quarter circle, has a constant DC voltage applied at 
the surfaces (planes) V = 0 and V = V,. Compute the current density distribution in the plate. 
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(b) If the plate is ‘£?’ thick and the two radii are ‘r,’ and ‘r,’ (r, < r2), 
what will be the maximum current density if the total current through 
the plate is ‘P’? 


Solution This is depicted in Fig. 3.10. 
(a) Since there is no charge inside the conductor, we apply Laplace’s 
equation. By Laplace equation 


V?y =0 





In cylindrical coordinates 
Lo. f 0f 10V ov. 
ror\ or ro? oo 


Fig.3.10 Metal plate of quarter 
circle shape 





0 


Considering the symmetry and the fact that V cannot change with r as the plate is a conductor, we have 


1 oy 
uicti 
r* dd 
oy 
=> —=0 Cr #0 
29? 
Integrating twice 
V -khó-k, 
where k, and k, are the integration constants. 
Applying the boundary conditions: 
(1) At@=0,V=054,=0 
m 2V 
(2) Atg= 3^ V-yo2kh- px 
25 
dar 
So, the field intensity is 
19V - | 25 - 


E=-VW= 








a= a 
roo ^? zr ? 


Hence, the current density distribution in the plate 1s given as 














(b) If the thickness of the plate is ¢, then total current is 


X a, Vor 
l= $J-dS = | Jtdr = bor] $= ens 
s n y n n 





n 
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Thus, the current density distribution in this case is 





.2Wo 25. In M 


m m 
^ á 2tV, inf] rin( 2) d 
n n 


The current density will be maximum when r is minimum, i.e., r = ri. 


J 








Example 3.24 Two infinitely conducting parallel plates, 
each of cross-sectional area A, are separated by a distance d. 
The potential difference between the plates is V,. If the medium 








between the plates is homogeneous and has a finite conductivity Vo 

O, determine the resistance of the region between the plates. 

This is depicted in Fig. 3.11. E 

Solution We apply the Laplace equation for the region 

between the two infinitely conducting plates. PX 
Fig.3.11 Parallel plates separated 


Vy -0 by conducting medium 
Assuming that the potential distribution to be a function of z only, we get 
d?V 
dz? 





Integrating twice, we get 
V-kzck, 


where k, and k, are the constants of integration. 
Applying the boundary conditions: 
Atz=0,V=0>h,=0 


Vo 
Atz — d, V-yyok--—r 


d 
Thus, the potential distribution between the plates 1s 
V, 
v= ri Z 


The electric field intensity is given as 


E 


I 
< 
N 

I 
I 





The volume current density 1s 
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The current through the surface normal to the current density, J is 


=- A 
I-[J-d$- Ss 
S 
Thus, the resistance between the plates is 
V, d 
Rote 
I oA 


Example 3.25 Starting from the Maxwell's equation in differential form, obtain the Poisson’s 
equation for the general situation in which the permittivity of the medium is not constant and is a 
function of position. 


Solution From Maxwell’s equation, V. D = p 


Also, vy --F--2 
€ 


Taking divergence on both sides 





1 ES 
L E 
[p 1 
=- 2-ivyv.e] 
[E € 
saliga ! 
= zP VYV.€] 


This is the Poisson’s equation for a medium whose permittivity is a function of position. 


3.4.9 Principle of Duality 


Two physical systems or phenomena are called dual if they are described by the mathematical equations 
of the same form. 


There exists an analogy between D and J fields under static conditions. These two fields (D and J) 
are described by the equations of the same mathematical form. This is listed in Table 3.1. 
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Table 3.1 Duality between D and J 























SI. No. D -field J field 
1 V-D=0 V-J=0 
2 VxD=0 VxJ=0 
3 D=eE J=o0E 
4 D,17 D,» Ja 7 J4 
: Dy _ & EA 
Dy £ Ja © 
for dielectrics for conductors 

















Example 3.26 Establish the relation g = , where G and C are respectively the conductance 


and capacitance between the two electrodes; o and € are respectively the conductivity and permeability 


of the intervening medium. 
Or 
Deduce the relation G = C C- and show that the total electrical conductance between any configuration 


of conductors embedded in a conducting medium of o may be obtained by replacing permittivity € by 
o in the expression for the capacitance of the configuration where they are embedded in a dielectric of 
permittivity €. 


Solution By definition of capacitance 


(i) 


For the current flow, the conductance is 


(ii) 





Combining (7) and (ii), we get 





GC 


o € 
Thus, the conductance may be obtained at once by replacing € by o in the expression of the capacitance. 
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NOTE 


Insulation resistance of the configuration is, R = 1 


APER 
CC ce 
Example 3.27 Use the principle of duality to find out the insulation resistance of: 
(a) A parallel-plate capacitor of separation ‘d’ and area A; 
(b) A coaxial cable of inner radius ‘a’ and outer radius ‘b’ filled with material of conductivity o. 
(c) A spherical shell consisting of a pair of concentric spheres with inner sphere of radius ‘a’ surrounded 
by a medium of conductivity ‘©’ in contact with the inner surface of the outer sphere of radius ‘b’. 


Solution 


(a) Here, the field intensity is, E — 


Q|~N 


Total charge, Q = DA=eEA= eA 


’ aei Cae -E4 
-. Capacitance is, Cee d 


c c4 


By principle of duality, the conductance is given by, G = ie d 


where, o is the conductivity of the medium in mho/m. 
-. Insulation resistance is given as 





-1 -4d 
G oA 











(b) For coaxial cable, the field intensity at any radius r (a < r < b) is obtained by Gauss’ law as follows. 


2nlE = 2L > E- À 
€ 2z£r 








b b 
So, the potential is given as V — | Edr - x f i - x i 2) 


So, the capacitance per unit length is C = 2 NEL 





2m0 





By principle of duality, the conductance is given by G = C2. = 
£ 


«(7 
le 
-. Insulation resistance is given as 





(c) For spherical shell, the field intensity at any radius r (a <r < b) is obtained by Gauss’ law as follows. 


Q Q 


4r E=% => E= 5 
€ Aner 
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b b 
be 
So, the potential is given as V = | Edr E Q f 4 E Q | 3 


Ane > Ame\ ab 
So, the capacitance is C — e - Ameab 
V b-a) 
By principle of duality, the conductance is given by G = C - - oo 


-. Insulation resistance is given as 











NE E b-a 1 1 
— G 4roab A4no|l/a-l/b 








3.5 BEHAVIOUR OF DIELECTRIC MATERIALS IN 


ELECTRIC FIELD 


A dielectric or an insulator is a non-conducting material. In case of dielectrics, the valence band is 
completely filled and the energy gap between the conduction and valence band is very large so that free 
electrons are not normally available, except under the application of extremely high energy. 


3.5.1 Properties of Dielectrics 


The various properties of dielectric materials are as follows. 


1. The dielectrics do not have any free charges, but all charges are bound and associated with the 


nearest atoms. 


2. When an external electric field is applied, there is some displacement of the bound charges, thus 
creating small electric dipoles within the dielectric. This phenomenon is known as polarisation. 
3. The electric field inside and outside a dielectric gets modified due to the presence of dipoles. 


4. Dielectrics can store energy. 


3.5.2 Dielectric Polarisation 


The dielectric polarisation may be defined as a dynamical response of a system to an externally applied 


electric field. This is shown in Fig. 3.12. 











5 
E 
A 
E > 
E=0 E 


(a) 


Fig. 3.12 Polarisation of non-polar dielectric 


(b) 
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Macroscopic Polarisation To understand the macroscopic effect of an electric field on a 
dielectric, we consider an atom of the dielectric consisting of: 
— anegative charge — Q (electron cloud), and 
— a positive charge +O (nucleus) 
When an electric field E is applied: 
— Positive charge is displaced from its equilibrium position in the direction of E by the force, 
F,-QE. 
— Negative charge is displaced to the opposite direction, by the force F - — QE. 
Thus, an electric dipole is created and the dielectric is said to be polarised. 
Dipole moment is p= Od 
By superposition, the distorted charge distribution is equivalent to original distribution plus dipole. 
In this way, on the presence of an electric field, all dipoles within a dielectric are aligned with the 
direction of the field. 
The induced dipole field opposes the applied field. Thus, the entire dielectric is polarised. 
If there are N dipoles in a volume Av, the total dipole moment is 


Qd, t Qd, Teck Qydy = Od; 
i E (applied) 


Microscopic Polarisation The type of polarisation on a 
microscopic scale is determined by the material. Dipoles, which are 


responsible for the polarisation, are of two types, as shown in Fig. 3.13: Q Q Q 


Induced dipoles: those materials which exhibit polarisation only in the 


presence of an external field. Q Q Q 
Permanent dipoles: those materials (ferroelectric) which exhibit 











permanent polarisation. = 
The connection between the macroscopic and microscopic polarisation is Vol element 
given through polarisation vector P as defined below. Fig. 3.13 Polarisation of 


polar dielectric 


Polarisation Vector (P) It is the dipole moment per unit volume of the dielectric, 








Avoo\ Av oaz 





Classification of Dielectric on the basis of Polarisation Based upon the effects of 
polarisation, dielectric materials are of two types: 


Non-polar dielectric materials: These are the dielectric materials which have no free charges; all 
electrons are bound and associated with the nearest atoms. Hence, these materials do not have any 
dipole moment in the absence of any external electric field. An external electric field causes a small 
separation of the centres of the electron cloud and the positive ion core so that each infinitesimal 
element of volume behaves as an electric dipole. Example of such materials includes hydrogen, oxygen, 
nitrogen and other rare gases. 
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Polar dielectric materials: These are the dielectric materials in which the molecules or atoms possess 
a permanent dipole moment which is ordinarily randomly oriented, but which becomes more or less 
oriented by the application of an external electric field. 


3.5.3 Calculation of Electric Field 
at an Exterior Point due to 





. . . —*P 
Polarised Dielectric de 
We consider a block of dielectric with polarisation P 
(dipole moment per unit volume). This is shown in 4 
Fig. 3.14. 
We want to calculate the potential and field at an dv ^ P 
exterior point P. Fig.3.14 Block of dielectric with polarisation 
By the relation of potential for a dipole (P) 
1 P E , 
dV =—_—_——dt 3.38 
ANE, r2 ( ) 


for an elemental volume d7’ at (x’, y^, z^) at the field point (x, y, z). 











1 Pa, 
= r d = 
gue aa 
hT T T à, (1 
where r 2 (x x )i (y - y)j t (z-z)k $ &-v(i 
From Eq. (3.39) 
1 D , 1 , 
y- P.V'| = ld 
ax T^v (ba - 


By the vector identity for a scalar S and a vector y 


V-(SV)=S(V-V)4+V-VS 
Putting s-(4), V =P, we get 


v(£)-1e. 5.» v(t) = Ps(D-v(£)- 1e.» 


From Eq. (3.40), we get 





1 j P.d$ 1 
ANE, r ANE, 





JE’ Dar (3.41) 


v 


(by divergence theorem) 
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Both of the terms in Eq. (3.41) have the form of potentials produced by the charge distribution; 1.e., 


e asurface charge density, 0, — P. n 


e avolume charge density, p, = -V'(P) 
Thus, 








NE [2 eee] (3.42) 
ATE, ^r MESS 











Hence, the electric field is given as 


Payri [poo + [Pott | (3.43) 
S 











due to the dielectric only. 
To have the macroscopic field, we add the effects of the external charge distributions that are 
responsible for polarisation, so that 








TE [pee pete 


ATE s r Y 











and 





E=-VV= 








" 
ANE, $ r? B r? 


1 l (o; *0,)dS - E d 








where o; and p; are the free charge densities. 


NOTE 


Bound charges are those which cannot move within a dielectric; they are created due to displacement 
of charges during polarisation. Free charges are those which can move over macroscopic distance, 
such as electrons in a conductor. 


e The Bound Charge Densities, o; and p}: 


The displacement of charges within the dielectric results in 
net volume and surface charge densities. This is explained 
below and also shown in Fig. 3.15. 


Bound surface charge density 0,: We consider a small 
volume inside the dielectric, where the electric field E is the 
resultant of an external field and the field due to the dipoles. 
The positive and negative charges are separated by an average — Fig.3.15 Illustration of bound charge 
distance / due to the influence of E . Consider the element of densities 

surface dS and the charge which has crossed it. If we fix the origin in the negative charges we need 
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consider only the movement of the positive charges. Then, the amount of charge dO crossing dS is just 
the amount of positive charge within the volume dt = 1 -dS 


dQ-NOI.d$ QOl=p NOl=P 
dQ- P-.dS$ (3.44) 


If dS is on the surface of the material, this charge accumulates there in a layer of thickness [fü (which 
is small, of molecular dimensions) and the charge can be treated as a surface layer with density 


dO 5. 
duct 





0,- (3.45) 











Bound volume charge density p,: The net charge flowing out of a volume 7 across the elementary 
area dS of its surface is P ..d5 as found above in Eq. (3.44). Thus, the total charge flowing out of the 
surface bounding 7, is the integral of this over the surface, i.e., 


Q-[P.d$ 
S 


and net charge remaining within is —Q. 
If the density of this remaining charge is p,, then 


Jp,dt=-O=-[P-dS=-|(V-P)dt 
v S v 





p,7-V.P (3.46) 











i.e., the bound charge density is numerically equal to minus the divergence of the polarisation vector. 
An important consequence of this is that if the polarisation is uniform within a region and its divergence 
is zero, then so is the bound volume charge density p,. 

Equations (3.45) and (3.46) show that where polarisation occurs, an equivalent volume charge 
density is formed throughout the dielectric while an equivalent surface charge density is formed over 
the surface of the dielectric. 


Example 3.28 A dielectric cube of side L and centre at the origin has a polarisation vector given 


as, P=xi + yj zk . Find the volume and surface bound charge densities and show explicitly that the 
total bound charge vanishes in this case. 


Solution The bound surface charge density is, 0; = Pn. For each of the six sides of the cube, 
there exists a surface charge density. For the side located at x = L/2, the surface charge density is 


i = x Bye 
x=L/2 x=L/2 2 


On = 





The total bound surface charge is 


L/2 L/2 6L 
a 6| J ode-—vr 
-L/2-L/2 


=3P 
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The bound volume charge density is 
p,=-V- P=-(1+1+1)=-3 
-. The total bound volume charge is 


Q,, = | odv= -3| dv = -3P 








Hence, the total bound charge in the cube is 
Q-Q,* On 23P -3D-0 


Thus, we see that the total bound charge vanishes in this case. 


3.5.4 Electric Displacement, Susceptibility, Permittivity, Dielectric 
Constant and Dielectric Strength 


Electric Displacement (D) By Gauss’ law in free space we know 


vogue 
Eo 


where p, is the total volume charge density = free volume charge density + bound volume charge 
density = py+ py. 





V-E= 
Eo Eo £o 
= V (e £- 2 
Eo Eo 
=> V-(&E+P)=p; 


V-D=p, (3.47) 


where D is a new vector field which has the same dimension as P and is known as electric 
displacement, given as 











D-&E-«P (3.48) 








Equation (3.47) is the modified Gauss’ law, which includes the effect of polarisation charges. In integral 
form it becomes 


JD- dS = [ pydv (3.49) 
S v 
NOTE 
(i) Equation (3.47) and (3.49) do not contain the permittivity € and is thus independent of the 
medium. 


(ii) Both divD and fo - dS are unaffected by bound charges. 
S 





| 264 Electromagnetic Field Theory 


(iii) Lines of D begin and end only on free charges. 
(iv) Lines of E begin and end on either free or bound charges. 


(v) In writing down expressions for the divergence of E and P we have implicitly assumed their 
existence. It should be noted that the space derivatives do not exist at a point charge or at the 
interface between two media. In such cases, the integral form of Gauss’ law must be used. 


Electric Susceptibility (*.) ^ The strength of polarisation P is directly proportional to the applied 
field E . 


Pœ E > P = constant x E = &yx,E 


where the constant of proportionality is usually written as &yy, and y, is known as the electric 
susceptibility of the material. 


Electric Susceptibility (y): The electric susceptibility y, of a dielectric material is a measure of 
how easily it is polarised in response to an electric field. 


It is roughly a measure of how susceptible (or sensitive) a dielectric is to an electric field. 


Electric Permittivity (c) and Dielectric Constant (€,)  Permittivity is a quantity that 
describes how an electric field affects and/or is affected by an insulating medium. 

The dielectric constant or relative permittivity 1s the ratio of the permittivity of a material to the 
permittivity of free space. It is a measure of the extent to which it concentrates electric flux lines. It is 
the ratio of permittivity of the dielectric to that of the free space. 

From Eq. (3.48), substituting the value of polarisation in terms of applied field, we get 


D= EE + Eg HE = Eq (lt Ae) Ë = Ee E 

















D-£gE 

where E= EE, 
and E€ =+ Xe) 
Here, € is the permittivity of the dielectric 

& is the permittivity of free space = ——! __ = 8,854 x 10-1? F/m, and 

367 x 10° 
E © is the relative permittivity or dielectric constant of the medium. 
£o 


Dielectric Strength The maximum electric field that a dielectric material can withstand without 
breakdown is known as dielectric strength of the material. 

If the applied field exceeds this value, the dielectric material starts conducting. This phenomenon 
of conduction in a dielectric material is termed as dielectric breakdown. The phenomenon depends on 
several factors like the nature of the materials, magnitude and time of application of the applied field, 
temperature, humidity, etc. 
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Example 3.29 Find the polarisation in a dielectric material with relative permittivity of 2.8 if 
the electric flux density is given as, D -3x10^ C/m?. 


Solution The polarisation is given as 


= = D 
P- NeEoE = (€, x DEE = (€, A Dé EET i e, = (1 * Xi 


3} 

E, 

=(1- gig) x10 
2.8 

=1.93x1077 C/m 


Example 3.30 Ina dielectric material, E, ^ 5 V/m and P= ari - j +4k)nC/m? . Calculate: 
(a) Xo (b) E and () D 


Solution Here, E, - 5 V/m and P= ei - j + 4k) nC/m? 


(a) The polarisation is given as 




















P= %&Ë 
Xe= 2 
"dep 
Considering only the x component 
-OP o2 03 x10 l1 ts 
X. gE Ton x107 x TE = EET - 2.16 
36m 
54 10°_ 3 u$ 
(b) The term 2,97 55 X 367 = 507 10 
Hence, the electric field 1s 
T P 1 A e T —9 1 | a 54 20 | 
E= ae = 
15, ior C! j * 4k)x10 7x 3 E 5i 34 t4 
507 
E =(5i 1.67 j 4 6.67k) V/m 
(c) The electric flux density is given as 
D=e,8+ P219 (si 16156615) +G -7+4 
9 367 107 


= (139.77 — 46.67 + 186.3k) pC/m? 


3.5.5 Linear, Homogeneous, Isotropic Dielectrics 


A dielectric material is said to be linear if D varies linearly with Æ and non-linear otherwise. 
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A dielectric material is said to be homogeneous if the permittivity (€) or conductivity (0) does not 
vary with space in a region and is thus, the same at all points in the region. The materials for which £ or 
o is dependent on the space coordinates, is said to be inhomogeneous. The atmosphere is an example 
of an inhomogeneous medium. 

A dielectric material is said to be isotropic if the electrical properties of the medium are independent 
of the direction, 1.e., D and E are in the same direction. A material is anisotropic if D E E and P are 
not parallel. For an anisotropic medium, £ or y, has nine components, collectively referred to as tensor: 


For an anisotropic medium, the relation between D and E is as given below. 


D. £y £y £y E. 
D, |=| Ex £y €; |LE, (3.50) 
D, Exx Ezy Ez E, 


3.6 BEHAVIOUR OF SEMICONDUCTOR MATERIALS IN 
ELECTRIC FIELD 


If an isolated semiconductor is placed in an external electric field, the motion of free electrons will 
produce some electric field that will cancel the external applied field. Hence, under steady state 
equilibrium, the net electric field within an isolated semiconductor is zero. 

Thus, from the electric point of view, the behaviour of a semiconductor is same as that of a conductor, 
as discussed in Section 3.4. 


Magnetostatic Field 


3.7 INTRODUCTION 


In Chapter 2, we came to know that electric fields are created by the presence of static charges. 
However, if the charges move with a constant velocity, a static magnetic field (or magnetostatic) field 
is produced. In fact, a magnetostatic field is produced by a steady current which may be due to different 
sources, such as conduction currents as in a current carrying conductor, or magnetisation current as in 
permanent magnets. 

In this part of the chapter, we have discussed the basic laws related with magnetostatics both in free 
space and in material space. We have also discussed the concepts of inductances and magnetic energy 
in this part of the chapter. 


3.8 BIOT-SAVART LAW 


Statement This law states that the magnetic field intensity dH produced at a point P due to a 
differential current element /dl is: 
(i) directly proportional to the product of current / and differential length dl. 
(ii) directly proportional to the sine of the angle between the element and the line joining P to the 
element, and 
(iii) inversely proportional to the square of the distance r. 
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Explanation We consider an elemental current carrying conductor. 
Fig. 3.16 demmonstrates this. 





Let, 

dl elemental length of a current carrying conductor, 

1 steady current carried by the conductor, i 

r distance of the field point (P) from the elemental length, I (inward) 


dH magnetic field produced by the elemental length at the field 
point (P). Fig. 3.16 Magnetic field due 


It is experimentally found that 10 a SCAAY Gurren 


dH ald! ditasin@ and dito + 
r 
Combining 
dH a Tdl a 0 
r 
dH =k Tdl A 0 
r 
. ldl sin 8 (3.51) 
Anr? 


where, kis the constant of proportionality. In SI unit, k = qz . Now, the product /d/ sin 0 in vector form 
can be written as, ldl x a, , so that Eq. (3.51) becomes 





dH = Idl xa, b Idl Ex (3.52) 














where, r=|r| and F = ra, . Hence, the total field produced by the conductor can be written as 








xà, ,ldlxr 
= 


zc 4 Idi 
H= 3.53 
J 4n ( ) 








r? 1 Azr? 





Equation (3.53) is the mathematical form of the Biot-Savart law. The direction of the field intensity 
is found by the right-hand cork-screw rule or right-hand thumb rule as illustrated in Fig. 3.17 (a) and 
Fig. 3.17 (b). As per right-hand cork-screw rule, we imagine a right-handed corkscrew being rotated 
along the wire in the direction of the current. The direction of rotation of the thumb gives the direction 
of the magnetic field. As per right-hand thumb rule, we imagine that we are holding the conductor in 
our right hand with the fingers curled around it. If the thumb points in the direction of the current, then 
the curled fingers show the direction of the magnetic field. 
Similar to the different charge densities discussed in Chapter 2, we can have three types of current 

density distribution given as: 

(i) line current density, J, given in Ampere, 

(ii) surface current density, K, given in Ampere/metre (A/m), and 
(iii) volume current density, J , given in Ampere/square metre (A/m?) 
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oen 


po 75 Direction of Magnetic field 


(a) 






Current -«—— 


Magnetic field 
(b) 


Fig.3.17 (a) Right-hand cork-screw rule (b) Right hand thumb rule 


These current densities are related to each other as 


Idi = KdS 


= Jdv (3.54) 


In terms of these current densities, the Biot-Savart law can be written as 











(3.55) 








*Example 3.31 An infinitely long wire of 
negligible cross-section is carrying a current 7, as 
shown in Fig. 3.18. Find the magnetic induction due 
to this current at a point, which is ‘r’ m away from 
the wire. 

Or 
(a) Derive an expression for the magnetic field due 
to a current in a straight wire of finite length. 
(b) Find the magnetic field due to an infinitely long 
straight conductor carrying a steady current. 


Solution We consider a differential element d/ 
carrying current J in the z-direction. The location of 
this source is represented by dz’a, . 

The field point is located at some point P(r, 0), 
given by the position vector, rā, . 





Fig.3.18 A thin straight wire carrying a current I 


The relative position vector which points from the source point to the field point is 


= PES 
R-ra,-za, 


The product dl x R = (dz'a,) x (rà, — z/à,) = rdz/à, 


|R|- NI r4 z”? 


Applying the Biot-Savart law, the magnetic field intensity due to this element is 


dif =~ = 


Irdz' - 


-———— d 
4n) — An(ez2y? * 
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Hence, the total magnetic field intensity due to the entire wire is 





Heic Ia eid 
y An(r? + gry 


% _ fF, ?0d0 
DUE Ld — (Put 2’ =rcot 8, ds =-r cosec'840) 


o, An r?cosec?8 


Oy 


5 I : 5 I > I » 
H= E sin0d0a, = zs C% 0 — COS Oy )dy = Jr on OL, — COS OL, )ay 
1 





SANE! - 
Hz ag, CS Qt, — COS 0 às 











We shall consider the following cases: 
1. In the symmetric case where œ = (zt — œ), the field point P is located along the perpendicular 


bisector. If the length of the wire is 2L, then cos œ, = —cos o = ue and the magnetic 
field is given as [+r 


I E A 
2ar [334,2 4% 


2. For a semi-infinite wire, œ = 90°, œ = 0? and the magnetic field is given as 


= T. bees 
H =—— 
Anr ^ 





H- 


3. For an infinite wire, o = 180°, œ = 0? and H I. 
the magnetic field is given as = 


5. I p^ 
Amr 9 enn 


In . fact, in this case, the system POSSESSES Fig. 3.19 Magnetic field lines due to an infinite 
cylindrical symmetry, and the magnetic field lines wire carrying current I 


are circular, as shown in Fig. 3.19. The direction of 
the magnetic field due to a long straight wire can 
be determined by the right-hand rule. 


*Example 3.32 A circular loop of radius r in the 
xy plane carries a steady current J, as shown in Fig. 3.20. 
What is the magnetic field at a point P on the axis of the 
loop, at a distance z from the centre? 





Solution We consider a differential length on the wire, 
with the position vector, dl =r dóa,. 





The field point P is on the axis of the loop at a distance z Fig.3.20 Magnetic field due to a circular 
from the centre; its position vector is given by za, . loop carrying a steady current 
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The relative position vector which points from the source point to the field point is 


R--ra,«* za, 


IR =f r?+ 27 
The product 

a a à 
d xR-|0 rdó O|-rzdóa, * r^dóà, 


-r 0 Z 


Applying the Biot-Savart law, the magnetic field intensity due to this element 1s 
52 Idi xR_ I 
4nR? 4ni? +z 





(rzdġa,„ + r^dóà,) 


By symmetry, the contribution along the 4, add up to zero because the radial components produced by 
pairs of current elements 180° apart cancel each other. 

















H,=0 
a Í 2 n y^ AS 2(r? m a: 
Example 3.33 A square loop of side 2a lies in the z = YA 
a 


0 plane and carries a current 7 in the anti-clockwise direction. 
Show that at the centre of the loop 


-Vla 
Ta 


a, 





Solution Choosing a Cartesian coordinate system as shown 
in Fig. 3.21, by symmetry, each half-side contributes the same 




















amount to H at the centre. -a dx 

For half-side, 0 € x € a, and y = —a, by the Biot-Savart law, we 

get Fig.3.21 Square loop carrying 

PUN E F E current 
Pom Idl xR _ (Idxa,) x [-xa, + aa, ] 
Ax RP An[x? + a? P? 
_ ladxa, 
An[x? + a? P? 


So, the total field at the origin due to all the four sides is 
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m x 5 ladxa 
H 8x | dH 8| —— 
J J An[x? +a? p 





_2 j dx à 
c a [x + a p? z 


2 A meo g x=atanð; ..dx—a sec? 0d0 











= a x 0 a 
1 eee) 23 “2 
o (a^ tan’ 0 - a^) 0 0 m/4 
7 
4 
- 2L cos 0 d04, 
Ta 4 
= 2! Gin ya, = 2L Lg N25 
Ta za 42 Ta 
5 _ V21- 
H= Z 
md 7 i A 
dH, 


Example 3.34 Derive an expression for the magnetising force 
at any point on the axis of a single-turn coil carrying a steady current 
Sos 
(a) When the coil is in the form of a circle of radius ‘r’, 

(b) When the coil is in the form of a rectangle of sides a and b, 
(c) When it is square with sides of length ‘2a’. 








Solution This is shown in Fig. 3.22. ; 





(a) By the Biot-Savart Law, x 
> Fig. 3.22 Circular current 
dH = Idl x R carrying loop 
Ax R? 
dl =rdoag; 


R= (0,0,h) — (x, y,0) 2 — xa, — ya,ha, — —ra, + ha, 


a, a a, 


d xR-|0 rdé 0)=(rhdda,+r°do4,) 


-=r 0 h 
di e (hdéa, X15 dea,) 
4n(r? € hey? 
= dH,a,+dH,a, 


By symmetry, the contributions along a, add up to zero because the radial components produced by 
pairs of current elements 180° apart cancel out. 


H,-0 


r 
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Hence, the magnetic field is given as 

















E 2n 2 2 
Ä = |dH,â,= f : do 354.7 ara. 
3 Amr? 4 h°] 2[r^ + h^] 
ES Ir? > 
NOTE 
At the centre (h = 0), the field is, H = =, 


(b) Let P be a point at a height h above the plane of the loop. 
The magnetic field due to the side AB is given as 


AB yp = E (cos 0t — COS (t5) 
ape E - 
m [cos 0 — cos(z — 0)] 


ou 
- 45; 2 8 0 


AB 4p = HL oos 0 


Similarly, the magnetic field due to the side CD is given as 


I 
dBcp = +—c0s 0 


Since the flow of current in the two elements is in opposite direction, their cosine components will 
cancel each other and thus, only the axial components will add together. 
Hence, the resultant field due to sides AB and CD is given as 


E I I 
dB, = (dB 45 + dBcp) = 25; 0° 0 sin & +E cos 0 sin a = E oos 0 sin & 


b? 
[m 


pre 


From Fig. 3.23, it is seen that r = | h? + 





cos 0 — 








eee 


Putting these values, we get 
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Fig. 3.23 Rectangular current carrying loop 

















I 5 I 
dB, = cos 0 sin a = Ë a 2 
mr zr ie b2 a af b 
2 aay sas +7 
lab 
2 b 2 b a? l 2 b 
snie ME. bn 
i lab 
yb pua pa 
ZU + | he + qa 


Similarly, the magnetic field due to the other two sides BC and DA 1s given as 








dis Ulab 

( 2 a? 2 b? a 

4n h^c "d: h^-c ador 

Hence, total magnetic field due to the rectangular loop is given as 
Iab Tab 
B = (dB, + dB,) = Han 4 a 
4r pe pee 47 ga 2. poems 
4 4 4 4 4 4 
Llab 1 1 


= + 


| 2 2 E b? 
2b a 2,4 2 
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lab 1 1 (-a, a) —< YA (a, a) 


2, 4 pee. pË | 
4n,|h tyty 4 4 


(c) Along the axis of the coil there will be only a z-component { > 
of magnetic field by symmetry. This is given in Fig. 3.24. In x 
order to obtain the total field it is necessary to calculate only Y 
the z-component of the field generated by one side of the coil 
and then multiply by four. Consider the right-hand side. 


Let di-dyà, ^ at(a,y) 





B= 








I 








(-a, -a) »— (a, —a) 








7 Fig. 3.24 Square current carrying loop 
The position of the element of length, dl , is specified by the 
vector r where, 7 =aa, + ya,. 


The position of the point of observation along the z-axis is specified by the vector R = Za, . 


d, â, a, 
dl x(R-r)=|0 dy 0|=zdya, + adya, 
-a -y z 
E 


By the Biot-Savart law, 
ee Idl e; = > d : 
4xR 4r(a +y +z 





ya (zdya, + adya,) = dH ,a, * dH a, 


Since all the x components will add to zero, we have 


dit, I X R _ da dy 3 
An RÓ 4n (a? T y? + ey 





17 


By integration 
la i dy med 2a? 
4n (aty? +N 7 An (a? +b?) 2a? + 2” 


As the coil has four sides, this must be multiplied by 4 to get the total magnetic field. 


H,=|dH = 











er ee ee 2a* a 2a^1 a 
1 Zz 2 
An (a? + z42a? + 2? Ra’ +z?) 2a + 27 
2a?I 


H= 








a, 
R(a* + z)2a + 27 


Alternative Method: From the result of part (b), if a = b = 2a, then the result becomes 
12a2a 1 1 2a°I 


—————— | L) M M 
nie + Qa? + QaY | 724 Qay h+ Qa? | x(a? + 2?) 2a? + 2? 
4 4 4 4 





Hz 
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NOTE 
At the centre (z = 0), H- 2 0.9003.77- à, as obtained in Example 3.33. This result can be 


compared with H- 4, for a circular coil as obtained in Example 3.34(a). 


*Example 3.35 A circular loop located on x? + y? = 9, z = 0 carries a direct current of 10 A along 
a, . Determine H at: 
(i) (0, 0, 4) and (ii) (0, 0, —4) 


Solution From Example 3.32, substituting the values 
(i) [= 10A,r=3, h - 4, 














= 10x32 . » 
H(0,0,4) = a, = 0.36a, 
( ) 2[2 + 42 P? 
(ii) Z= 10A, r 2 3, h — —4, 
2 
Büedjc sea: 


2[2? + (- 4)? ps a, 


3.9 MAGNETIC FIELD INTENSITY (Ë) 


The magnetic field at a given point is specified by both a direction and a magnitude and is described 
by magnetic field intensity, H. 

The magnetic field intensity, H , at any point is defined as the force experienced by a north pole of 
one Weber placed at that point. In other words, it is defined as the magnetomotive force per unit length 
produced by the steady current in a magnetic circuit. 

Its unit is Newton per Weber (N/Wb) or Ampere per metre (A/m) or Ampere-turn per metre (AT/m). 


3.10 MAGNETIC FLUX (0) AND FLUX DENSITY (B) 


Magnetic flux is defined as the group of magnetic field lines emitted outward from the north pole of a 
magnet. It is measured in Weber and is denoted as @. 


Magnetic flux density (B ) is the amount of magnetic flux per unit area of a section, perpendicular to 
the direction of magnetic flux; i.e., 


B = 


Magnetic flux density ( B ), also known as the magnetic induction, is a vector quantity. The unit of 
magnetic flux density is Weber per square metre or Tesla (7). 

In general, for any arbitrarily shaped surface placed in a magnetic field with flux density vector B, 
the total flux coming out of the surface is given as 


g=[B-dS =| B. a,dS (3.57) 
S S 
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where, a, is the unit vector normal to the surface. 
The magnetic field intensity is related to the magnetic flux density as 


B-uH (3.58) 
where, u is a constant, called permeability of the medium. It is given as 
U= Holt, (3.59) 


where, {4h is the permeability of free space, known as absolute permeability, = 42 x 107 H/m 
L is the relative permeability. 


NOTE 


Weber is the unit of magnetic flux. 
Tesla is the unit of magnetic flux density. 
The Maxwell, abbreviated as Mx, is the compound derived CGS unit of magnetic flux. 


1 Weber = 10° Maxwells = 10° magnetic field lines 


3.11 GAUSS’ LAW OF MAGNETOSTATIC 
INTERPRETATION OF DIVERGENCE OF MAGNETIC 
FIELD — MAXWELL'S EQUATIONS 


The magnetic flux through any surface is the surface integral of the normal component of B i.e., 





$-|B.d$ (3.60) 
S 











As it is not possible to have an isolated magnetic pole, magnetic flux lines always close upon themselves. 
Thus, the total magnetic flux through a closed surface must be zero. 


fB- dS =0 (3.61) 
S 


This equation is known as the law of conservation of magnetic flux or the integral form of Gauss’ law 
of magnetostatic fields. 
Applying divergence theorem, we get 


fB-dS=4V-Bdv=0 
S v 


This is known as the differential form of Gauss’ law of magnetostatic fields which shows that 
magnetostatic fields have no sources or sinks and the magnetic field lines are continuous. 


Example 3.36 The flux density at a point distance ‘r’ from a long filamentary conductor is 
given by 
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zc Hol ~ 
B= 
2nr % 


Find the flux crossing the portion of the conductor in the plane ¢ = 4 defined by 0.01 < r < 0.05 m 
and 0 <z « 2 m for a current of 2 A. 
Solution The magnetic flux through any surface is given as 


I 0.05 I 
jaa LT (ira onm reo T ro (s 


z=0r=0.01 r=0.01 





= Hel 5— 0.512319 Wb 


Example 3.37 
5 239x106 a T 
(a) A radial field, H — —, 008 o a, A/m, exists in free space. Find the magnetic flux @ crossing 
the surface defined by -7/4 € 6 € n/4, 0 &z € 1 m. 
(b) Compute the total magnetic flux ¢ crossing the z = 0 plane in cylindrical coordinates for r € 5 x 10? 
mif, B= 02 sin? $a, (T). 
Solution 
5 239x106 E 
(a) H XI cos $ a, 
Magnetic flux crossing the given surface 1s given as 
1 1/4 6 
SP og Se x 2.39 x1 
-[B.d$- [uH -d$ - | f ey 
0-7/4 





Hp cos @ 3 : (rdodza,.) 


4 6 
ado b amid dos T 


3 cos odd dz 


mi 
=7/4 
EJ 
—1/4 

= 3[sin 0]*/4, = 34/2 = 4.24 Wb 
(b) B= sin’ oa, 


Magnetic flux crossing the given surface 1s given as 


5x10 2n 


= )B-dS= J i sin ^ ed, J-trdrdei) 


5x102 
i E — cos es 


=0.2 J d ódrdó = 2x i0? f sin? dei [Ice dó 





=107 E E =10™ [1 - 0] 2 3.14 x 10? Wb 
0 
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3.12 AMPERE’S CIRCUITAL LAW —INTERPRETATION OF 
CURL OF MAGNETIC FIELD 


Statement This law states that the line integral of the magnetic field intensity (A ) around any 
closed path is equal to the direct current enclosed by the path. 


d di = Tas (3.63) 














Proof We consider an infinite straight conductor carrying g 
a steady current / along the z-direction as shown in Fig. 3.25. fi 
We consider a closed circular path of radius r enclosing the 
conductor. 
By the Biot-Savart law, the magnetic field intensity at any 
point on the circle is cs 
"CEN of EN 
H = — ds i1 
2zr “6 
Now, the elemental length of the circle is, dl = rdó ag h 








oce ua? rx ZR TUAE a Fig.3.25  Amperian loop 
H -dl = (5 a, (rdóa,) = on do 


5 7r l1 EN a 
eum p zg neg 





fH-dl =1 
l 


This proves the Ampere’s circuital law. 
From Eq. (3.61), applying Stoke’s theorem, we get 


$(V x H)-dS =1=4/-dS 
S s 
Comparing the integrands, we get 
VxH=J (3.64) 


This is the differential or point form of Ampere 5 circuital law. 


NOTE 


The closed path on which Ampere’s law is applied is known as Amperian path or Amperian loop. 


Conditions for Ampere's Law For applying Ampere’s law, two conditions must be satisfied: 


1. At each point on the closed path, Æ is neither tangential nor normal to the path. 
2. H has the same value at all points of the path where H is tangential. 
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NOTE 


Ampere's law in magnetostatics is analogous to Gauss’ law in electrostatics. The Biot-Savart law can 
be applied for a general current source; whereas Ampere’s law can be applied only to the systems 
that possess certain symmetry. For example, in case of an infinite wire, the system possesses 
cylindrical symmetry and Ampere’s law can be readily applied. However, when the length of the wire 


is finite, the Biot-Savart law must be used instead. 


Biot-Savart Law H 





Ampere’ Law 


general current source 
Ex: finite wire 


current source that has certain symmetry 
Ex: infinite wire (cylindrical) 


3.13 APPLICATIONS OF AMPERE’S LAW 


Ampere’s law can be applied to the following current configurations: 


1. Infinitely long straight wires carrying a steady current J; 


2. Infinitely large sheet of thickness b with a current density J ; 


3. Infinite solenoid, and 
4. Toroid. 


We shall examine all four configurations in detail. 


3.131 Infinitely Long Straight Wires Carrying a Steady Current I 


*Example 3.38 An infinitely long cylindrical 
conductor of radius R carries a steady current /. Calculate the 
magnetic field at an interior and exterior point. 

Or 
A solid cylindrical conductor of a radius R has a uniform 
current density. Derive expression for H both inside and 


outside of the conductor. Plot the variation of H , which is 
function of radial distance from the centre of the wire. 


Solution We will consider a long straight wire of radius 
R carrying a current J of uniform current density, as shown 
in Fig. 3.26. We want to find the magnetic field inside and 
outside the wire. 

We will consider two cases: 

Case (1) Outside the wire where, r < R 


The Amperian loop completely encircles the current, i.e., Zne 


$H-.dl =H4dl =1 
l l 


Amperian loops 





i Lg 
p ^ ds 
Fig. 3.26  Amperian loops for 


calculating the magnetic 
field of a conducting wire of 
radius R 


= I. By Ampere's law, we get 
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=> H [rdó-1 
0 
= H(2ar)=1 
ae 
ETT 











Case (2): Inside the wire where, r > R 
In this case, the amount of current encircled by the Amperian loop is proportional to the area enclosed, 
i.e., 





By Ampere’s law, we get 





H= Ir 
2n R? 














It is seen that the magnetic field is zero at the centre of the 
wire and increases linearly with r until r — R. Outside the 
wire, the field falls off as 1/r. The variation of the field is 
shown in Fig. 3.27. 

The results can be summarised in vector form as 











A=-—4,; r<R 


2nr 
Ir . Fig. 3.27 Magnetic field of a conducting 
z 2m R2 ap; r 2R (3.65) wire of radius R carrying a 


steady current I 


3.13.2 Infinitely Large Sheet of Thickness b with a 
Current Density 


*Example 3.39 Calculate the magnetic field intensity around a thin infinite current carrying 
conductor plane located in z = 0, having a surface current density K in y-direction, as shown in 
Fig. 3.28. 


Solution The field can be thought of considering the sheet as current elements. The field will not 
vary with respect to y, H, — 0. It will not vary with respect to x due to symmetry of the problem. The 
field will vary with respect to z-axis only. 
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Fig. 3.28 Current carrying conducting plane 


We will consider a path 1—2—3—4-1 with centre at P, each side as 2a. 

Considering the current elements symmetrically placed will cancel the z-components of the field; so 
the field exists only in x-direction. 

By Ampere’s circuital law 


fH dl = Ly 
E n M 
=> f+f+f+f |E -dl 2 K2a 
123 4 
> 0(2a) + H, (2a) + 02a) + H, (2a) = K2a 
-K 
A= 2 
H-La, 


In general, the field can be written as 





H -QK X ay; dy is the normal to the surface 
— 1 UN 

H--Ka, z>0 

=-5Ka, z«0 











Example 3.40 Calculate the magnetic field intensity around an infinitely large sheet of thickness 
b lying in the xy plane with a uniform current density J — Jod, . 


Solution The current sheet may be considered as a set of parallel wires carrying currents in the 
positive x direction. From Fig. 3.29(d), it is seen that the magnetic field at a point P above the plane is 
in the negative y-direction. The z-component vanishes after adding up the contributions from all wires. 
Similarly, we may show that the magnetic field at a point below the plane is in the positive y-direction. 

The Amperian loops are shown in Fig. 3.29(c). Now we apply Ampere's law to find the magnetic 
field due to the current sheet. 
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Fig. 3.29 (a) An infinite sheet with current density J= Joi, (b) Magnetic field of a current sheet, and 
(c) Amperian loops for the current sheets 








Field outside the Sheet For the field outside, we integrate along path C}. The amount of current 
enclosed by C} is 


Applying Ampere’s law 
$H -dI =H (21) = I, = Jobl 
1 
Job 


H= 
2 


It is seen that the magnetic field outside the sheet is constant, independent of the distance from the 
sheet. 


Field inside the Sheet For the field inside the sheet, the amount of current enclosed by path C, is 
Teng = J J dS = Jg(2|z 0) 
s 


Applying Ampere’s law 
$A -di = H(21) = Dene = Jg(2|2|)) 
l 
H = Jo |z| 


Atz=0, the magnetic field vanishes, as required by symmetry. The results can be summarised in vector 
form as 
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= Job. b 

ES 5 orm 

=-Jyza@y; -2<z<2 (3.66) 
Job 

=a ays poe” 


NOTE 


In the limit where the sheet is infinitesimally thin, with b — O0, instead of volume current density 


j- Jody: we have surface current K = Ka, , where K = Job, in current/length (Ampere/metre). In 
this limit, the magnetic field becomes 


(3.67) 
z<0 


This result is the same as obtained in Example 3.39. 


*Example 3.41 Planes z = 0 and z = 4 carry currents K=-10a, A/m and K 210a, A/m 
respectively. Determine H at: 


© (1,1,1) and (ii) (0,—3, 10) 
Solution Let the parallel current sheets be as shown in Fig. 3.30. 
: HE EH, 
where H, and H, are the contributions due to the current sheets z = 0 and z = 4, respectively. 


€ © © © © © © 





z=4 





ta C9 G9 C9 G9 G9 C9 Q9 





Fig. 3.30 Two parallel current carrying planes as 

From Example 3.39 

G) At (1, 1, D, (0 «z « 4) 
JE LK x Gy = +(-104,) x @,= 5a, Alm 
ie 5k ta +(104, x (-à;) = 5a, Alm 


H = Hy + H,=5a,+5a,=104, A/m 
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(ii) At (0, —3, 10), (z > 4) 





Rx ay=5( 104,) x à, = Sá, A/m 


x áy- 100à,) x (ā,)=-5ā, Alm 


K 
H-H,*H,-5a,-5a,-0 
3.13.3 Solenoid 


*Example 3.42 Find the field inside a solenoid of length L having N turns uniformly wound 
round a cylinder of radius a and carrying a current /. 
Or 
Derive a general expression for the field H at any point along the axis ofa solenoid (uniform cylindrical 
coil wound on a non-magnetic frame). Sketch the variation of H from point to point along the axis. 
Or 
A solenoid of length Z consists of N turns of wire carrying a current /. Show that the field at any point 
along the axis 


5; NI R 
H= PASA 0, — cos 0,)a, 


where, 0, and 0, are the angles subtended at the point by the end turns. Also, show that, if L is very large 
compared to the radius of the solenoid, then, at the centre of the solenoid, H- Ta. 

Solution A solenoid is a loop of wire, wound around a metallic core in a helical form, which 
produces a magnetic field when an electric current passes through it. A solenoid is ideal if it is infinitely 
long with turns tightly packed. 


Infinite Solenoid Figure 3.31 shows the magnetic field lines of a solenoid carrying a steady 
current /. 











E —] 





SN 





Fig. 3.31 Magnetic field lines of a solenoid 


Some characteristics of infinite solenoid are: 
(i) Its turns are closely spaced. 
(ii) The resulting magnetic field inside the solenoid is fairly uniform (provided that the length of the 
solenoid is much greater than its diameter) and parallel to the axis. 
(iii) The magnetic field outside the solenoid is zero. 
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The cross-sectional view of an ideal solenoid is shown in Fig. 3.32. To calculate H, we consider a 
rectangular path (Amperian loop) of length / and width w and traverse the path in a counterclockwise 


manner. The line integral of H along this loop is 
fH -d=$H-di+$H- di+4H-di+$H-dl 
I 1 2 3 4 
=0+0+ H/+0 
= HI 
In the above equation, the contributions along sides 2 and 4 are zero because H is perpendicular to 
di .In addition, Ë = 0 along side 1 because the magnetic field is non-zero only inside the solenoid. 


1 


EOC OOOOOOOOOOOONIE 


w 











I, 


Y 3 











Fig.3.32  Amperian loop for calculating the magnetic field of an ideal solenoid 
Now, by Ampere's law, total current enclosed by the Amperian loop is, J.,, = M 
where, N is the total number of turns. 

Applying Ampere's law 





$H - dl 2 1, 
l 
E Hl - NI 
H= N Snl (3.68) 











where, n= + = number of turns per unit length 








Finite Solenoid To find the magnetic field due to a 
finite solenoid, the solenoid is assumed to be consisting of 
a large number of circular loops stacking together. Using 
the result obtained in Example 3.32, the magnetic field at a 
point P on the z axis may be calculated as follows. 

We will consider a cross-section of tightly packed loops 
located at z’ with a thickness az’, as shown in Fig. 3.33. 

The amount of current flowing through is proportional to 
the thickness of the cross-section and is given by 














Fig. 3.33 Finite solenoid 


| 286 Electromagnetic Field Theory 





dl - I (5) dz = I(ndz’) ; where, n = E = number of turns per unit length 
The contribution to the magnetic field at P due to this subset of loops is 


2 2 
H = R 735 d = R 2 
2[(z — z) + R^] 2[(z — z) + R^] 


Integrating over the entire length of the solenoid, we get 





y; (nldz’) (3.69) 


1/2 
1/2 , 
| nIR? dz' | nIR? z'-z 


? An[c-zyem]. ? mQjG-zy-m|, 
i i 
al (a) (5e 
- + 


H 








(3.70) 





A plot of ái , where H,=nl = AX is the magnetic field of an infinite solenoid, as a function of s 
0 


is shown in Fig. 3.34 for /= 10R and / = 20R. Note that the value of the magnetic field in the region 


|z|< i is nearly uniform and approximately equal to Hp. 


HI Ho 
1 














Fig. 3.34 Magnetic field of a finite solenoid for (a) | = 10R and (b) | = 20R 


Alternative Way of Determination of Magnetic Field Intensity in Finite Solenoid 
We consider the cross section of the solenoid as shown in Fig. 3.35 (a). 










radius of solenoid, a 








Fig. 3.35 (a) Solenoid of finite length 
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Since the solenoid consists of circular loops, using the result of Example 23 (a); the contribution to the 
magnetic field by an element of the solenoid of lenght dz is, 





Idla? la? Ndz N 
IH = B where, dl--—dz 
Ya? + z? p? 2L(a? + 22? L 
From the figure, tan 0 — » <. dz = -a cosec? 040 
Digs 22 
pe EE D 038 


__M, 
dH -—Àr sin 0d0 


So, the field is given as, 


0 
NI? . NI 
H = [dH = 72r] sin 0d0 = 57 (cos 0; — cos 6j) 
1 











5 NI as 
H= PIA 0, — cos 0,)a, 





We consider three cases: 
1. When P is at one end of the solenoid, 














Here, T POP Beg? 
The magnetic field is given as, H — i 2 0 |a, = uA a 
NES ATP 
paN 3 











NOTE 
= _ NI - 
If L >> a, then H = ap az 


2. When P is at the centre of the solenoid, 














L/2 
Here, cos 0, = t — —cos 6, 
a (L/2)° «a? 
The magnetic field is given as, H = M Be a,= a a 
JLI +a JERA 
NU >- 


J 22+ 4a? a 
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NOTE 
If L >> a, then H= 


r|z 


a, 


3. When P is at the midway between one end and centre of the solenoid, 























Here, 
L/4 L 
cos 0, = - 
Jura Deos 
3L/4 3L 
cos (c0) = = 
JGLiAy +a? 92 +160 
cos 0, = — ee 
for? +160? 
The magnetic field is given as, H = Me E + ELi a 
2L| JP+16a 912 +16a? } | 
NOTE 


3L 


4| 9L? + 16a? 
- NI L ^ 
fn] e 1+ ae. 

2 Po j 


The variation of the field from point to point is shown in Fig. 3.35 (5). 


If L >> a, then cos 0,- — « —1 and the magnetic field is given as, 





L—— —— — Direction of field 








E L > 





Fig. 3.35 (b) Variation of magnetic field from point to point along the axis of a finite solenoid 


3.13.4 Toroid 


*Example 3.43 A toroid of length L has N turns and carries a current J. Determine H inside and 
outside the toroid. 


Solution A toroid consists of a circular ring-shaped magnetic core around which wire is coiled. A 
toroid may be considered as a solenoid wrapped around with its ends connected. 

Thus, the magnetic field is completely confined inside the toroid and the field points in the azimuthal 
direction (clockwise due to the way the current flows, as shown in Fig. 3.36). 
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Fig. 3.36 A toroid with N turns 


Since N wires cut the Amperian path, each carrying a current /, the net current enclosed by the Amperian 
path is 


Teng = NI 
Applying Ampere’s law to the Amperian path, we obtain 


$Ë -di =$Hdl = Hádl = H(2nr)= NI 
I i I 











uM (3.71) 
2nr 














where r is the distance measured from the centre of the toroid and is known as the mean radius. If the 
thickness of the toroid is much less than its mean radius, then r ~ R. Hence, 


_M _ NMN NI. . 
H= 22) 2nR OL inside the toroid 
where, L is the length of the wire. 

Outside the toroid, net current enclosed = (NI — NIJ) = 0, and thus, H = 0. 


To summarise the results 





H inside the toroid 


= NI 7 
2L' 
=0 ; outside the toroid 


Example 3.44 Consider an infinitely long, cylindrical conductor 
of radius R carrying a current / with a non-uniform current density p? 


J=ar 


where atis a constant. Find the magnetic field everywhere. This is shown 
in Fig. 3.37. 


Solution By Ampere’s law, 


$5 -d5 = Uolenc Fig. 3.37 Non-uniform 
current density 
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Here, 


Tene = J J dS = [(ar)Qzrar) 


We will consider two cases: 
(1) Forr<R: 
In this case 


Tene = J(ar)Qzrar) = [2nar^dr = Sno? 
0 


Applying Ampere’s law, the magnetic field at any point inside the conductor is given as 


a 
B,(2nr)= i uy or, — Be zy 
The direction of the magnetic field B, is tangential to the p 
Amperian loop that encloses the current. 
(2) For r> R: 
In this case 


Teng = | (@r) Qzrar) 


R 
= J 22ar?dr 
0 


= Enar 








R 





Fig. 3.38 The magnetic field as a function 
Applying Ampere’s law, the magnetic field at any point of distance away from the 
outside the conductor is given as conductor 


Pp 
B,Qzr)- Z UytaR3 or, B,= DAC 


To summarise, the results are 











a 
B= E r? r«R 
= OHR? r>R 
3r 





A plot of B as a function ofr is shown in Fig. 3.38. 


Example 3.45 A coaxial cable has core of radius ‘a’ and sheath of radius ‘b’. A current ‘P flows 
along the core, uniformly distributed across it, and returns along the sheath, uniformly distributed 
around it. Find the magnetic field intensity: 

(i) Within the core (r « a). 

(ii) Within the core-sheath space (a € r € b); and 

(iii) Outside the sheath (r > b). 
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Solution Within the core (r « a): 
Applying Ampere’s law 


Since, the current is distributed uniformly over the cross-section 


J2 8 and — dS = rdrd@a, 





ror D 2 

I I r r 

Leno = rdrd$ = x 24 x — = I| — 
E E ? T T 3 2 (5) 





Within the core-sheath space (a < r < b): 
Applying Ampere’s law 


fH -dI = I, = Total current = 7 
l 





27 I 
=> H,[rdó-1 = Hos 
A y 
i 2n, 9 


Outside the sheath (r > b): 
Applying Ampere's law 


$H ` di = (Tinnercond. FẸ Toutercond. ) 5 ü T I) =0 
l 
=> H,=0 


Note 
If the thickness of the sheath is ‘£’, then for the region, b <r € (b + t), 
Teng 14 [J-:d$ 


Here, J is the current density of the outer conductor and is along — a,. 
; I X 
z5 2-4 05 
n[(5 +t) — t^] 


2m r 2.32 
pong £ j Í rape 11-2 a 


p n[(b * t? - à] porns Ü + 2bt 
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By Ampere’s law 





Qn 2732 
H,|jrdó-l,, > H H f iiia | 
0 


= I r? -b |- 
H= 
il rela 


To summarise, the magnetic field is given as 














A= rd, O<r<a 
mta 
I - 
=ar” a&r&b 
I FSD | 
= 1 a b<r<(b+t 
= et ? E 
-0 rz2(b+t) 











Example 3.46 An infinitely long coaxial A 
pair of circular conductors are located in free space B/------------7 Hol 
and carry equal and opposite total static current 7. 
The inner conductor is of radius a while the inner 
and outer radii of the outer conductor are b and c 
respectively. Sketch the variation of magnetic flux 
density over the range (0, c) and show that the field 

















inside the outer conductor (b < r < c) is E t > 
BL Fig. 3.39 Variation of magnetic flux density 
B= Mol | c-r within the sheath of coaxial cable 
2zr c — p? 


and zero for r > c. 


Solution From Example 3.45, the thickness of the sheath in this problem can be written as t = 
(c — b). Replacing this value, the magnetic flux density for the region (b <r < c) is obtained as 


p. tol}, D-bI uyd|(c-by«2b(c-b)-r?«? | gul(c-r 
2nr| £+2bt| 2nr (c — b)? + 2b(c— b) 2mr\ cà - p? 





The variation of the flux density is shown in Fig. 3.39. 


Example 3.47 Using Ampere’s circuital law in integral form, find H everywhere due to the 
current density in cylindrical co-ordinates: 


J 20, O0<r<a 
=Jja, a«r«b 
=0 b<r <œ 
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Solution J=0, O<r<a 
=Jya, a«r«b 
0 b«r«co 

0<r<a: 


By Ampere’s law, 


fH -di=[J-dS=0 (2 J=0) 
> H=0 
asr<b: 
By Ampere’s law, 
fH -dl={J- dS 
r 2n r 2m r 
=> HQar)- | | 498): (rdrdóa,) - | | Jgrdrd$ 2 2zJ, | rdr=Jyn(r? - a’) 
r=aġ=0 r=aġ=0 r=a 
- J-a’) 
H = EE G 
b<r<oo: 
By Ampere’s law, 
$H.dl2jJ.d$20 | (-J-0) 
> H=0 


To summarise, the results are 





H=0 O<r<a 
J Za iaa 

— ay a&r«b 

=0 b<r<c 








Example 3.48 Find the current distribution producing the following field distribution using 
Ampere’s circuital law in differential form: 


H=Jora,, O0<r<a 
3 
-J| E) 
-4[£) a«r«b 
-0 b«r«oo 


Solution By Ampere's law in differential form, 








VxH=J 
j- 19H, | 9H, |. [9H, OH, |. za O(rHy) ƏH, | 
i E r dQ Oz 4 oz or ag r or dG az 


Since, H is having only H, component which is a function of r only 
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; l2 m 
J= pr (rH, )a, 
0<r<a: 
The current distribution is given as 
; l2 A x 
J= PI (rJor?)à, = 3J pra, 


asr<b: 
The current distribution is given as 





b<rx< oo: 
The current distribution is given as 





; ld aa 
J= ae (0)a, — 0 
To summarise, the results are 
J =3J ora, O<r<a 
= asr<b 
= b<r<co 











Example 3.49 Determine the current density function J associated with the magnetic field 
defined by: 
(a) H 23i +7j + 2xk A/m (Cartesian) 
(b) H =6ra, + 2rd, + 5a, A/m (cylindrical) 
(c) H= 2pa, + 3ag + cos 0 a, A/m (spherical) 
Solution 
(a) H 23i & 7j +2xk 
By Ampere's law in Cartesian coordinates, 





a a, a, 
= z_o od ð - 2 
=V one, EO cic 
J xH TAAT 2a, A/m 
3°, Ww 2x 
(b) By Ampere's law in cylindrical coordinates, 
la a a 
pe 9 d 
d d d 
aa a a 
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_|10H, 9H, 5 | OMe 985 |. 1 oH) ƏH, |- 
“|r ə az ar oz or |" r| or do az 





=44, A/m? 


(c) H= 2pa, + 3ag + cos 0 ay 


By Ampere’s law in spherical coordinates, 





d, ag Ag 

= = 1 0 0 0 
J=VxH= 

p’singjop 90 ag 


H, pH, psin@ Hy 


1 0 ; 9H, |- 1 1 9H, o) 2 
=| Sen NET AOE 39 ap Pe) ^s 


1| d 9H, e 
A 2 (ot) st |e 














= 1 d : o9 X 1 1 a 9 n 








1| d 0 zx 
+ 3 E (p3)— 36 | ds 
_1fcos26). | Bode 2 
DEI PM Ear s 
Example 3.50 


(a) A circular conductor of radius rọ = 1 cm has an internal field, 





N 4 
ase | : sin ar — Č cos aja A/m 
r a a 
where, a = a Find the total current in the conductor. 
TQ 
(b) A cylindrical conductor of radius 10? m has an internal magnetic field 


ry 4 r r? ^ 
H = (4.77x10°)| 5- a y Alm 


3x10? 
Find the total current in the conductor. 


295 
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Solution 


5 I10( 1. r . 105 4g .(mr) 2rm ar \ |- 
(a) H= z Sin ar cos ar |a = z Sin cos ay 
r la a rüum 2n n 2n 


[Putin a- £j 
2% 


By Ampere’s law, the total current enclosed is, 

















2 
8X 0.01)" 8, 
T 


4 2 
=104x 0x 25 = 104 
m T 


10^ 


r 





(b) H = ( 2 sin ar — cos ar] ay 
a a 


By Ampere’s law, the total current enclosed is, 











P 2 22 2 
1=$H-di = | (471x105) - — —. |, - (rdóà,) 
l 0 2 3x107 2 
r=10 
m r r2 
=4.77 x 104 [| 2 —— Ird 
[i-us]. 
-2 -4 
<A eo = X10? x2z 
2 3x107 
=5A 


3.14 MAGNETIC POTENTIALS 


Just like an electric potential, we can define a potential associated with magnetostatic field. In fact, the 
magnetic potentials are of two types: 


1. Magnetic Scalar Potential, and 
2. Magnetic Vector Potential 


3.14.1 Magnetic Scalar Potential 


The magnetic scalar potential is defined only in regions of space in the absence of currents. 
We know from Ampere’s law that V x H = J for steady current. If the current density J is zero in 
some region of space, then we have 
VxH=0 
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and so we can write the magnetic field H as the gradient of a scalar quantity as 








H =-VV,, (3.72) 








where, V, is called the magnetic scalar potential. It is expressed in Ampere. 


Similar to the relation between the electric field intensity E and electric potential V, magnetic scalar 
potential can also be written as 


XY 


Vag y= |E- dl (3.73) 
y 


Since the divergence of magnetic flux density is zero, 


V-B=0 = V.(uH)-0 — V.H-0  V.(-VV,)-0 


This shows that the magnetic scalar potential satisfies the Laplace equation in a source-free region 
(J 20). 


Example 3.51 A coaxial cable has inner and outer radii a and b, respectively. The inner cable 
carries a current /. Find the magnetic scalar potential at a radius r inside the cable (a < r < b). 


Solution From Section 3.13.1, the magnetic field intensity inside the cable at any radius r (a < r < 
b) is given as 


H = — 4a 
nr ^? 


From the definition of magnetic vector potential, we have 


= = (Wna 19n Wna \_ 19n 
H-2-Wy,- (5: aU ay + 3 à J- $05 d 


m 





C^ V is a function of r only} 


Substituting the value of H, we get 





Pix 1n 
ar 9^ + do ^ 
JY, . I 
= dp 2m 
Integrating, 
iei 
Vg = 259 * € 


where, C is the integration constant. 
Applying the boundary condition that V,, = 0 at @= 0 (i.e. zero current enclosed), we have C = 0. 
E 
T 2x 
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NOTE 
l 


If @ = 27 (anti-clockwise rotation), V. = gU x 27 = -l ; however, ó = 27 is the same point as 9 = 0 


for which V,, = 0. This shows that V,, is not a single valued function. 


For $ = 2nn (anti-clockwise rotation), V= -4. x 2nz = -nl 


For @ = —2nm (clockwise rotation), V. — a x (-2nz) = nl 


So, there is total 2n number of values for Vm- 


*Example 3.52 Prove that the magnetic scalar potential at Zh 
(0, 0, z) due to a circular loop of radius ‘a’ is 


|. Z 
V. 2 | EE 


This is given in Fig. 3.40. 





Solution From Example 3.32, we have the magnetic field at 
(0, 0, z) due to the circular loop of radius a 1s given as 























= Ta 7 y 
H- Yar + 22 p a,=—VV,, 
|a NOW EE Am I 
ort} dQ tgz s j 
Fig. 3.40 Circular current carrying 
Comparing both sides loop 
9V,, x Ta? 
Ae Ya? + 2p? 
Integrating 
z 2 
V, m Í la 


Let,z=atan@ «. dz= a sec? 040 








2 
a 
cos” 8 = 3x 
a tz 
2 2 
å a Z 
sin? 0 = (1 — cos? 0) =| 1 ETE ET 
a +z e a A 
. Zz 
sin 0 = 


a? + 2° 
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Z oo Z 
0 5 A 
Here, A = tan! (2) 
a 
z 2 A I 2 2 ade A 
Vn =-|— ee =- | A LY cos ode 
` 2[a? + 27] ni. 2a sec? 0 2i 
n M ERI E A oed meee 
--5lsm lu jin Jet sin 0) 
Putting the value sin 0 = Y we get 


a +z 














3.14.2. Magnetic Vector Potential 


We know that the divergence of magnetic flux density is always zero everywhere (V - B — 0). Hence, 
B can be expressed as the curl of some other vector function. We designate this vector as A, which is 
known as the magnetic vector potential. 


B=VxA (3.75) 





Magnetic vector potential is expressed in Weber per metre (Wb/m) or in Newton per Ampere (N/A) or 
in Volt-second per metre (V-s/m); with its dimension as MLIT. 


Now, by Ampere's law, 
VxB-uJ => Vx(VxA4)-uJ => V(V.4)- VA- uJ 


If we let, V - A= 0, which is called Coulomb 5 gauge condition, then we obtain 





V24A--guJ (3.76) 











This is similar to Poisson’s equation of electrostatics, V?V = -£ whose solution is V = az [£a 
By comparison, we get the magnetic vector potential as dd 








A= ei Ly for volume current density 
Amr 
UK 
= — f — dS for surface current density (3.77) 
4m 
— Hb cddl 
m I for line current density 








The concept of magnetic vector potential is extremely useful for studying radiation in transmission 
lines, wave guides, antennas, etc. 
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NOTE 


Magnetic scalar potential is defined only in regions where the current is zero (J = 0); but magnetic 
vector potential is defined in regions with any finite value of current. 


*Example 3.53 Find the vector magnetic potential and hence the magnetic flux density B due to 
an infinite wire carrying a current, at a point (1) inside, (ii) outside the wire. 


Solution (i) Inside the wire: 
Let a be the radius of the wire. 
By symmetry, it is understood that only the z-component of the vector potential exists. 





V?A, T -uJ. RN d 














na? 
1 oí 0A, ul 
or r = 
ror\ or za 
Integrating 
9A, ulr 
7 or ^ 2nza ic 
; A 
Since js eg atr=0>C,=0 
or 
Integrating again, 
ulr? 
A,=- +C 
É Ana? : 
Since 4, = 0 at r = a, => E a 
4r 


Ho rm 
nu | 


In vector form, the vector magnetic potential is given as 


Now, B=VxA 


x OA. OA 
B, - (curl 4), = + ob E 
ðA, OA,  ulr 
Oz or E on a2 
1904) 194 — 
ror roó 


0 














B, = (curl A), = 


B, = (curl A), = 
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Thus, the magnetic induction is 


(ii) Outside the wire: 








Here, 
1af 94 \_ 
Lal, or Je 
= 94 G 
or r 


A,=C,Inr+C, 
Atr=a,4,=0 > C,=-C, Ina 


A,=C,In (=) 
a 


ðA 
The constant C, is found from the boundary condition for T atr- a. 








Since B = V x A, .. B,- D 
Now, B, must be continuous at r — a. From the result of (1), we get 
4 ur 
or 2ra 
From (1) and (ii), we get 
udi os EE E 
a 2ra QE. 


To summarise the results 


r)- 
=-+—ln “Na, r>a 
a 


(i) 


(ii) 
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2n a? eas 
ae 
nr ? Lee 


*Example 3.54 Using Ampere’s circuital law in integral form, find H everywhere due to the 
current density in cylindrical co-ordinates: 


J=0, 0«r«a 

-A(£)a a«r«b 
a 

=0 b<r<c 


Also, find the vector magnetic potential. 


Solution 
J=0, O0<r<a 
-A (E) a«r«b 
a 
B b<rx< oo 
0<r<a: 


By Ampere’s law, 


$H.d 2[J.d$20 (+ J=0) 
=> H=0 
asr<b: 
By Ampere’s law, 
fH -di ={J-ds 
oe ae 2nd. Jg2n 

z Taal dm 702 = 0 2g, 0 3 3 

> seme Í Í (o(a) (rdrd@a, ) XJ pu F ae dr 3a (r^— a) 


mora as 
H=3 f a )ag 


b<r< oœ: 
By Ampere’s law, 


a 
=> H= 


To summarise, the results are 








H=0 O<r<a 
lias 3> 

Eco -a)i asr<b 

=0 b<r<o 
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The magnetic flux density is 


3 gn. Moo 3. ayn 
B = UH a (r^ — a ay 





—a ao a, 


Bean. 2 2 
Also, B=V x A= OF DÀ Bz 


A, Ag A, 


As B has only a, component, or since the current direction is in a, direction, only A, component of 


A will exist. 








or, or 3ar 


Integrating, 





t Hoo, 3 uL f Hof, a 
A f Era (r° — a` )dr f r ; dr 





zh [pem 


nest 























*Example 3.55 Show that the vector potential due to moving charge q at a distance R is given by 


Hod 


A(r) = re ; 





V being velocity of charge. 
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Solution — 4(r)- Do ja ldi _ E jai C~ Integration is w.r.t. dl, R is constant) 
E e: l1 dl 

Eu" "n k dt s2) 

Mov | 

4xR 

Hoqv 

4xR 

A(r) bx. HoqV 





AzR 


*Example 3.56 Using the concept of vector magnetic 
potential, find the magnetic flux density at a point due to a 
long straight filamentary conductor carrying a current Z in the 
z-direction, as shown in Fig. 3.41. 


Solution Vector magnetic potential 


T L 
A) = pm = Uo | Idz - 











Current being in the z-direction, only A, component of A will 
exist. Fig. 3.41 Long straight filamentary 


_ Lo f Idz conductor 





Hol 
=O ing + {P+ 2) In r| 


If L >> r, then 








I 
aol a B nie ESS in( 24) 
c 2x 2x r 














Since only A, exists, the magnetic flux density is given as 


vy 7-04 = __ Bol 9 zo Ml r 2L\- _ Mol - 
PEVARE g aie re in( 2 L)la,- Qn "2L V Q2 HT agr 
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Hol - 


pa tol 
2nr 9 











Example 3.57 Show thatthe vector magnetic potential at a distant point P (x, y, z) due to a finite 
line current flowing through — / € z € / along a, is 


Holl A 


2y a, 


Jan as 
Qn[x? +y? +z 


Solution From Example 3.56, we have the vector magnetic potential given as 











z lia lid I! Il 
A(r) = 2 [ 2.-2x 4 j2 =" a a, = 2 ao iu 4: 
Am `, R An R 27 yf 4 y24 2? 2n[x^ + y“ +z] 
E Il 
a Mo a, 
2n[xX) + y? +27}? 











Example 3.58 A coaxial cable with the inner conductor of radius ‘a’ carries a current ‘P in a, 
direction and the outer conductor of radius ‘b’ carries a current ‘P in the — a, direction; between radius 
‘a’ and ‘b’ there is no current. Find the magnetic vector potential at r, where a <r < b. 


Solution  Atany point, a « r « b, J=0 
V7A=0 
In cylindrical coordinates, 
V? Á + V! 4a, + V! Aa, + V? A a, 
Although in Cartesian coordinate systems, this type of equation holds. 


In cylindrical coordinates, the z-component of the vector Laplacian 1s the scalar Laplacian of the 
z-component of 4. 








i.e. V24| 2 V?4, 
The current has only the z-direction, so only A, component will exist. 
EA V24 2-0 
1 əf 94 \_ 
me n ar ) z: 


Integrating twice, we get 
A, = C In rct C, 


where, C, and C, are the integration constants. 


Following the same procedure as in solved example 3.16, we have the results as 








TTA "EE 
A= $^ mf 2a, and H= 7% 
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*Example 3.59 An infinitely long conductor of radius a is placed such that its axis is along the 
z-axis. The vector magnetic potential, due to a direct current J) flowing along a, in the conductor is 
given by: 

Io 


PES 
4ra? 





Ug G? + y?)à, Wb/m 


Find the corresponding H. Also confirm the result using Ampere's law. 


Solution The magnetic flux density is given as 











a, a, a, 
52 = |d d o) — h " n 
B-VxA os /0p 3z 25:2 000 xa,) 
1 
0.0 -—* x. y? 
Ang? Ho( y^) 








Ho 2za 


We calculate the closed line integral of this field as follows 

















> > I I 
H- dj =-— a, — xa,,)- (adoa,) = ——32— $ ado( ya, — xa,,) (a 
$ na $0 x yj ( Ó $) a! Oy X " (as) 
Ig M = es 5 
=- Jnd ganha, — xa,)-(—sin $a, + cos $a,) 
Ig . 
- ad sin x cos 
mol oy sin b 9) 
I 
=——— $adé(a sin? 9 + a cos? $) {<x=rcos ¢ and y =r sin $} 
2za^ 7, 
I 
= ap, $ + cos? $) 
BE 2 do - 
=o. pps Fa X 2H = Ip 


Since fH - dl = Ig, Ampere’s law is verified. 
L 
— p? 
*Example 3.60 Given the magnetic vector potential, 4 — -7e Wb/m, calculate the total flux 
crossing the surface @= 7/2, 1<ps2m,0<z<5m. 


0A, . 


Solution The magnetic flux density is, B= V x 4-— A ay = P 





Ag 


Differential surface is given as, dS = d pdza, 
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Hence, total flux crossing the given surface is given as 


5 g ? p- "ETE ls 5 15 
pud = lon ape eg | ol Pale o li x 5=— Wb 


3.14.3 Derivation of Magnetic Vector Potential using 
Biot-Savart Law 


By Biot-Savart law, the magnetic field intensity at a point P(r) 
due to an element d! at a positional vector 7’ is 


H-—[—— (3.78) 
where, R = (7 —7’)=(x-x)i *(y- y)j *(z - z)k 
Source point and field point are illustrated in Fig. 3.42. 
Hence, 


v(4)- E- c Qu -yj * G- 2k 











R) |x-xY-G(-»yY*G-zyTy? iind 
R Fig. 3.42 Illustration of source point 
=--> (3.79) (X, y’, Z’) and field point 
R (y 2) 
From Eq. (3.78) and (3.79), we get 
5 1 - 1 I 1 7: 
H = aci xv) Iv (x) (3.80) 


We have the vector identity 


V x (SV) = SV x V + VS x V where S is a scalar and V is a vector. Taking, S = (x) and V = dl, we 
have 





dl) 1 ; ll 7. 1). 
vx[2.)- Le xan«v(1)«ai o» v( Leal 


R 
(7 V operates w. r. t. (x, y, z) while di is a function of (x^, y’, z^); <. V x dl =0} 
DNA ES 
v(ixa -vx(4 (3.81) 
From Eq. (3.80) and (3.81), 
2 I di Idi 
acis di |. 82 
s Z4) VN lager 992) 


(Since integration and differentiation are w. r. t. two different sets of variable, we can interchange the 
order.) 


(3.83) 
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By definition of magnetic vector potential as, B=Vx A, we get 














"m uldl = uKds 2 uJdv 
derer = AxR E Ax R 








3.14.4 Derivation of Magnetic Flux in Terms of Magnetic 
Vector Potential 


We know that the magnetic flux coming out of a surface is given as 


$-[B.d$ 
S 
where, B is the magnetic flux density. Writing this in terms of magnetic vector potential as, B = V x A 
and applying Stokes’ theorem, we obtain 


g={[B-dS =|(Vx A: d$ A. di 
S S I 
































o= fA d (3.84) 
l 
Example 3.61 A current distribution gives rise to the vector y 
magnetic potential A=x? yi + yy - Axyzk Wb/m. This is illustrat- 
ed in Fig. 3.43. Calculate: 2 
(a) B at (-1, 2,5) 
(b) The flux through the surface defined by z = 1, 0€ x € 1, 3Y N 2 
-l<sy<4. 4 
Solution ? 
i j k Fig. 3.43 Arrangement of 
= = fa) 9 d m < "NE Example 3.61 
B=VxA= — —4»xzi + 4yzj — x^) 
(a) x 36-705 3: xzi + Ayzj + (y^ — x^) 
xy y?x —Axyz 


B 125 7-4x CDx5i c 4Ax2x5j +(4- Dk 2 20i + 40j + 3k Wb/m? 
(b) Total flux is given as 
$- [ A: dl - 66; 6; 0, 
L 


where L is the path bounding the surface S, 6), $», 63, @4, are the fluxes along the segments of the path. 


4 
a= | @ yi + y’xj - Axyzk): | 
yal x=1,z=1 
4 
4 3 
= | ydy= T 
y--1 





-l 
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Fai 
3=| | Qy +y] - Axzk)- C J =0 
yaa x=0,z=1 
[o A - es x 0 AP 4 
= x? yi + y?xj — 4xyzk) - (— dxi =- | 42de =- me 
2 » 
x-l xal 3 1 3 
y=4, z=1 
[1 : 7 - 2 1 ol 1 
- x? yi  y?xj — Axyzk) - (dxi =- Vala Se ue 
4 
| x=0 y=-1,z=1 x=0 3 0 3 


By summation, total flux through the surface is 


0= 04024034 d4= 2 +0-F— 5 = 20 Wo 





3.15 FORCES DUE TO MAGNETIC FIELDS 


There are three ways of experiencing force due to magnetic fields: 


1. Force on a moving charged particle in a magnetic field, 
2. Force on a current carrying conductor in a magnetic field, and 
3. Force between two current carrying conductors (Ampere 5 force law). 


3.15.1 Force on a Moving Charged Particle in a Magnetic Field 


As discussed in Chapter 2, we know that the electric force on a stationary charge Q in an electric field 


E, given by Coulomb's law is 
F,-QE (3.85) 
Now if we allow this charge to move with a velocity V in the presence of a magnetic field, B, then 


experimentally we have the following observations: 


1. The magnitude of the magnetic force F, exerted on the charged particle is proportional to both 
v and Q. 

2. The magnitude and direction of FE, depends on both ¥ and B. 

3. The magnetic force E, vanishes when Y is parallel to B. However, when V makes an angle 0 
with B, the direction of E, is perpendicular to the plane formed by v and B, and the magnitude 


of FE, is proportional to sin 0. 
4. When the sign of the charge of the particle is switched from positive to negative (or vice versa), 


the direction of F, also reverses. 
The above observations can be summarized with the following equation 
E,-QvxB (3.86) 
The magnitude of the force is given as, 
F,,-|Q|vB sin 0 (3.87) 
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When the charged particle moves in the presence of both the electric as well as the magnetic field, the 
total force on the charge is 


F=F,+F,=OE+OvVxB=QO(E+¥xB) 


e m 








F =Q(E+¥xB) (3.88) 








This equation is known as Lorentz force equation, which relates the mechanical force to electrical 
force. 


Comparison between Electric Force and Magnetic Force 




















Electric Force (F, = QE) Magnetic Force (F, = OF x B) 
(i) It is in the same direction as the field E. (i) It is perpendicular to both v and B. 
(ii) It can perform work. (ii) It cannot perform work. 
(iii) It is independent of the velocity of charge. (iii) It depends upon the velocity of charge. 
(iv) It can produce change in kinetic energy. (iv) It cannot produce change in kinetic energy. 





3.15.2 Force on a Current Carrying Conductor in a Magnetic Field 


We consider an element dl. of a conductor carrying a current /. The direction of the vector dl is that of 
the current, so that dl is parallel to the velocity v of charge carriers inside the conductor. 


Number of charge carriers in the element dl = NAdl 


where, N is the number of charge carriers per unit volume; 
A is the cross-sectional area of the conductor 


Force on each of these charge carriers = Ov x B 
Total force on all the charge carriers, i.e., the force acting on the conductor itself is 
dF = NAdIOV x B= NOvAdI xB ( dl is parallel to V) 
=Idl x B fe I = NOVA} 


Hence, for a finite length of the conductor, the force exerted on it is 








F={Id x B (3.89) 
l 








Instead of line current, if we have surface current K or volume current J, then the force equation 
becomes 





F = f Id] x B={KdS x B=|Jdvx B (3.90) 
I S v 
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3.15.3 Force between Two Current Carrying Conductors 


(Ampere's Force Law) 


We consider two loops C, and C, carrying currents /, and 
L, respectively as shown in Fig. 3.44. 
Let 

dl,, dl, be the directed elements of lengths; 

RR, be the directed distance between the elements; 

R,, be the unit vector drawn from 1 to 2. 


According to the Biot-Savart law, both current carrying Fig. 3.44 


elements produce fields. Thus, the force on the element 
I dh, due to the magnetic field dB, produced by the element 
Id] is 

d(dF,) = Indl, x dB, 


But, from Biot-Savart law 





dB = ul dl, x Ry 
|l AgeR? 
Hence, 
dukje uldi, x (dh, x Ry) 
3 An R2 


Thus, the total force on loop C, due to loop C, is 





dl, x (dl x R2) 














Force between two current 
carrying conductors 


(3.91) 


This equation is essentially the law of force between two current elements; it is known as Ampere S 


force law and 1s analogous to Coulomb's law. 


_ Similarly, force on loop C, due to loop C, can be found and it will be seen that F =- Ey thus E and 
F, obey Newton's third law that action and reaction must be equal and opposite. 





























Example 3.62 A rectangular loop of length / and width E i ? 
w carries a steady current /,. The loop is then placed near an $ 
infinitely long wire carrying a current /;, as shown in Fig. 3.45. Å Yow 
What is the magnetic force experienced by the loop due to the h | 
f : -——— 
magnetic field of the wire? < A 
Solution The forces are shown in Fig. 3.46. Y 
The magnetic induction due to the infinitely long wire is 
I : 
B, = H^ a Fig. 3.45 Magnetic force on a current 
2? 2nr ? 


loop 
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> 
m 
n> s — > 














Fig. 3.46 Magnetic forces on the loop and the wire 


The force on the loop is given as 


F=F+F,+h+F, 








Here, 
ul, . _ ARM -~ : 
F =1 fdh xB,=1, 1 di, X > =a » 2 à, (repulsive) 
l 
= TOB. 2 OH . B Hh . ; 
F = 1, J dl; x B, = ped x Inr ^6 = Ona + w | (attractive) 
2 r-actw 








a . Huh A 
Fsd4|db5xB21 Dh dra, x ^ — + 4, = x Inwa, (parallel) 


ul, -~ DN A 
Fed dbhxBh J a, x Der a, = sE uwe (parallel) 


Thus, the total force on the loop is 


= + 25 A. ZA LL! LL! LL! 
PLESÉSRE.RSCUE.. 12 SE la, 





2ra " 2m(atw) ” 2x atw 


*Example 3.63 Find the force between two straight, infinite, parallel wire carrying currents J, 
and J, separated by a distance d and placed in air. 


Solution We consider two parallel wires separated by a 
distance d and carrying currents J, and J, in the x-direction, as 
shown in Fig. 3.47. 

The magnetic force, F, exerted on wire 1 by wire 2 may 
be computed as follows: 

At an arbitrary point P on wire 1, the magnetic field due to 
current J, on wire 2 is 





M Hol - 
"c 2nd ^» 





Fig.3.47 Force between two parallel 
wires 
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This field which points in the direction perpendicular to wire 1, as depicted in the figure. Therefore the 
force on wire 2 due to wire | is 








] "M : lob Uoll ~- 
F= x &- na| And 4J- Ind * 


Clearly F, points toward wire 2. 
The same force will be acting on wire | due to wire 2. 
In general, the magnitude of the force may be written as 


Molly 


Pee 2nd 








The conclusion we can draw from this simple calculation is that the force between two parallel wires 
carrying currents: 

— is attractive if the currents are in the same direction. 

— isrepulsive if the currents are in the opposite directions. 


Example 3.64 Three very long parallel conductors are in free space. They lie in one plane 
spaced 50 cm. Each of the conductor carries a current of 100 amperes so that in the first and second 
the current has the same direction. What is the force acting a metre of the first, second (middle) and the 
third conductors? 


Solution We use the results of the earlier problem to solve this problem. 


Force on first conductor: 
2 





= I 
Force due to second conductor, 75, = oe 7 (attractive) 
= I r 
Force due to third conductor, F}; = Po Po (repulsive) 





2m(d-d) 4nd 
Net force due these two conductors 


Mol? Hol? _ ol? An x107 x (100)? 


























F = 2mN (attracti 
\"Ond 4nd And 4x1 x 0.5 Nene) 
Force on second conductor: 
T D 
Force due to first conductor Fj, = T 7 (attractive) 
| e | ^ WE x 

Force due to third conductor 75; = ond (repulsive) 
Net force due these two conductors F, = Hol” — Hol” = 

Id 2nd 1 2 3 
Force on third conductor: 

Hol? — Mol? 


Force due to first conductor Fi; = 





RUSO) a P 
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3 I 
Force due to second conductor 75, = x 


Net force due to these two conductors 


(repulsive) 





a IME " Hl? 3f _ 4 AX 107 x (100)? 
! 2nd 4nd 4rd | 4x n x 0.5 
Example 3.65 Determine the force between two parallel circular 

co-axial coils of radius ‘R’, as shown in Fig. 3.48, which are a small 

distance 'd" apart in free space and carry currents /, and /;. Assume that 
each of the coils has a single turn. 


Solution As the distance between the coils is very small compared 
to the radius of the coils, the two coils can be treated as parallel current 
carrying wire. The force on one of the coils (say Cj) per unit length due 
to the other coil (say C5) can be written as obtained in Example 3.63, as 





_ Uolitr 
P= ond 
LIR 
Therefore, the net force is given as F = 27RA = m 
Hol; R 
F= 
d 











=6 mN (repulsive) 


Fig. 3.48 Parallel co-axial 
circular coils 


Example 3.66 Calculate the force between two parallel circular coaxial coils of nearly the same 
size and carrying current, being separated by a small distance in free space. For what distance between 


the coils is this force a maximum? 


Solution This is shown in Fig. 3.49. We consider two coils C, and C, 
of radii R, and R, respectively, carrying currents J, and J,, respectively. 
Let d be the separation distance between the centres of the coils. Force 
per unit length on either coil is 
Holil 
Pos 
9" 27l 
where, / is the distance of the line ab. 
By symmetry, it is seen that the component of the force Fo 
perpendicular to the z-axis will be cancelled when the entire coil is 
considered. The component of F, along the z-axis is 


Holl; d _ ugliT;d 





For the entire coil, the length is 27R, =~ 27R,. Hence, the total force 
along the z-axis is 


Uol DL Rd d 
F = 20, Fo, = Ty Ho 58, 





Fig.3.49 Parallel co-axial 
circular coils 


d? + (R, - Rf 
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This force will be maximum when 





dF 
2m 0 
or, 4 lol, LR sue -0 
Or, d l d | =0 
dd | d? + (R- Ry 
or, (R,.- S + d? - 2d? 20 
or, d - (Ry — R) 


This implies that the force will be the maximum when the distance between the centres of the coils is 
equal to the difference between their radii. 


3.16 MAGNETIC TORQUE 


In Section 3.15, we have seen that a current carrying conductor placed in a magnetic field experiences 
a force that tends to move the conductor in a direction perpendicular to both the magnetic field and the 
conductor. However, if a current carrying coil is placed in a magnetic field, the magnetic force imparted 
may be a twisted force or moment which may rotate the conductor. In this section, we will find the 
magnetic torque and moment. 

To determine the torque acting on a current loop in a magnetic field, we shall consider a rectangular 
current loop abcd carrying a current J, as shown in Fig. 3.50. 




















f n " 
' axis of rotation 


(a) 





Fig.3.50 Rectangular loop in uniform magnetic field 


Let 
l= length of the rectangular loop; 
w — width of the rectangular loop; 


B = uniform magnetic field 
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Total force acting on the loop is 


Pail jefe Tear 


a b c d 


From Fig. 3.50, we notice that dl is parallel to B along sides ab and cd of the loop and no force is 
exerted on these sides. Thus, the total force acting on the loop is 


c 


a l 0 
F-I[d x B+Ifdl x B2 Ijdzá,x B+I[da,x B- Fo - R =0 
b d 0 1 
where, IF |= BI, as B is uniform. Thus, the force exerted on the loop is zero. However, the forces Fy 
and —F, creates a torque. 


If 01s the angle between B and the normal to the plane of the loop, then the torque is given by 


IT| - |F,| wsin @ or 





T = Bllw sin 0 = BIS sin 0 (3.92) 











where, S — Iw 1s the area of the loop. 


In vector form, 


T-ISxB (3.93) 


n= IS = ISa, (3.94) 


where, a, is the unit vector normal to the plane of the loop and its direction is determined by the right- 
hand rule. 





We define the magnetic dipole moment as 





Magnetic Dipole Moment (m): It is the product of current and area of the loop; its direction is 
normal to the plane of the loop; its unit is Am?. 


m= IS = ISâ, 








In terms of the magnetic dipole moment, the torque can be written as 





T=mxB (3.95) 











NOTE 
(i) This expression is applicable in determining torque on a planar loop of any arbitrary shape. 
(ii) The torque is in the direction of the axis of rotation. It is directed so as to reduce the angle 0, so 
that m and B are in the same direction. In equilibrium, the loop is perpendicular to the magnetic 
field and thus, both torque and force on the loop are zero. 
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3.17 MAGNETIC DIPOLE 


A bar magnet or a small filamentary loop carrying a AZ 
current is known as a magnetic dipole. 

We will now find out the magnetic field produced by a 
magnetic dipole. We consider a circular loop of radius a 
carrying a current / as shown in Fig. 3.51 (a). 

Magnetic vector potential at a point P(r, 0, $0) is given 
as 








- HH d 
A=——o— 3.96 
An; R B29) 
Here, di = adóa;. 


At a given r and 0, A will be independent of $. For the 
observation point P, we have Fig.3.51 (a) Magnetic dipole 





x Zz 


f — xa, zá and r'-aà,- a(cos Qa, + sin óà,) 
R-(p-rP)- (xa, + za, ) — a(cos a, + sin $a, ) — (x — a cos )a, — a sin Qa, + za, 


R=|F - r'|2 4 (x-a cos 9 + (asin 9? + z? 2 [x? & z2 - 2ax cos 6 à? ]? 


- [r? — 2ar sin 0 cos ¢ + à? ]? 





Fig. 3.51 (b) Magnetic field lines for a Fig. 3.51 (c) Magnetic field lines for 
filamentary conductor a bar magnet 


If the loop is small, i.e., the observation point is far away than the radius of the loop (r >> a), then we 
obtain 








-1/2 ; 
z=- 2ar sin O cos @ +a° T"? = 11 zi sin cos#) = Hia ; A e 
eD sin Ó cos 2) 
r 


Substituting this in Eq. (3.97), 


2m 
j- H Í o 


_ ultra’) sin 0 3 
An , E 


2 o 





ada, 
Zo r ) 94s 4zr 
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or 





Az 





ul(za?)sin 0 


_ mx a, 





Anr* 


a 
? 4nr? 








(3.97) 


where i = I(za?)à, is the magnetic dipole moment defined as the product of the area of the loop and 
the magnitude of the circulation current flowing through the loop. The direction of the magnetic dipole 
moment of the current loop is perpendicular to the plane of the loop and is along the direction in which 
a right-handed screw would advance when moved along the direction of the current flow in the loop. 

From Eq. (3.100), the magnetic field produced by the magnetic dipole is obtained as 








2 . 
sin 0 HI (zxa^)sin 0 


a, 
9 
or 


X 
a 


a 
2 


0 


0 0 rsin o| 


r sin 0a; 
oO 
oo 

UI (ma?) sin 0 

Anr? 








B 1 9 
r sin 0 00 


ul(ra?)cos0 |  ul(za?)sinO . 
SS eS ee 





Anr? 


A (+) ð| ul(xa?)sin8 
a r 
r rjor Anr? 





2n? 4rr? 2 
- ulna -— "Mam 
pat o Noeth +sin 0 a))= He (2 cos 0a, + sin Oa 
E r 0 3 i 0 
Azr 4Azr 





The magnetic field lines for a magnetic dipole are shown in Fig. 3.51 (5) and Fig. 3.51 (c). 


ja 


(3.98) 


Example 3.67 A small circular loop of radius 10 cm is centered at the origin and placed on the 
z — 0 plane. If the loop carries a current of 1 A along ag, calculate: 

(a) The magnetic moment of the loop. 

(b) The magnetic field intensity at (2, 2, 2). 

(c) The magnetic flux density at (—6, 8, 10) 


Solution (a) Magnetic moment is given as 


m = ISà,- Vx mr?a, =n x (0.1? à, = 0.01z = 0.031424, A-m? 


(b) Transforming the point (2, 2, 2) from the Cartesian coordinates into the spherical coordinates 


r2423422« 2? 2243 





o= : eas I 


2 


tan (4/2) = 54.736° 


1 ; 2 
cos0- — and sin 0 =,/— 
3 3 
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So, the magnetic field is given as 


Af = = (2.cos 4, + sin 6a) =LI | 2x La, +,]2a, 
Ho 4ar An x (243 3 


= (69.444, +49.1dy) uL A/m 





(c) Transforming the point (—6, 8, 10) from the Cartesian coordinates into the spherical coordinates, 


r2468 484 -10/2 


| yes e i 
0 = tan - x) tan (1)245 
cos 0 = sin 0 = E» 
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The magnetic flux density at point (—6, 8, 10) is given as 


-7 
B= 7 (2 cos 04, tsinga aax [2x l E | 
4nr An x (104/25? 





= (1.5714, + 0.785) pWb/m? 


3.18 MAGNETIC MATERIALS 


The introduction of material media into the study of magnetism has very different consequences as 
compared to the introduction of material media into the study of electrostatics. When we dealt with 
dielectric materials in electrostatics, their effect was always to reduce E below what it would otherwise 
be, for a given amount of free electric charge. In contrast, when we deal with magnetic materials, their 
effect can be one of the following: 


(i) To reduce B below what it would otherwise be, for the same amount of free electric current 
(diamagnetic materials); 
(ii) To increase B a little above what it would otherwise be (paramagnetic materials); 
(iii) To increase B a lot above what it would otherwise be (ferromagnetic materials). 


We will discuss these effects in detail. 


3.18.1 Magnetisation or Magnetic Polarisation 


Magnetisation (M) is defined as the amount of magnetic moment per unit volume. It is the property of 
some magnetic materials which describes magnetic field created by those materials themselves and the 
effects of some external magnetic field on those materials. It is expressed in Ampere per metre (A/m). 

The origin of the magnetic moments that create the magnetization can be microscopic electric 
currents (bound current, /,) due to: 


— either the rotation of electrons around the positive nucleus; 
— or the spin of the electrons. 


Both of these electronic motions produce internal magnetic fields (B,) that are similar to the magnetic 
field produced by a current loop. The equivalent current loop has the magnetic moment 
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m=1,Sa, 
where S is the area of the loop and J, is the bound current. 


Without an external magnetic field: 
The sum of all m’s is zero due to random orientation. 


When an external magnetic field (B) is applied: 
The magnetic moments of the electrons align themselves with B so that the net magnetic moment is 
not zero. Thus, the material exhibits some magnetisation. 

If there are N atoms in a given volume Av with magnetic moments m,, then magnetisation or 
magnetic polarisation density 1s defined as 





N 


1 

— ; i=1 
M = Lim 
Av>0 Av 





(3.99) 











3.18.2 Magnetisation in Maxwell’s Equations 


The behaviour of the magnetic fields ( B, F) , electric fields (E, D) , charge density (p), current density 
(J) is described by Maxwell's equations. The role of the magnetisation 1s described below, as also 
demonstrated in Fig. 3.52 (a), (5) and (c). 


m, 











(a) (b) (c) 
Fig. 3.52 Magnetic dipoles (a) before applied B field, randomly oriented dipoles, (b) after B field is applied, 
aligned dipoles, and (c) aligned dipoles of (b) is equivalent to a bound surface current density J, 


Magnetisation Currents From the concept of magnetic dipole, the magnetic vector potential 
due to a magnetic moment mM is 
um x à, 


A= 3 


4Anr 
For a differential volume dv', the magnetic moment is 
8 


dm = Mdv’ where M is the magnetisation 
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Hence, vector magnetic potential due to this differential volume is 


dA= 








Mxa MxF M 
H E E E OE MES 1 dv’ 
Anr? Azr? 4n 


e aG) 


Summing over all differential volumes of the material, we obtain the vector magnetic potential as 





DN 7 U y , 1 »_ wu V'xM , Hu , ca , 
A= [diode xv (Fl =F ode any” * |v 





- Lu VxM u Ec ; REP CET ee 

A "n ; dv’ + ani " dS foy vector identity, | (V x F )dv- Ur "e 

A= Hd ay! tg Kaas’ (3.100) 
An r Amr 


where 
J p= VX M = magnetisation volume current density or bound volume current density (A/m?) 


K, = M x à, = magnetisation surface current density or bound surface current density (A/m) 


Hence, total volume current density in Maxwell's equations is given by 





s v UP 
JaJp+VXM+—- (3.101) 








where, J y is the free volume current density, 
J, is the bound volume current density, 
M is the magnetic polarisation or magnetisation, and 


P is the electric polarisation 


Magnetic Susceptibility (7,,) The magnetic susceptibility y,, of a magnetic material is a 
measure of the degree of magnetisation of a material in response to an applied magnetic field. It is 
a dimensionless quantity. It is roughly a measure of how susceptible (or sensitive) a material is to a 
magnetic field. 


Permeability ( u) Permeability (u) is the degree of magnetisation of a material that responds 
linearly to an applied magnetic field. 

In general, permeability is not a constant; it can vary with the position in the medium, the frequency of 
the applied field, humidity, temperature, and other parameters. In a nonlinear medium, the permeability 
can also depend on the strength of the magnetic field. 
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Relation between B, HandM A magnetised material produces a secondary magnetic field 
(B) as discussed in the preceding section, which may be thought to be generated by the bound current 
densities. 


In free space, bound current densities are not present, i.e., M =0 and thus, we have 


VxHzJ => J,=Vx EA 
f f u 
0 
In material medium, M # 0 and as a result B changes. We can write the total current density as the sum 
of free current density and bound current density, as 


jsvs(E)-3, 52 v«üevii-vxai ein 
Ho 











B= ug(H 4 M) (3.102) 








Equation (3.105) is so general that it is valid for any medium, linear or not. In a linear material, 
magnetisation is directly proportional to field intensity, so that 


MoH 





M=y,,H (3.103) 











where, x,, is the magnetic susceptibility of the medium. 
Substituting Eq. (3.106) into Eq. (3.105), we get 
B= uy t x,)H = uu. H = uH 











B-uH (3.104) 





where, 
U= Lott, is called the permeability of the medium, expressed in Henry per metre (H/m), 
Hp is the permeability of free space, known as absolute permeability, = 4m x 107 H/m 


U= (l+ Xm) = T is the relative permeability of the medium, it is dimensionless. 
0 


NOTE 


Compare this section with Section 3.5. 


3.18.3 Classification of Magnetic Materials 


Depending upon the values of the magnetic susceptibility (y,,) or the relative permeability (14), 
magnetic materials are broadly classified into three groups as 


1. Paramagnetism, 
2. Diamagnetism, and 
3. Ferromagnetism. 


The characteristics of these magnetic materials are given in Table 3.2. 





Table 3.2 Magnetic materials 
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any magnetisation (M = 0) and thus, the 
average magnetic field (B,) is also zero. 

(iii) When placed in an external field (H), 
the dipoles experience a torque that 
tends to align m with Ë, thereby 
producing a net magnetisation (M) 
parallel to H. Since B, is parallel to H, 
it will tend to enhance the field. 

(iv) The magnetisation (M) is not only in 
the same direction as (H), but also 
linearly proportional to it. 

(v) Paramagnetism is temperature 
dependent. 


10° 


Type of Ranges of 
Magnetism Features U, and Xm Examples 
1. Paramagnetism: (i) The atoms or molecules have a > 1, Air, platinum, 
permanent magnetic dipole moment. Am > 9 tungsten, potassium, 
(ii) In the absence of any applied external | (positive), aluminium, 

magnetic field, the permanent magnetic | although y,, is | chromium, 
dipoles in a paramagnetic material are | usually of the | palladium, 
randomly aligned and thus do not have | order of 10~ to | copper sulphate, 


manganese, etc. 





2. Diamagnetism: 


(1) The magnetic material does not have 
permanent magnetic dipoles. 

(ii) The presence of an external field B, 
will induce magnetic dipole moments 
in the atoms or molecules. However, 
these induced magnetic dipoles are 
anti-parallel to By , leading to a 
magnetisation M and average field 
anti-parallel to B, , and therefore, a 
reduction in the total magnetic field 
strength. 


4,< 1, 

Xm <0 
(negative), 
although %, is 
usually of the 
order of -10? 
to -10? 


Copper (7,,, = —0.95 
x 10°), gold (x, 
=-3.2x 10°), 
silver (y, =—2.6 x 
10°), lead, silicon, 
diamond, bismuth 
(Xn 7 -16.6 x 10°), 
antimony, mercury, 
tin, zinc, alcohol, 
hydrogen, nitrogen, 
water, etc. 





3. Ferromagnetism: 








(i) Ferromagnetic materials are made up of 

small patches called magnetic domains. 

(ii) An externally applied field By will 
tend to line up those magnetic dipoles 
parallel to the external field. The strong 
interaction between neighbouring 
atomic dipole moments causes a much 
stronger alignment of the magnetic 
dipoles than in paramagnetic materials. 

(iii) The enhancement of the applied 
external field can be considerable, 
with the total magnetic field inside a 
ferromagnet 10° or 10* times greater 
than the applied field. 





Iron, steel, nickel, 
cobalt 
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3.18.4 Hysteresis in Ferromagnetic Materials 


The permeability u of a ferromagnetic material is not a constant, since neither the total field nor the 
magnetisation M increases linearly with H. Although the relation B = Uo (H + M) is applicable for all 


types of magnetic materials, the relation between B and H for ferromagnetic materials is not unique, 
but is dependent on the previous magnetic history of the material. This phenomenon is known as 
hysteresis. 

The variation of B as a function of the externally applied field H is shown in Fig. 3.53. The curve 
is known as a hysteresis curve or magnetization curve or B-H curve. 


B Flux Density — saturation 







Retentivit 


`a 


Coercivity 


—H 
Magnetising Force 
in Opposite Direction 





H 
Magnetizing Force 





Flux Density 


In Opposite Direction In Opposite Direction 


Fig. 3.53 Hysteresis curve or magnetisation (B—H) curve 


Characteristics of Hysteresis Curve 


Magnetic Saturation A ferromagnetic material that has never been previously magnetised or has 
been thoroughly demagnetised (virgin magnetic material) will follow the dashed line as H is increased. 
As the line demonstrates, the greater the amount of current applied, stronger is the magnetic field in the 
component B. At point ‘a’ almost all of the magnetic domains are aligned and an additional increase in 
the magnetising force will produce very little increase in magnetic flux. The material has reached the 
point of magnetic saturation. 


Retentivity and Residual Magnetism When H is reduced to zero, the curve will move from 
point ‘a’ to point ‘b’. At this point, it can be seen that some magnetic flux remains in the material, even 
though the magnetising force is zero. This is referred to as the point of retentivity on the curve and 
indicates the remanence or level of residual magnetism in the material. 


Coercivity As the magnetising force is reversed, the curve moves to point ‘c’, where the flux has 
been reduced to zero. This is called the point of coercivity on the curve. The reversed magnetising force 
has flipped enough of the domains, so that the net flux within the material is zero. The force required 
to remove the residual magnetism from the material is called the coercive force or coercivity of the 
material. 


Hysteresis Loop and Hysteresis Loss As the magnetising force is increased in the negative 
direction, the material will again become magnetically saturated, but in the opposite direction (point ‘d’). 
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Reducing H to zero brings the curve to point ‘e’. It will have a level of residual magnetism equal to 
that achieved in the other direction. Increasing H back in the positive direction will return B to zero. 
Notice that the curve did not return to the origin because some force is required to remove the residual 
magnetism. The curve will take a different path from point ‘f back to the saturation point where it will 
complete a loop, called hysteresis loop. The area of a hysteresis loop gives the energy loss per unit 
volume during one complete cycle of periodic magnetisation of a ferromagnetic material. This is called 
hysteresis loss. This loss is in the form of heat. 

From the hysteresis loop, a number of primary magnetic properties of a material can be determined 
as mentioned in Table 3.3. 


Table 3.3 Primary magnetic properties of magnetic material from hysteresis 











Property Characteristics 

Retentivity It is the ability of a material to retain a certain amount of residual magnetic field when 
the magnetising force is removed after achieving saturation. 

Residual It is the magnetic flux density that remains in a material when the magnetising force is 

Magnetism zero. The residual magnetism and retentivity are the same when the material has been 


magnetised to the saturation point. However, the level of residual magnetism may be lower 
than the retentivity value when the magnetising force did not reach the saturation level. 





Coercive Force | This is the amount of reverse magnetic field which must be applied to a magnetic 
material to make the magnetic flux return to zero. 





Hysteresis Loss | This is the area of a hysteresis loop which gives the energy loss per unit volume during 
one complete cycle of periodic magnetisation. 

Permeability The slope of the curve at any point on the hysteresis loop gives the permeability of the 
material. The relative permeability is arrived at by taking the ratio of the material’s 
permeability to the permeability in free space (air). 

Urelative = Hmaterial/ Hair where, Hair = An x 107 = 1.256 x 10% H/m 











The shape of the hysteresis loop tells a great deal about the material being magnetised. The hysteresis 
curves of two different materials are shown in the graph in Fig. 3.54. 
A material with a wider hysteresis loop has: 


e. +B 
e Lower permeability 


e Higher retentivity 
Higher coercivity 
e Higher reluctance 
e Higher residual magnetism 
e Higher loss H ERI 





A material with the narrower hysteresis loop has: 


m 
e Higher permeability 
* Lower retentivity 

* Lower coercivity 
e. 
e. 
e. 





Lower reluctance -B 


Lower residual magnetism Fig.3.54 Different shapes of hysteresis 
Lower loss curves 
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3.19 MAGNETIC BOUNDARY CONDITIONS 


Magnetic boundary conditions are the conditions that B or H (or M) field must satisfy at the boundary 
between two different magnetic media. These are illustrated in Fig. 3.55. 























Fig. 3.55 Magnetic boundary conditions 


To determine the conditions, we use Gauss’ law of magnetostatics and Ampere’s circuital law 
f§B-dS=0 and $H.d =1,,, 
S l 
We will consider two different magnetic media 1 and 2, characterised by the permeabilities Li and 4h, 
respectively. 


Applying Gauss’ law to the pillbox (Gaussian surface), with Ah > 0, 
BAS — By, AS =0 





Bi, = B5, (3.105) 











In terms of the field intensity, the boundary condition can be written as 








Mi, = HoH, (3.106) 








Thus, the normal component of B is continuous, but normal component of H is discontinuous at the 
boundary surface. 

Now, applying Ampere’s circuital law, assuming that the boundary carries a surface current K 
whose component normal to the plane of the closed path abcda is K (A/m) 











(H,- H5)-K (3.107) 
In terms of the flux density, we have 
(2 : Za) -K (3.108) 
Ho k 











Thus, the tangential component of H is also discontinuous. The directions are specified by using the 


cross product as 
(H,- H,)XG@.,=K| or (H,-H)-Kxà,, (3.109) 
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where, a,» is the unit vector normal to the boundary directed from medium 2 to medium 1. 


If the media are not conductors, then the boundary is free of current, i.e., K = 0; then 


By _ Ba 


H,=H => 
P 2 Ho kh 


and B,,= Ban (3.110) 


Ifthe fields make angle 0 with the respective normal to the interface, then we can combine the boundary 
conditions as 


B,sinO; _ B,sin 0, 
My Hy 





and B, cos 0, = B, cos 0, 


Combining, 








aN Oe ME nae 44 cot 0, = LL, cot 0, (3.111) 
tan 0; H5 


*Example 3.68 Two magnetic materials are separated by a surface z — 0; having permeabilities 
= 4u, H/m for region 1 where z > 0 and 1p = 7u, H/m for region 2 where z < 0. There exists a surface 
H4 = ^H 8 Hy = (Ho g 


current density K, = 60; A/m at the boundary z = 0. For field B, = (Ij — 27 — 3k) mT in region 1, find 
the flux density B, in region 2. 
Solution Here, z= 0 is the boundary and hence, the normal component of flux density is 
B, - -3k 

-. Tangential component is 

B, = B, m B, - (li -2j) 
Applying the boundary condition 

B,, = B, 2 -3k 


Applying the other boundary condition 


B, B B B K 
E = r3 = K, or in vector form, E - 2a) xa, =K 





a S 
Ho Ho 
Here, 
Be Pu pce 
Alo 7ko 
or, [7i -14j - 4(B,î + B,j + B.k)] x k = 60 x 28u 
or, -7j - Mi + 4B, j - AB,i =1680uọi 


or, (714 - AB,)i +(—7+ 4B,) j -1680ui 
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Equating the components 


B,-0 
zx 
B,-i-145 


-14 - 4B, 216804, = 1680 x 47 x 107 = B,=-3.5 
So, the magnetic flux density in region 2 is 


B, = (1.751 -3.5j —3k) mT 


*Example 3.69 Consider an interface in yz plane. The region x < 0 is medium 1 with 44, = 4.5 
and magnetic field H, = 4i 4 3j — 6k A/m. The region x > 0 is medium 2 with u, = 6. Find Ë jin 
medium 2 and angle made by Ë > with normal to the interface. 


Solution Here, x = 0 is the boundary and hence, the normal component of field intensity is 
H, =4i 
-. Tangential component is, 
H, = A, 7 A, = (37 - 6k) 
Applying the boundary condition 


Ti SM, m &,- (1), -(35)« os 
Hy, MH 





Applying the other boundary condition 
Ah, = H,, = (3j - 6k) 
So, the magnetic field intensity in region 2 is 
H, = (8i +3] -— 6k) A/m 
The angle made by H > with the normal to the interface is obtained as follows. 


Hy 36 
Han 3 





tan 0, = -2236 = 6,=65.9° 


Example 3.70 Given that H, 2 -2i +67 +4k A/m in region y — x — 2 € 0 where 4I, = 54o, 
calculate: 


(a) M, and B,. 
(b) Hi and B, in region y - x — 2 = 0 where Uy = 24. 


Solution y-x <2 or, y < (x + 2) is in region 1. Let the surface of the plane be described by f(x, y) 
= (y — x — 2); the unit vector normal to the plane is given as 


a LP 
” INE. S 
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(e) Magnetisation vector is 
M = x, ,Hi7 (ua -DË = (5-1)(-24 6j + 4k) = -8i + 247 - 16k A/m 


B, = uH, = Molt, = 4n x 107 x 5 x (-2i + 6j 4k) 
--12.57i +37.77 +25.13k uWb/m? 


(f) In region 1, normal component of the field is 
in shap aleia N) 


Pa 
=(—4i +4j) 





Tangential component is 
Ai, = H,- Ay, =C 2i + 6j +4k)- (—47 +47) = Qi +2744k) 
Applying boundary conditions 
Hy. = Hy, =(2i+2j7+ 4k) {assuming K = 0} 


=B, or Flay =F Fly = (Ai +47) = (107 +107) 
H,- Hy, + Hy, = (2i +27 +4k) + (-107 +107) = (-8i +127 - 4k) A/m 


By = My Hy = Up,» H, = 4n x 1077 x 2 x (-8i +127 + 4k) 
- —20.11i + 30.167 +10.05k uWb/m? 


3.20 SELF INDUCTANCE AND MUTUAL INDUCTANCE 


Self Inductance (L) An electric current J flowing around a circuit produces a magnetic field (B) 
and hence a magnetic flux (* - [8 -d5 ) through each turn of the circuit. 
s 


If the circuit has N identical turns, then the flux-linkage is defined as 

à= Nọ 
Also, if the medium surrounding the circuit is linear, then A æ J or, A= LI 
where, L is a constant, known as inductance of the circuit. 


L-2 NO 


T (3.112) 





Self-inductance (L): The ratio of the magnetic flux to the current is called the inductance, or more 
accurately self-inductance of the circuit. 
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The SI unit for inductance is Webber per Ampere (Wb/A) or Henry (in honour of Joseph Henry); 1H 
= IWb/A. 


Inductor An inductor is a passive electrical device employed in electrical circuits for its property 
of inductance. Physically, the inductance L is a measure of an inductor's ‘resistance’ to the change of 
current; the larger the value of L, the lower the rate of change of current. 
| 
I 


Example 3.71  Self-inductance of a solenoid: oes 


Compute the self-inductance of a solenoid with turns N, length /, and radius R E 
with a current / flowing through each turn, as shown in Fig. 3.56. 


Solution  Ignoring edge effects and applying Ampere's law, the magnetic 
field inside a solenoid is given by zh 


NI ~ t ud m 
Ho” E = uynlk 


Fig.3.56 Solenoid 


——— 
Ye 
—— 
ee 
A 
cS 
Nturns ===> 
—— 
——ÀÁ 
~~ 
— 





B = 
where, n= K is the number of turns per unit length. The magnetic flux 


through each turn is 
@ = BA = lonl - (TR?) = ugnI n R? 
Thus, the self-inductance is 


N 
L= ^ = ur? z R?I 
We see that L depends only on the geometrical factors (n, R and /) and is independent of the current Z. 


Coupled Inductor When the magnetic flux produced by an inductor links another inductor, these 
inductors are said to be coupled. For coupled inductors, there exists a mutual inductance that relates 
the current in one inductor to the flux linkage in the other inductor. Thus, there are three inductances 
defined for coupled inductors: 

L,, — the self inductance of inductor 1 

L5;— the self inductance of inductor 2 

Liz = Lj, — the mutual inductance associated with both inductors. 





Mutual Inductance (M) Coil 2 





Mutual Inductance (M): Mutual inductance is the ability 
of one inductor to induce an e.m.f. across another inductor 


placed very close to it. 
Coil 1 L— 8H 
When two coils are placed very close to each other, the 


magnetic flux caused by current in one coil links with the — 
other coil and induces some voltage in the second coil. This 
phenomenon is known as mutual inductance. 

We consider two coils placed near each other, as shown in B, 
Fig. 357. The first coil has N turns and carries a current " Fig. 3.57 Changing current in coil 1 
which gives rise to a magnetic field B,. Since the two coils are produces changing magnetic 
close to each other, some of the magnetic field lines through flux in coil 2 
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coil 1 will also pass through coil 2. Let $5, denote the 
magnetic flux through one turn of coil 2 due to 7}. Now, 
by varying 7, with time, there will be an induced e.m.f. 
associated with the changing magnetic flux in the second 
coil: 





The time rate of change of magnetic flux @,, in coil 2 is 
proportional to the time rate of change of the current in coil 
1 and thus the voltage can be written as 


d$» = d$» dl, _ dl, 
de ae a ae 














Fig. 3.58 Changing current in coil 2 
where produces changing magnetic 


flux in coil 1 





(3.113) 











is called the mutual inductance. 

The mutual inductance M,, depends only on the geometrical properties of the two coils, such as the 
number of turns and the radii of the two coils. 

In a similar manner, suppose instead there is a current /, in the second coil and it is varying with time 
(Fig. 3.58). Then the induced e.m.f. in coil 1 becomes 





and a voltage 1s induced in coil 1. 


This changing flux in coil 1 is proportional to the changing current in coil 2; 





_ don ae do,» dl, = dl, 
SN ae I, ^ dt An 
N 
where M,>= tms (3.114) 


is another mutual inductance. 
Using the reciprocity theorem which combines Ampere’s law and the Biot-Savart law, it can be 
shown that the two mutual inductances are. 


M,,=M,,=M (3.115) 


Mutual Inductance between Two Coupled Inductors 
Let, 
L,, L, — two inductors placed very close to each other. 
v(t) — open circuit voltage induced in L, by a current i,(f) in L, 
vi(£) — open circuit voltage induced in L; by a current i»(f) in L, 
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So, when only i,(?) is flowing, the magnetic flux emerging from L} is given as 


Q, = Qı (Linking with L) + @,, (Linking with L, ) 








y 46 a; dh di , di 
ur di, dt Har 
do, 
where Ba ae 
do dọ, di di 
dus 12 12 dh 1 
Tbv c ogee SIE T C dedi 


where M5, = N, 





Now, when only i,(f) is flowing, the magnetic flux emerging from L, is given as 
Q = 9, (Linking with L) + $5, (Linking with L,) 








_ ay dh  ., Abn din  , di, 
i iru tae ge ae 
where, L, = v, fh 
2 
oy doz dà», di, di, 
BENE CU S Du 


d 
where, M =N; di 
5 





= Mutual Inductance of coil L, with respect to coil L, 





Example 3.72 A long solenoid with length / and a 
cross-sectional area A consists of N, turns of wire. An insulated 
coil of N, turns is wrapped around it, as shown in Fig. 3.59. 

(a) Calculate the mutual inductance M, assuming that all the 

flux from the solenoid passes through the outer coil. 

(b) Relate the mutual inductance M to the self-inductances L, 

and L, of the solenoid and the coil. 2 3.59 





NIU 


A, 
>| 





Acoil perm around a 


Solutions: solenoid 
(a) The magnetic flux through each turn of the outer coil due to the solenoid is, 


ANM 
$57 m. 


where B= 


MA. . : — : ; 
AC is the uniform magnetic field inside the solenoid. Hence, the mutual inductance 


between the solenoid and the coil is 


Nó _ UoN N24 
L l 


(b) From Example 3.71, we see that the self-inductance of the solenoid with N, turns is given by 


L- Nó _ HoN? A 
1, l 


M= 
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where, $, is the magnetic flux through one turn of the solenoid due to the magnetic field produced by 
I. 


Similarly, we have the self-inductance for the outer coil given as 


-Mtn _ LyNz A 
I I 


Thus, in terms of L, and L,, the mutual inductance can be expressed as 


L, 


2 2 
A 
M= Hoe Mo A Mol EE 


NOTE 
More generally, the mutual inductance is given as 
M - KL, O<k<1 


where k is the coupling coefficient. In this example, we have k = 1 which means that all of the magnetic 
flux produced by the solenoid passes through the outer coil, and vice versa, in this idealisation. 


*Example 3.73 Self-Inductance of Infinite Solenoid: 
Find out the inductance of a long solenoid of radius ‘r’ having ‘N’ number of turns. 
Or, 
Calculate the self-inductance per unit length of an infinitely long solenoid. 
Solution From Example 3.42, the magnetic field at the centre of the long solenoid is 


_M 
waa 


where, / is the current and / is the length of the solenoid. 
If the solenoid is significantly long, compared to the diameter, H will be the same all over the cross- 
section. So, the total magnetic flux through the cross-section is 








NIA 
ó- BA- uHA- T 
The flux linkage is the same through all the turns; as the solenoid is having N turns. 
2 
Flux linkage, 2 = Nọ = EN 
2 
Thus, the inductance is given as L = 2 =H ` 4 


2 
pote 


If the radius of the solenoid is r, then A = 77’, then the inductance is given as L = 





nuN?r? 
s E 
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Example 3.74  Self-Inductance of Finite Solenoid: 
Find the inductance of a solenoid of finite length ‘/ with radius ‘r’ and ‘N’ number of turns. 


Solution From Example 3.42, the jen field at an axial point P is given by 
7 ue L 
B= L (cos 0, — cos 8, )a, 


where, N is the number of turns, Z is the current carrying, / is the length of the solenoid 


da: and cos(z —60,)-—-cos0,— z 


4r *-zY rz 
p. uM l-z + z 
21 NEENTEES (r+? 


In a small length dz, the number of turns is (+ az), The flux linking these turns is 


Here, cos 0, = 








TE Ae N g 


Neglecting the variation of the magnetic flux over the cross-sectional area, total flux linking N turns is 





l 2 
x ds f B(nr N ob 
z=0 l 
27,2 1 = 
_ UN Inr i z " l-z je 








2D N + 2? (P+d- zy 





N?I nr? 

EH ap E que 247? ae t(-zy] 
2 

DENT Qn 


Hence, self-inductance of the solenoid is L = ?- ie iu Qr’ -r) 


2 2 
— 














NOTE 


OMM 
L- uN ar 


If 15» r, as obtained in Example 3.73. 


*Example 3.75  Self-Inductance of Toroid of Circular Cross Section: 


Obtain an expression for the self-inductance of a toroid of circular section with ‘N’ closely spaced 
turns. 
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Solution Let, r mean radius of the toroid, 
N number of turns, 
S radius of the coil. 


From Example 3.43, we have the magnetic field 

_ NI 

- Qnr 
NI 2. 
2zr m 2r 








Total flux linkage per turn is ¢= BA = uHA- u 


202 
Hence, the self-inductance of the toroid is L = Ne JH ` 2 
r 








uN? s? 


L= 
2r 














Example 3.76  Self-Inductance of Toroid of Rectangular Cross Section: 
Calculate the self-inductance of a toroid which consists of N turns and has a rectangular cross section, 
with inner radius a, outer radius b and height h, as shown in Fig. 3.60 (a). 





WW ee 
mE 

































Fig. 3.60 A toroid with N turns 


Solution According to Ampere’s law, the magnetic field is given by 


$ B.dl = $ Bdl = B$ dl = BOnr) = u NI 
_ HoNI 
— 2nr 





or B 


The magnetic flux through one turn of the toroid may be obtained by integrating over the rectangular 
cross section, with dS = hdr as the differential area element [Fig. 3.60(b)]. 


b b 
eR oa Uy NI B Uo NIRh dr _ Uo NIRh b 
€x dm i 2nr ye | 2n le 2n ns 








Hence, the self-inductance of the toroid is given as L = 


Nó _ MoN*h, fb 
po ug 





2x 





d 
L- Hin w(2) 
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NOTE 


If a >> (b — a), the logarithmic term in the equation above may be expanded as 


(5)-w(1.- 252) = 228 


2 2 
and the self-inductance becomes L = “ UH DEdPE oM 
2x a 2za 





d uoN^A 
© 


where, A is the cross-sectional area, and | = 2ra. We see that the self-inductance of the toroid in this 
limit has the same form as that of a solenoid. 





h(b — a) 


Example 3.77  Self-Inductance of Coaxial Cable with 
Solid Inner Conductor: 
Determine the self-inductance of a co-axial cable of inner 
radius ‘a’ and outer radius ‘b’ when the inner conductor is solid. 
A coaxial cable is shown in Fig. 3.61. 


Solution Here, we have to find two inductances: 


1. Internal inductance, Li,» considering the flux linkages 
due to the inner conductor; 
2. External inductance, L,,,, considering the flux linkages 


between the inner conductor and the outer conductors. 


Now, magnetic energy stored in the inductor is 








= 1 2. 2 2W,, 
W,= zH => L= P 
2 Fig. 3.61 Coaxial cable 
where, W= TB - Hdv = [Za 
dur 2D, 2u 
2W, 2.8 
=p lag” 

For0<r<a: 
By Ampere’s law, 

= Ir . 

B=, [See Example 3.35] 

21a 





2 2 
cd Hs 2ç;1(ù ur _2;1f( ur 
Lin 7 f dv f | dv J Dil one rdrd$dz 




















Magnetostatics 337 





Fora<r<b: 








By Ampere’s law, 
5 wl ~ 
T Emp 
2 BY uY 
_ 2 
La IT B vehi] ^ =I sol = ) rdrdódz 
H b) pl, fb 
tafe fujt PROS os in( 2) 





ul 
Let = 2x w(2) 


Hence, the total inductance of the coaxial cable is 


2| Al ul b| wl} b 
L= (Ly + Leg) = TOME in( 2) = Ei «(2| 


























Example 3.78  Self-Inductance of Coaxial Cable with 
Cylindrical Conductors: 
Determine the self-inductance of a coaxial cable with 
conducting cylinders of inner radius ‘a’ and outer radius ‘b’. 
This is shown in Fig. 3.62. 


Solution In this case, we will consider the region a < r < b 
to find the self-inductance. 
Let, /—length of the cable 


We consider an element of the cable of thickness dr at a distance 
r from the centre. 


u 
2zr K 





Magnetic field at that point, B = 





Flux passing through the element is Fig. 3.62 Coaxial cable 
oz g [HZ dr 
dọ = B: dS = (4a). (drdzay) = Hgt 


Hence, total flux linkage for the entire cable is 


ig g Mt fdr ull, (b 
ag m r 2x is a 





Hence, the self-inductance is given as L = ? = Laan (2) 
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*Example 3.79 Self-Inductance of Two-Wire Transmission Line: 
Determine the inductance per unit length of a two-wire transmission line with separation distance ‘d’; 
each wire having radius ‘a’, as shown in Fig. 3.63. 


NB D 


~< > 





Fig. 3.63 Two wire transmission line 


Solution We will consider two conductors A and B with radii a and b, respectively, and separation 
distance between them as d. 

We assume that d >> a or b, so that the field and flux through the conductors is nearly uniform. 
We will use the results of Example 3.77. 
Self-inductance of Conductor A: 
Self-inductance per unit length due to internal flux is L4;= = 
Self-inductance per unit length due to external flux is L,, = £n(4) 


20 a 
Total self-inductance of conductor A is 


d 1 d 
Lelut tates dew (4)- 21 +m(4)] 


Self-inductance of Conductor B: 





Self-inductance per unit length due to internal flux is Lg; = E 
d 


Self-inductance per unit length due to external flux is Lp, = (f) 


Total self-inductance of conductor B is 


d 1 d 
aa) dee Pe) 2 fA) 


Hence, self-inductance per unit length of the two wire transmission line 1s 


E uji d\| ujil d\\_u|1 Ve de ug d 
L=(L;+ Lp) E eem) 4 [5+ m(2)] SERT] ar] 
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If a= b =r, then the self-inductance per unit length is given as 


ZEE 


Example 3.80 A long solenoid with length / and a cross- 
sectional area A consists of N, turns of wire. An insulated coil of 
N, turns is wrapped around it, as shown in Fig. 3.64. 

(a) Calculate the mutual inductance M, assuming that all the 




















flux from the solenoid passes through the outer coil. A 2 4 2 a, 
(b) Relate the mutual inductance M to the self-inductances L, < H >| 
and L, of the solenoid and the coil. Fig. 3.64 A coil wrapped around a 
Solution Seige 
(a) The magnetic flux through each turn of the outer coil due to the solenoid is 
M, 
$= BA= I T. 
l 
M. . f D : 
where B = TI is the uniform magnetic field inside the solenoid. 


Hence, the mutual inductance between the solenoid and the coil is 
-Naba _ Hole 


rem / 





_ Ug NIS A 


dd l 











(b) From Example 3.42, we see that the self-inductance of the solenoid with N, turns is given by, 


he Niġi _ HoN? A 
I, l 





where 6, is the magnetic flux through one turn of the solenoid due to the magnetic field produced by 
L. 
Similarly, we have the self-inductance for the outer coil given as 
NY» _ HoN3 A 
I l 
Thus, in terms of LZ, and L,, the mutual inductance can be expressed as 





L 





N, N,A (A uy N2A 
if Ho l 9. A 0c = dun 


M-4LL, 
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NOTE 


More generally, the mutual inductance is given as 


M-k[LL,  Osks1 


where k is the coupling coefficient. In this example, we have k = 1 which means that all of the magnetic 
flux produced by the solenoid passes through the outer coil, and vice versa, in this idealisation. 


Example 3.81 Two coils of N, and N, turns, respec- 
tively, are wound on a toroid of constant permeability u. The 
various dimensions are as shown in Fig. 3.65. Determine the 
mutual inductance and self-inductance of the coils. 


Solution 
Here, r—tradius of the toroid, 
S—radius of the winding, 


Nj, N5—number of turns of the coils, : 
Ij, —currents in the coils Fig.3.65 Two coils wound on a toroid 





We consider 7, current. 
If r >> S, then the magnetic flux density is constant over the interior of the winding and is given as 
NI 
pof 
2zr 


Flux linking coil 1 due to current flowing in coil 1 is 

















uN?I uN? A 
$7 Nx Bx 1S? = Ip 55 ; f 
where, A = uS? = area of winding cross-section and / = 27r = mean length of toroidal coil 
N? A 
Hence, self-inductance of coil 1 is L = ou zB 
1 
N5A 
Similarly, self-inductance of coil 2 is L, = e. if E 
2 
LN? A UN? A 
L- 7 and | L= E m 











Now, flux linking coil 2 due to current flowing in coil 1 is 
LN,N oo HN Not A 
mS = 
2znr l 
Similarly, flux linking coil 1 due to current flowing in coil 2 is 
HNiNal 2. UNNA 
mS = 
2xr l 


(i 05 _ UNINA 
i j 





y= Nx BX 1S? = 





(5-7 Nx BxaS?- 





Hence, mutual inductance between the coils is M — 
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_ ANUS A 











NOTE 


Just like in previous example, here also, M = J| LL, with unity coefficient of coupling. 


Example 3.82 An infinite straight wire carrying current / o» ——W—— 
1s placed to the left of a rectangular loop of wire with width and 
length /, as shown in Fig. 3.66. Determine the mutual inductance 
of the system. | 
I 





Solution To calculate the mutual inductance M, we first need 
to know the magnetic flux through the rectangular loop. Using 
Ampere’s law, the magnetic field at a distance r away from the 
straight wire is given as Y 




















Fig.3.66 Rectangular loop placed 
near long straight 
current-carrying wire 


The total magnetic flux $ through the loop can be obtained by 
summing over contributions from all differential area elements 
dS = ldr as follows. 











S+w st+w 
Bo Hol . |. 2. ell dr _ Moll (=) 
$- [d6 - | B. dS f Ara (lara) = —- (ieee a 





: M l + 
Hence, the mutual inductance is given as M = P Ha in(* Y) 
S 








I 2x 
m-e m(t) 
27 S 


321 MAGNETIC ENERGY (ENERGY STORED IN 
MAGNETIC FIELDS) 


Since an inductor in a circuit serves to oppose any change in the current through it, work must be done 
by an external source, such as a battery, in order to establish a current in the inductor. From the work— 
energy theorem, we conclude that energy can be stored in an inductor. The role played by an inductor 
in the magnetic case 1s analogous to that of a capacitor in the electric case. 
The power or rate at which an external emf €,,, works to overcome the self-induced emf e; and pass 

current / in the inductor is 
DW ot = I 

dt e Eext 
If only the external emf and the inductor are present, then £, 


P, = 


xt = £p Which implies 


dW, 
P, =— Bt = — le, = ( 14) =n 
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If the current is increasing with a >0, then P > 0, which means that the external source is doing 
positive work to transfer energy to the inductor. Thus, the internal energy of the inductor is increased. 
On the other hand, if the current is decreasing with d 0, we then have P < 0. In this case, the 
external source takes energy away from the inductor, causing its internal energy to go down. 


The total work done by the external source to increase the current form zero to J is then 




















Wore = |dW. jar jin 
This is equal to the energy stored in the magnetic field (W,,). 
W, = ju (3.116) 
NOTE 
The above expression is analogous to the electric energy stored in a capacitor, (w = tev?) 


In order to evaluate the density of the stored energy in terms of the field quantities, we consider a long 
solenoid. The magnetic flux density within the solenoid is 


B= UNI 
l 
where N is the number of turns, / is the current flowing and / is the length. 


If the cross-sectional area of the coil is A, the flux through it is 








pa(Bas= pase 
s 
Total flux linkage A = Nó = ED sr 
So, the inductance of the solenoid is L = 4 _H d N? 
Therefore, the magnetic energy stored in the solenoid is W,,, == ; £p : Hu = N? p 





Thus, the energy density (energy per unit volume) is 











W, W, 14N? 3 1 (o -1 j 
FW ub» oe) BE 
E. do 1B? 3 
dV = Zh eT (Joule/m") (3.117) 











Using this expression, magnetic energy can be expressed in different ways as follows. 


(i) Using the relation that, B = uH , we have 





B. Hdv (3.118) 
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Gi) W, = [ B. Bav- 1. | Ze [ A (Vx B)dv+ | V-(Ax B)av 

2u Vol 2u Vol 2 Vol Vol 

=| | å- vx Bydv + [dx a 

2u Vol S 

If V is chosen to include all space, then the surface S is at infinity, f(A x B): dS will vanish. 
S 
1 - 5 1 = 5 1 PM 
W,-—— J A-(Vx B)dv=— | A-(Vx B)dv- — f UA- Jdv 
2u Vol 2u Vol 2 Vol containing J 


(7: V x B= uJ and V x B = 0 for volume where J = 0} 





W, = i f Av (3.119) 


Vol containing J 











(iii) Wl j À Jav=5.§1(4- di) t£: Jav - Tal} 
l 


Vol 








W =S IGA Sarre (3.120) 
l 








[by Eq. (3.84)] 


*Example 3.83 Energy Stored in a Solenoid 
A long solenoid with length / and a radius R consists of N turns of wire, A current / passes through the 
coil. Find the energy stored in the system. 


Solution Here, the inductance of the solenoid is given by Example 3.22, as 
L= uon n R?l 


Hence, the magnetic energy stored in the system is 
W =LLP =L pe? mR = qua (aR?) = 2 aR 
ae 2 2i 


since the magnetic field in a solenoid is, B = unl. 
Here, the term 72R7/ is the volume within the solenoid. Therefore, the magnetic energy density or 
energy per unit volume is given as 
Bp? 
Wy, => 
2Uo 
Example 3.84 Along solenoid with length / and a radius R consists of N turns of wire. A current 
I passes through the coil. Find the energy stored in the system. 


Solution From Example 3.73, we have self-inductance of a long solenoid given as 


| nu NP R? 


ý 1 
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Hence, the magnetic energy stored in the solenoid is 








lon Teper? , ape ROP 
W_=~LP= P= 
MTD I 2 l 
_1auN’ RP 
Wm = i 











The result can be expressed in terms of the magnetic field as 





man znuN?R D 1 (zn 
"m l 2u\ 1 


Since (zR?I) is the volume within the solenoid, and the magnetic field inside the solenoid is uniform, 


2 
eR) =E (Rèn 


2 
the term (£) may considered as the magnetic energy density. 


Example 3.85 A toroid consists of N turns and has a rectangular cross section, with inner radius 
a, outer radius b and height h. Find the total magnetic energy stored in the toroid. 


Solution From Example 3.75, the self-inductance of a toroid with rectangular cross-section is 


given as 
2 
iz Ho n( 4) 
27 


a 
Hence, the magnetic energy stored in the toroid is 


N?hI? 
W. cl pun Bo M hn b 
m 2 4r a 


Alternative method: NI 
From Example 3.43, magnetic field of a toroid is B = A 
r 


Magnetic energy density is 





V "185. 1 (NI ?^ wn??? 

” 2u Dui Oar)! sme 
The total energy stored in the magnetic field can be found by integrating over the volume. We choose 
the differential volume element to be a cylinder with radius r, width dr and height A, so that dv = 2arhdr. 


Hence, the magnetic energy stored in the toroid is 


b 232 2,72 b 2472 
Z | ( ANT _ UNthI t dr | u.N^hI b 
Wy, = [Wn = J a 2nrhdr - f a e 


a 





This is the same as obtained in the earlier method. 


2,72 
ToD 





4r a 


Example 3.86 A wire of nonmagnetic material with radius R and length / carries a current 7 
which is uniformly distributed over its cross section. What is the magnetic energy inside the wire? 
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Solution Applying Ampere’s law, the magnetic field at distance r < R can be obtained as 


Bar) = uJ (nr?) = H(z : Jen? 





Or B- Hr 
2nR? 











2 2,2 

CN 18? 1( ur ) ulr 
Magnetic energy density is w, = =— = — = 

Br DAL CET xe 8x? Rt 


Hence, total magnetic energy stored inside the wire is 








[ur UA 2 4 2 
Wy = Jy = [2T amr = HET [gy = PAR jae 
o 8a°R 4nR 








2 "AzR^N4/ 16x 
cup 
m 16r 
Summary 


e The phenomenon of transferring electric charge from one point in a circuit to another is described 
by the term electric current. Electric current is defined as the rate of flow of electric charges or 
electrons through a cross-sectional area. 

. dq 

F "dr 

e Current density vector, J at any point is defined as the current through a unit normal area at that 

point. 
ze Wo 
J= J” 


e Total current flowing through a surface S is given as 
12 [J.d$ 
E 


e Electric current is of three types: 
1. Convection current, 
2. Conduction current, and 
3. Displacement current 
e The motion of charged particles in free space (vacuum) is said to constitute convection current. 
e The motion ofthe free electrons present in a conductor, by the influence of an electric field constitutes 
the conduction current. The relation of conduction current given as 
J-cE 
is known as point form of Ohm 5s law. 
e The current flowing in a capacitor is termed as displacement current, given as 
dD(t) 
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From electrical point of view, materials can be classified as conductors (0 >> 1, €, = 1), dielectrics 
(0 «« 1, e, 2 1). 
The resistance of a conductor of uniform cross section is given as 
pl 
R=— 
A 


and in general, for non-uniform cross-section, it is given as 





bled (led 
"I [j.d$ Vo, [Ea 
The Joule 5 law states that the rate of heat production by a steady current in any part of an electrical 


circuit is directly proportional to the resistance and to the square ofthe current (P — PR. In differential 
and integral forms it 1s given as 


p=J-E and P=fE- dv 


The electromotive force (EMF) in a closed loop is given as 


E=$E,- dl 
I 
where E, is the emf-producing field, i.e., the field generated by causes other than the static charges. 


The Kirchhoff s current law (KCL) in differential and integral forms is given as 
V-J=0 and fJ-dS =0 
S 
The continuity equation of charges is given as 


ap, 
ot 


Relaxation time (« = £j of a material is the time taken by a charge placed in the interior of a 


V-J=- 


conductor to drop its value to 37% (e! = 0.368 = 37%) of its initial value. 
The boundary conditions for the current density for two different conducting media are given as 
J, J 
Jin = Jan and Tul 
90, 05 
Combining these two conditions we get 


tan o, 
tan@, 0, 





where 0, and 6, are the angles with the normal in respective medium. 


If the boundary carries a surface charge with density, p, (C/m?), then by the boundary conditions 


can be written as 
£j  & 
Ps= (2 P a) Jin 
2 1 
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Laplace equation for conducting medium is given as, V?V = 0. 


The dielectric polarisation may be defined as a dynamical response of a system to an externally 
applied electric field. Polarisation vector is defined as the dipole moment per unit volume of the 
dielectric, 1.e., 





= S i=1 
P= Lim|- 
Av>o0\ Av 


The dielectric materials which have no free charges; all electrons that are bound and associated 
with the nearest atoms, are known as non-polar dielectrics. The dielectric materials, in which the 
molecules or atoms possess a permanent dipole moment which is ordinarily randomly oriented, but 
which becomes more or less oriented by the application of an external electric field, are known as 
polar dielectrics. 


The effect of macroscopic polarisation in a given volume of dielectric material is to induce some 
bound surface and volume charge densities in the dielectric, given as 


0,- P.H and pp=-V-P 
Electric displacement is given in terms of electric field and polarisation vector as 
DRES? 
The relation of polarisation vector with the electric field is given as 
P2&y,E 
Here, the quantity y, is known as the electric susceptibility of a dielectric material which gives a 


measure of how easily it polarises in response to an electric field. 

Electric permittivity (€) is a physical quantity that describes how an electric field affects and is 

affected by a dielectric medium. It is determined by the ability of a material to polarise in response 

to the field, and thereby reduce the total electric field inside the material. Its relations are given as 
E= EE, and é€.=(1+ x) 

The dielectric constant or relative permittivity (&,) is the ratio of the permittivity of a substance to 

the permittivity of free space. 


The maximum electric field that a dielectric can withstand without breakdown is known as dielectric 
strength of the material. 


A dielectric material is said to be homogeneous if the permittivity (€) or conductivity (0) does not 
vary with space in a region. 

A dielectric material is said to be isotropic if the electrical properties of the medium are independent 
of the direction, i.e. D and E are in the same direction. 


Biot-Savart states that the magnetic field intensity dH produced at a point P at a distance r from a 
differential current element /dl is: 


di . IP xr 
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Three current densities (line current density, 7; surface current density K and volume current density, 
J ) are related to each other as 
Idl = KdS = Jdv 


The magnetic field intensity H at any point is defined as the force experienced by a north pole of 
one Weber placed at that point. Its unit is Newton per Weber (N/Wb) or Ampere-turn per metre 
(AT/m). 


Magnetic flux is defined as the group of magnetic field lines emitted outward from the north pole of 
a magnet. It is measured in Weber and is denoted as 4. 


Magnetic flux density ( B ) is the amount of magnetic flux per unit area of a section, perpendicular 
to the direction of magnetic flux; 1.e., 


E 
E 


It is a vector quantity (expressed in Weber per square metre) that specifies both the strength and 
direction of the magnetic field. 


The magnetic flux through a surface S is given as 
$-|[B.d$ 
5 

The magnetic field intensity is related to the magnetic flux density as 

B-uH 
where u is a constant, called permeability of the medium. It is given as 

U = MoH, 
where [Uy is the permeability of free space, known as absolute permeability, = 4 x 107 H/m 


4 is the relative permeability 


As it 1s not possible to have an isolated magnetic pole, the total magnetic flux through a closed 
surface must be zero. This is known as Gauss’ law of magnetostatics. It is given as 


$8.d$-0 and V-B=0 
s 


Ampere S circuital law states that the line integral of the magnetic field intensity (A ) around any 
closed path is equal to the direct current enclosed by the path. 


$H dl = Tey, 

l 
The magnetic scalar potential (V,,) is defined as 

H=-VV, if J=0 
The magnetic vector potential (A) is defined as 
B=VxA 

The magnetic field due to a current distribution can be found using the concept of magnetic vector 
potential and using the relation as 
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A= tle” for volume current density 
4n-r 


rd) LIE dS for surface current density 


- ac udi for line current density 
r 


The Lorentz force equation relates the force on a moving charged particle in the presence of a 
magnetic field and is given as 


F 2 Q(E V x B) 
The force in an element d/ ofa current carrying conductor carrying a current /, placed in a magnetic 
field 1s given as 
dF = Idi x B 


The force between two current carrying conductors is given by Ampere $ force law and is written as 





É p $4 dl, x d x Ry) 
CO 
The magnetic dipole moment is the product of current and area of the loop; its direction is normal to 
the plane of the loop; its unit is Am’. 
m= IS = ISG, 
The torque on a current carrying coil with magnetic moment m placed in a uniform magnetic field 
B is given as 





T=mxB=IS x B = ISā,x B 


A bar magnet or a small filamentary loop carrying a current is known as a magnetic dipole. 





Magnetisation (M) is defined as the amount of magnetic moment per unit volume. It is expressed 
in Ampere per metre (A/m). 


The effect of magnetisation in a given volume of magnetic material is to induce some bound surface 
and volume current densities in the material, given as 


Magnetisation volume current density or bound volume current density (A/m?) = J =VX M 
Magnetisation surface current density or bound surface current density (A/m) = K p= Mx a, 


The magnetic susceptibility y,, of a magnetic material is a measure of the degree of magnetisation of 
a material in response to an applied magnetic field. It relates the magnetic field to the magnetisation 
vector as 


M=y,,H 
Permeability (u) is the degree of magnetisation of a material that responds linearly to an applied 
magnetic field. It relates the magnetic field to the magnetic flux density as 


B=uH 
For linear magnetic materials, the relation between different magnetic properties is given as, 


B = uH = usu, H = poll + Xm)H = Mo(H M) 


| 350 Electromagnetic Field Theory 





e Depending upon the values of the magnetic susceptibility (%„) or the relative permeability (44), 
magnetic materials are broadly classified into three groups as 


1. Paramagnetic (u, 2 1, x, > 0), 
2. Diamagnetic (uL, € 1, 7, < 0), and 
3. Ferromagnetic (u, >> 1, Xm >> 0). 


e The variation of B as a function of the externally applied field H is known as a hysteresis curve 
or magnetisation curve or B-H curve. 


e The boundary conditions that the magnetic field must satisfy at the interface between two different 
magnetic media are 


= B, or Uu Hy, = oH», 
and 

(H-Hjxàüj,;-K or Hy,-HjifK-0 
Combining these boundary conditions it can be written as 


tan 0, rf. Hu 
tanÓ, LL 





where 0, and 6, are the angles with the normal in respective medium. 


e The ratio of the magnetic flux to the current is called the inductance, or more accurately self- 
inductance of the circuit. 


=A NP 
MES dA. 


e Mutual inductance is the ability of one inductor to induce an e.m.f. across another inductor placed 
very close to it. 


e The relation between the self-inductances of two coils and their mutual inductance is written as 
M=k,J LL, 
where K is the coefficient of coupling. 


e Magnetic energy density (energy per unit volume) is given as 


dW, 2 
mal yppalB 


3 
dV ^3 2u (Joule/m") 





e Total magnetic energy stored can be written in different forms as 


Vol containing J 


zb bou ud. 
7204 dl - 16 
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Important Formulae 






























































Current I- Q 
"d 
Current density j= ag á 
A 
Total current flowing through a T= jJ . dS 
surface 5 
Convection current density j= p ge p Ü+ p Ü 
"Fs Pyt + vw 
Conduction current density Jack 
(Ohm's law) 
Displacement current density B a DA) 
Ja (t ) m A 
Resistance vy pl [Ed (jee 
R = = — = == = = 
I A fJ-dS \O/JE-ds 
Power dissipation (Joule’s law oe 2 
PM ! peg. dv - YI - =R 
Equation of continuity vj 9p, 
bos 
Relaxation time EN 
Oo 
Biot-Savart law A-J Idl xa, | j KdS xà, — j Jdv x à, 
; 4nr? Sm , 4ar? 
Relation between magnetic field B- u H 
and flux density 
Magnetic field due to an infinite o 41 á 
straight wire c! mp? 
Gauss' law of magnetostatics j8 .d$ 20 or V-B=0 
s 
Ampere's circuital law $ H.di2I oL VxH-2J 
i 
Magnetic field due to an infinite H= NI 
solenoid l 
Magnetic scalar potential H=-V V, 
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Magnetic vector potential 


B =Vx A and 
; _Myd 
A= — f —dv for volume current density 
Az Ma 
= EE as for surface current density 
Az iu 
X pld 
"Ap J 5 for line current density 





Magnetic flux in terms of vector 
potential 





Lorentz force equation 





Force on a finite current element in 
magnetic field 





Ampere's force law 











4n & 6, R? 
Magnetic torque T=ISxB 
Relation between B, H and M B= Uo (H+ M) 





Magnetic boundary condition 


By, = By, and (Hy, — Hy,) = K e(Hi- H2) xà; K 





Self-inductance of a coil 




















a Oe 
a perum 
Mutual i t ft il 
utual inductance of two coils M-KkÍLL 0<k<l 
Energy stored in magnetic field W, = 1 pe 1 f B. Hav 
2 2 vol 
Exercises 





[Note: * marked problems are important university problems] 


e Easy 


1. Find the current in a circular wire of radius 2 mm if the current density is given as 


J =15(1 — e 9975 A/m?. 


[0.133 mA] 


2. 


Find the total current in a cylindrical conductor of radius 2 mm if the current density varies with 
the distance from the axis as J= 10? e 99r A/m?. [7.51 mA] 


. Given the current density J — 10? sin a, A/m? in spherical coordinates; find the total current 


crossing the spherical shell of radius 0.02 m. [3.95 A] 


. In a material for which o = 5.0 S/m and e, = 1, the electric field intensity is E = 250 sin 10!°% 


(V/m). Find the conduction and displacement current densities and the frequency at which they 
have equal magnitudes. [1250 sin 10/9; (A/m?); 22.1 cos 109; (A/m?); 90 GHz] 
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5. 


*8. 


10. 


*11. 


. A thin cylindrical conductor of radius a and infinite length carries a current Z. Find the magnetic 


Using Ampere’s circuital law in integral form, find H everywhere due to the current density in 
cylindrical coordinates: 
J-Jy?'a, 0<r<0.5 
=0 elsewhere 


ry Jo -2r -2r \7 
H=% Ce —2ng^)a, r<0.5 


= 9.966 7a, r205 


. Find the current distribution producing the following field distribution using Ampere's circuital 


law in differential form: 





H- m r<a = T ] 
21a J SO, r<a 
I Ta 
=—-q r>a =0 r>a 
2nr ? 


field H at all points using Ampere’s law. H-0 $e 


=~—a r>a 
2nr ? | 

Determine the magnetic field H for a solid cylindrical conductor of radius a, where the current 

Iis uniformly distributed over the cross section. r ] 








“Inr” | 


. Determine the magnetic field H on the axis of a circular current loop of radius a, carrying a 


steady current /. What is the field at the centre of the loop? 
Using Ampere's circuital law in integral form, find H everywhere due to the current density in 
cylindrical coordinates: 


J=45e7", 0«r«0.5m 
=0 elsewhere 


== (1- e” — 2re" jay, r«0. 5m 


=— ds rz0.5m 





A solid cylindrical conductor of radius R has a uniform current density. Derive an expression 


for H both inside and outside of the conductor. Plot the variation of H as a function of radial 
distance from the centre of the wire. 


= Ir. 

H =——a,, r<R 
2nR? ? 
i r>R 


“mR” 
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12. A4m long conductor lies along the y axis with a current of 10 A in a, direction. Find the force 
on a conductor if the magnetic field in the region is given as B- 0.05a, Tesla. [-2a, N] 
13. Acurrent sheet K — 9a, A/m is located at z = 0. The region 1 which is at z< 0 has u, = 4 and 
region 2 which is at z > 0 has 15 = 3. Given H, =14.5a, + 8a, A/m. Find Hj. 
[H, =5.5a,+ 6a, A/m] 
e Medium 
*14. A coaxial capacitor with inner radius a and outer radius b and length / has a dielectric of 


permittivity £ and an applied voltage V, sin wf. Determine the displacement current and compare 
with the conduction current. 2nel 


15. In cylindrical coordinates, B- Za (T). Determine the magnetic flux crossing the plane surface 
defined by 0.5 < r < 2.5 m and 0 < z < 2.0 m. [6.44 Wb] 


6 
16. A radial field, H = IX 


crossing the surface defined by 0 < 6 € 7/4, 0 zx 1 m. [2.12 Wb] 


17. Find the flux passing the portion of the plane $ = 7/4 defined by 0.01 <r < 0.05 mand 0 «z «2 
m. A current filament of 2.5 A is along the z axis in the a, direction, in free space. [1.61 u Wb] 
*18. Using the vector potential concept find the magnetic intensity about a long straight wire carrying 


a current /. l Hol ~ | 


cos $ a, A/m, exists in free space. Find the magnetic flux @ 


19. In cylindrical coordinates 4 = 50728, Wb/m is a vector magnetic potential, in a certain region of 
y z 8 p g 


free space. Find H, B, J and using J find total current / crossing the surface 0<r<1,0<¢< 





2mandz=0. 
L = 100,5 A/m, B= -100rá, Wb/m?, J = 205 A/m?, I = -500 x iA, 
Ho Mo 
e Hard 
20. Find the leakage resistance between two transmission lines of finite radius a that are imbedded in 
a medium of conductivity o and separated by a distance d. E: / 2 
TO 


21. A long wire of radius r runs through a deep lake of conductivity o at height h above the bottom 
which is a good conductor. Calculate the resistance per unit length between the wire and the lake 


bottom. 1 2d J 
210 r 


22. Find the insulation in a length / of a coaxial cable of inner conductor of radius a and outer 


conductor of radius b. 1 b 
2nol |a 





a 
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23. 


24, 


25. 


26. 


*27. 


28. 


29. 


30. 


A curved rectangular bar forms a resistor. The curved sides are concentric circular arcs. If ois the 
material conducting of the bar, / is the length of the inner arc of radius rọ, (rg + b) is the radius 
of the outer arc, and a is the width of the bar, calculate its electric resistance. 

lo 


oan (1 + 2) 
0 


Show that the magnetic field intensity at any point P (x, y, z) due to a current element Jdla, 
located at origin may be expressed as 


a Tal (C ya,- xa) 
dH = 2372 





4n (x? +y? +2 
A coaxial line carries the same current / up the inside conductor of radius R4, the outer conductor 
of inner radius R, and outer radius R,. Find the magnetic field at all distances r from the centre 











of the conductor. H Ir 7 
HE gi O<rsR, 
Ty 
I 4 <r< 
a a R Sr<s<R, 
I a} 
= d R,Er&R 
{BS 
L =0 r2 R | 








A coaxial conductor with an inner conductor of radius a and outer conductor of inner and outer 
radii b and c, respectively, carries current / in the inner conductor. Find the magnetic flux per unit 


length crossing a plane $ = constant between the conductors. Hol, b] 
P0 E 
27  a| 
Obtain an expression for magnetic vector potential in the region surrounding an infinitely long 
straight filamentary current /. Let a be the radius of the wire. |^ I : (2) 2 
£0" in| & 
20 La DES 


An infinite current sheet lies in the plane z= 0 with K = Ka 


,,. Obtain the magnetic vector potential 
everywhere. 


> 1 ~ 
a = -5 Mokza, Wb/m 





| 


An infinitely long solenoid of radius a having ny number of turns of wire per unit length carries 
the current /. Find the magnetic vector potential at a distance r (> a) from the axis of the solenoid. 


[emt 
2r 


Find the vector magnetic potential in a plane bisecting a straight piece of thin wire of length 2L 
in free space and carrying steady current 7. Therefrom find the magnetic flux density at a distance 
r from the wire. í 





2na? 
I. 

esi altis r»a eile a r>a 
á 2nr 9 


2 T. 
ija r<a|[B=—4a, r>a 
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31. 


A wire carrying current J runs down the y axis to the origin, thence out to infinity along the 
positive x axis. Show that the magnetic field in the quadrant with x, y > 0 of the xy plane is given 


by 





B= Hol 


i spo X ya x? + y? Ve =] 





Review Questions 


[Note: * marked questions are important university questions. ] 
1. Distinguish between conduction and displacement currents. 
*2. Explain how the current flowing through a capacitor differs from the normal conduction current. 
3. Explain why conduction current is absent through the capacitor. 
4. (a) Establish the continuity equation relating the charge density and current density at a point 


"5. 


*9, 


(b) 
(c) 


(d) 
(a) 


(b) 


in a medium. Explain the significance of the equation. Explain the concept of displacement 
current and show its importance. 


or D 
What is ‘conduction’ and ‘displacement’ current? Establish the relation J=oE+ i if 


both conduction current and displacement current are present. Here, o—conductivity, 


E— Electric field intensity, D— Electric displacement vector, J—current density vector and 
*dt^ —tme derivative. 

Express the principle of conservation of charge in differential form. What is the name of the 
differential equation? What is the form of the equation for steady current? 

Express the resistance R in terms of the fundamental quantities (M, L, T and I). 

Obtain Ohm's law between emf and current, starting from the current density J in the circuit 
and the electrical conductivity o. 


or 


Starting from the relationship J = c E, obtain Ohm's law V= RI. 

Show that in a conducting medium, the steady electric current density satisfies the equation 
Div J = 0 and the potential V satisfies the Laplace's equation. 

Show that a charge placed anywhere in a conducting medium of conductivity o and 
permittivity € decays exponentially with a time constant £/o. 


or 


‘Any initial charge density in a conductor dissipates in a characteristic time T= £/o, where 
€ is the permittivity and o is the electrical conductivity of the material’. Establish this 
statement and discuss how 7 determines the quality of a conductor. 

What do you mean by charge relaxation time? What is its typical value for a good conductor? 


Show that Kirchhoff's current law 1s consistent with the principle of charge conservation and the 
voltage law is consistent with the principle of conservation of energy. 


What is ‘Principle of Duality’? Set up the analogy between J and D. 
Define polarisation. Explain how a dielectric acquires polarisation. 


A certain volume of dielectric has a polarisation P C/m?. Write the integral expression for the poten- 
tial at any point due to this dielectric. Explain the different terms in this expression through a figure. 
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10. 


*11. 
*12. 
*13. 
14. 
15. 
16. 
17. 
18. 
*19. 
20. 
21. 


*22. 


23. 


24. 
25. 


26. 


27. 


28. 
29. 


*30. 


Explain the terms 
(a) linear dielectrics and 
(b) dielectric constant. 
State Biot-Savart law for the magnetic field B due to a steady line current element in free space. 
Hence, obtain the magnetic field due to a steady volume current configuration. 
Starting from Biot-Savart’ law, obtain the expression for the magnetic field B due to a steady 
surface current in free space. 
State and explain Ampere's circuital law. Show how this law can be applied to find the magnetic 
field due to an indefinitely long straight conductor carrying a steady current. 
How does Ampere's current law differ from Biot-Savart law? 
Distinguish between magnetic vector potential, and magnetic scalar potential. 
Show that magnetic scalar potential satisfies Laplace's equation in the absence of free currents in 
a linear material and for uniform magnetisation. 
Explain the concept of vector magnetic potential. What is its unit? Explain why being potential, 
it is a vector quantity. 
What is Lorentz force? A long straight conductor carries a current 7. Determine the force per unit 
length of the conductor when it is placed in a uniform magnetic field B. 
Prove that the force on a closed filamentary circuit in a uniform magnetic field is zero. 
What is Ampere's force law? Derive the expression. 
Obtain the expression for the force experienced by two current carrying conductors. What is the 
direction of force when they are carrying current in similar direction and opposite direction? 
Explain the phenomena why a current carrying conductor is kept in magnetic field experience 
force. 
Show that the torque acting on a loop of area S and carrying a current 7, when placed in a 
uniform magnetic field B is given by T = IS x B. What is the potential energy of the current 
loop? 
Show how a small current loop can be treated as a magnetic dipole. What is its dipole moment? 
Derive an expression for the potential energy of a point magnetic dipole of moment M placed in 
a magnetic field B. 
(a) A charged particle is moving in a magnetic field. Give the expression for the force acting on 
it. Does it gain energy from the field? Give reasons for your answer. 
(b) Show that a current element placed in a magnetic field experiences a force F — ldl x B. 
(c) Find the magnitude of the force per unit length acting on a conductor carrying a current, 
when it is placed in a magnetic field. 
(d) State and explain Ampere's Work law or, Ampere's Force law. 
Explain the nature and behaviour of magnetic material. Define and explain the term magnetisation. 
Classify the different types of magnetic material? On what basis are they classified? 
Derive the boundary conditions at the magnetic interfaces and show that ESTE zd 
tanO, 4; 
Establish the boundary conditions for the magnetic field on the interface between two dielectric 
media of different relative permeability. 


Or, 


State the boundary conditions satisfied by B and H at the interface of two magnetic media of 
different magnetic permeabilities assuming no free current. 
Explain Laplace's and Poisson's equations for steady magnetic field. 
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Multiple Choice Questions 


. Displacement current can flow through: 


(a) capacitor (b) inductor (c) resistor (d) none of the above 


. In general, magnetic lines of force are closed whereas electric lines of force are not closed, because: 


(a) Magnetic field is conservative and electric field is not. 

(b) Magnetic field is not conservative and electric field is conservative. 

(c) North and south poles exists together but positive and negative charges may exist separately. 
(d) None of the above 


. The direction of force on a conductor carrying current in the positive y-axis and placed in magnetic 


field directed in positive x-axis, will be: 
(a) Positive z-axis (b) Negative z-axis (c) Negative x-axis (d) Negative y-axis. 


. Which of the following statements is correct? 


(a) Magnetic field can always be expressed with the help of a scalar potential. 

(b) Magnetic field can always be expressed with the help of a vector potential. 

(c) Magnetic field can sometimes be expressed with the help of a scalar potential and sometimes 
only with the help of a vector potential. 

(d) Magnetic field can never be expressed with the help of a potential. 


. Given the conduction current density in a lossy dielectric as J, = 0.02 sin 10°t (A/m?). If the 


conductivity o = 10? siemens/m and £, = 6.5, the displacement current density is 
(a) 1.15 x 10? cos 10°t (b) 1.15 x 10 $ cos 10?; 
(c) 1.15 x 10? sin 10? (d) 1.15 x 10$ sin 10? 


. A long straight wire carries a current of 50 A. A proton (1.6 x 10 !° C) travelling at 10’ m/s is 5.0 


cm from the wire. The force acting on the proton if its velocity is directed towards the wire is 
(a) 3.2 x 105 N parallel to the wire. (b) 3.2 x 10° N perpendicular to the wire. 
(c) 0.0 (d) none of the above. 


. Two concentric rings of radius ‘a’ and ‘2a’ carrying equal and uniform charge densities revolve 


at the same angular speed ‘œ’ about their common axis. The ratio of flux densities due to the two 
rings at the centre will be 
(a) 1:1 (b) 1:2 (c) 1:4 (d) 2:1 


. Two concentric square loops A and B carry equal currents in the same direction. The magnetic field 


at the centre due to the two loops A and B will be in the ratio 


(a) 1:1.414 (b) 1:1 (c) 1.414 : 1 (d) 2:1 
9. The units of J, and J, the surface and volume current densities are respectively 
(a) A/m?, A/m? (b) A/m, A/n? (c) A/m, A/n? (d) A, A/m 
10. Ifa vector field A = xa, + ya, + Ka, represents a magnetic field, then the value of K must be 
(a) 1 (b) 2 (c) -1 (d) -2 
11. The magnetic field intensity (in ampere/metre) at the centre of a circular coil of diameter 1 metre 


12. 


and carrying a current of 2 ampere is 
(a) 8 (b) 4 (c) 3 (d) 2 
A straight conductor of length / moving with a velocity v in the presence of a magnetic field of flux 
density B directed at an angle 0 with the direction of v experiences a force. Which ofthe following 
statement(s) are true for the magnitude of the force? 

1. It is independent of 0 2. It is proportional to Ê 

3. It is proportional to B 4. It is independent of v 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


Select the correct answer from the codes given below: 
(a) 1, 2and3 (b) 4 alone (c) 3 alone (d) 2and4 
Consider the following statements: 
The force per unit length between two stationary parallel wire carrying (steady) currents: 
1. is inversely proportional to the separation of wires. 
2. is proportional to the magnitude of each current. 
3. satisfies Newton's third law. 
Of these statements 
(a) 1 and 2 are correct (b) 2 and 3 are correct 
(c) 1 and 3 are correct (d) 1, 2 and 3 are correct 
A straight conductor of circular cross-section carries a current. Which of the following statements 
is true in this regard? 
(a) No force acts on the conductor at any point. 
(b) An axial force acts on the conductor tending to increase its length. 
(c) A radial force acts towards the axis tending to reduce its cross-section. 
(d) A radial force acts away from the axis tending to increase its cross-section. 
The ratio of conduction current density to the displacement current density 1s (symbols have the 
usual meaning) 
@ 77 (b) -Z © 29 @ Æ 
(0€ jE je jo 
Consider the following statements associated with the basic properties of ideal conductors: 
1. The resultant field inside is zero. 




















2. The net charge density in the interior is zero. 

3. Any net charge resides on the surface. 

4. The surface is always equipotential. 

5. The field just outside is zero. 
Of these statements 
(a) 1, 2,3 and 4 are correct (b) 3,4 and 5 are correct 
(c) 1, 2 and 3 are correct (d) 2 and3 are correct 
Conservation of charge implies that 
(a) fI- d$  — [fT pav (b) $jJ-a$ 20 
() fI: dS = [ff pav (d) {pJ- dS =p 
The relaxation time (7) in perfect dielectric is 
(a) 0 (b) 1 (o) 1<t<a (d) a 
Match List I with List II and select the correct answer using the codes given below the lists. 

List I List II 
(Laws of magnetostatics) (Equations with which the given laws are associated) 
A. Ampere’s Law 1. F= Q[E +x B)] 
B. Biot-Savart L E I 
iot-Savart Law $m MER 
4n: R? 
C. Lorentz Force Law 3, VxB- LJ 
D. Magnetic flux Law 4.V-B=0 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Codes: 

(a) A B C D 
3 2 1 4 

(b) A B C D 
3 2 4 1 

(c) A B C D 
2 3 4 1 

(d) A B C D 
2 3 1 4 


The region z < 0 is a perfect conductor. On its surface at the origin, the surface current density K 
is (5i — 6j) A/m. If the region z > 0 were free space, then the magnetic field intensity H in A/m, at 
the origin would be 

(a) H=0 (b) H= (5i - 6j) A/m 

(c) H= (6i — 5j) A/m (d) H - -(6i + 5j) A/m 

The magnitude of the magnetic flux density ‘B’ at a distance ‘R’ from an infinitely long straight 
current filament is 





Hol Hol Hol Hol 

—— ——À; —— d 
(a) £5 (b) a © A @ D 
If the vector B = x?i — xyj — Cxzk represents a magnetic field, the value of the constant C must be 
(a) 0 (b) 1 (c) 2 (d) 3 


A medium behaves like dielectric when the 

(a) displacement current is just equal to the conduction current. 

(b) displacement current is less than the conduction current. 

(c) displacement current is much greater than the conduction current. 

(d) displacement current is almost negligible. 

If A and J are the vector potential and current density vectors associated with a coil, then 4 - Jdv 
has the units of 

(a) flux-linkage (b) power (c) energy (d) inductance 

The energy stored in the magnetic field of a solenoid 30 cm long and 3 cm diameter wound with 
1,000 turns of wire carrying a current of 10A is 


(a) 0.015 Joule (b) 0.15 Joule (c) 0.5 Joule (d) 1.15 Joule 
Kirchhoff's current law for direct currents is implicit in the expression Z 
(a) V.D-p (b) [J-ds =0 () V-B=0 (d) vH 2j. 9n 
The relaxtion time of mica (o = 10? mho/m, e, = 6) is: 

(a) 5x10! s (b) 10° s (c) 5 hour (d) 15 hour 

Which one of the following is not characteristic of a static magnetic field? 

(a) It is solenoidal (b) It is conservative 

(c) It has no sinks or sources (d) Magnetic flux lines are always closed 


Two identical coaxial circular coils carry the same current J, but in opposite directions. The 
magnitude of the magnetic field B at a point on the axis midway between the coils is 

(a) Zero (b) The same as that produced by one coil 

(c) Twice that produced by one coil (d) Half that produced by one coil 

Two thin parallel wires carry currents along the same direction. The force experienced by one due 
to the other is 

(a) Parallel to the lines (b) Perpendicular to the lines and attractive 

(c) Perpendicular to the lines and repulsive (d) Zero 
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31. What is the unit of magnetic charge? 
(a) Ampere-metre square (b) Coulomb 
(c) Ampere (d) Ampere-metre 
32. The concept of displacement current was a major contribution attributed to: 
(a) Faraday (b) Lenz (c) Maxwell (d) Lorentz 
33. The region z < 0 has Li, = 6 and the region z > 0 has u, = 4. If the magnetic flux density in region 
z>0Ois 5a,+8a, mWb/ m°, the magnetic field intensity in region z < 0 would be: 
5a, +84, 5a, + 8a, 
(a) rm mA/m (b) 6m mA/m 
5a, 8a, 5a, 8a, 
(c) Al, + ai (d) m + Au, mA/m 
34. Plane defined by z = 0 carry surface current density 2a, A/m. The magnetic intensity °H,’ in the 
two regions —ee < z < 0 and 0 < z < are respectively: 
(a) a, and -a, (b) —a, and a, 
(c) a, and -a, (d) —a, and a, 
35. A solid cylindrical conductor of radius ‘R’ carrying a current ‘P’ has a uniform current density. The 
magnetic field intensity *H" inside the conductor at the radial distance ‘r’ (r < R) is: 
I Ir IR? 
(a) zero b) a; (c) mmi (d) ar 
a N 
Answers 
1. (a) 2. (c) 3. (b) 4. (b) 5. (b) 6. (c) 7. (a) 8. (d) 
9. (a) 10. (d) 11. (d) 12. (c) 13. (d) 14. (c) 15. (b) 16. (a) 
17. (a) 18. (a) 19. (a) 20. (d) 21. (D 22. (b) 23.(c) 24. (o) 
25. (D 26. (D 27. (d) 28. (b) 29. (a) 30. (b) 31. (d) 32. (c) 
33. (c) 34. (a) 35. (c) J 
M 








ELECTROMAGNETIC FIELDS 





Learning Objectives 
This chapter deals with the following topics: 


W Basic laws of electromagnetic induction 


m To acquire knowledge of fundamental quantities for time-varying fields 





41 INTRODUCTION 


In the previous chapters, we have studied different concepts of electrostatic and magnetostatic fields. 
In general, electrostatic fields are produced by stationary charges and magnetostatic fields are produced 
by motion of electric charges with uniform velocity (i.e. steady currents). However, 1f the current is 
time-varying, the field produced is also time-varying and is known as electromagnetic fields or waves. 

In this chapter, we will discuss the concepts of electromagnetic fields and contribution of Maxwell 
to the laws of electromagnetism. 


4.2 FARADAY'S LAW OF INDUCTION FOR 
TIME-VARYING FIELDS 


The English physicist Michael Faraday and the American scientist Joseph Henry independently and 
simultaneously, in 1831, observed experimentally that any change in the magnetic environment of a 
coil of wire will cause a voltage (emf) to be induced in the coil. If the circuit is a closed one, this emf 
will cause flow of current. This phenomenon is known as electromagnetic induction. The results of 
Faraday and Henry’s experiment led to two laws: 


1. Neumann’s Law: When a magnetic field linked with a coil or circuit is changed in any manner, 
the emf induced in the circuit is proportional to the rate of change of the flux-linkage with the circuit. 


2. Lenz’s Law: The direction of the induced emf is such that it will oppose the change of flux producing 
it. 

These two laws together can be termed as Faraday ’ law of electromagnetic induction. 
Statement of Faraday's Law The emf induced in a closed circuit is proportional to the rate of 


change of the magnetic flux-linkage and the direction of the current flow in the closed circuit is such 
that it opposes the change of the flux. 
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Explanation 
Let £—electric field, 
B—magnetic field, 
$—flux linking with the circuit, 
V—induced emf in the circuit, 
A—total flux-linkage in a multi-turn coil, 
C—the closed circuit binding an open surface S, placed in the magnetic field 





By Faraday's law, y- -2 (4.1) 
In general, for a multi-turn coil, the emf induced is given as, 
V= -A (4.2) 
Now, the induced emf can be written in terms of electric field as 
V=$E-dl (4.3) 
and the total magnetic flux can be written in a of magnetic field as 
a=[B-a8 (4.4) 
From Eqs. (4.1) to (4.4), we get ° 
§E-dl - [Bas (4.5) 











This equation is termed as the integral form of Faraday law. 
From Eq. (4.5), 


$E-di -— 5 |B. d$ 

C d 

— jV x E- dS = -2J -dS (applying Stoke’s theorem) 
E S 


If the circuit is stationary then the time derivative can be moved inside the integral and it becomes a 
partial derivative. Hence, 





jVx £-d8 2 -[2B.. a8 (4.6) 
n < 3t 
Thus, equating the integrands, we get 
=_ 9B 
VxE 3r 











This is the differential form of Faraday s law. 


Proof of Faraday's Law We consider a closed circuit moving with a velocity v ina time varying 
magnetic field B. 


Force exerted on the circuit is, F = q(V x B) 
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1 
Vdt 1 
A 


P: N 
e 
T P N / 
d o Rue di 
Fig. 4.1 Closed circuit moving in a time varying field 
So, the intensity of electric field induced in the wire is, 
pof) 
So, induced emf is 
V=$E-dl 2 $((9 x B): dÏ (4.7) 
Í l 


As the circuit moves, the element dT sweeps in time dt an area PP’QQ’ = vdt x d l. 


Flux across this area = B - (dt x di ) 


Flux over the entire band, dọ = $5 -(vdt x d T ) 
E 


-$B Gxab-- 6x Bai (4.8) 
t A-(Bx C) 2 C- (Ax B) 2 -(Bx A): C) 


Comparing Eq. (4.7) and (4.8), we get 














This is the induced emf given by Faraday's law. 


NOTE 
Weber is the unit of magnetic flux. Weber may be defined in terms of Faraday’s law, as the amount 
of flux that induces an electromotive force of one volt when cut by a varying magnetic flux through a 
loop to the electric field around the loop per second. 
Tesla is the unit of magnetic flux density. It is defined as the magnetic flux density that produces a 
force of one Newton per metre in a conductor carrying a current of one Ampere at right angle to the 
magnetic field. 
The Maxwell, abbreviated as Mx, is the compound derived CGS unit of magnetic flux. The unit was 
previously called a line. In a magnetic field of strength one Gauss (or Tesla), one Maxwell is the total 
flux across a surface of one square centimetre perpendicular to the field. 


1 Weber = 10° Maxwells = 10° magnetic field lines 
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Example 4.1 An infinite straight wire carries a current / is placed boue = ahs d 
to the left of a rectangular loop of wire with width w and length /, as shown 
in Fig. 4.2. 
(a) Determine the magnetic flux through the rectangular loop due to the 
current J. I | I 
(b) Suppose that the current is a function of time with /(f) = a + bt, where 
a and b are positive constants. What is the induced emf in the loop 
and the direction of the induced current? 
Solution 
(a) Using Ampere’s law, Fig. 4.2 Rectangular 


loop near a wire 


$B i dS = Molene 
the magnetic field due to a current-carrying wire at a distance r away is 
Hot. 
2zr 


The total magnetic flux $ through the loop can be obtained by summing over contributions from all 
differential area elements dS = /dr 


+ 


6- do |B.a$ - Holl’ [dr _ Holl, (s) 





27 r 2m S 


NB: Here, the area vector has been chosen to point into the page so that $7 0 


(b) According to Faraday’s law, the induced emf is 


y- do _ d Moll (sv) Moll ,( s+) a. Abl (5) 

















dt dt| 2x Ky 2x Ky dt 2x S 


dI 
where —-=b 
dt 
The straight wire carrying a current / produces a magnetic flux into the page through the rectangular 
loop. By Lenz’s law, the induced current in the loop must be 
flowing counterclockwise in order to produce a magnetic field V 
out of the page to counteract the increase in inward flux. | 





Example 4.2 A rectangular loop of dimensions / and w 
moves with a constant velocity v away from an infinitely long R = 
straight wire carrying a current / in the plane of the loop, as 
shown in Fig. 4.3. Let the total resistance of the loop be R. What 











«—-—--—s—- 














is the current in the loop at the instant the near side is a distance i ! ? 

r from the wire? 

Solution l The magnetic field at a distance s from the straight ; , 

wire is obtained using Ampere's law as Fig. 4.3 A rectangular loop moving 
Uol away from a current- 


T 2ms carrying wire 
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The magnetic flux through a differential area dA = Ids of the loop is 
_ g. goth 
dọ =B. dS = FE lds 
where the area vector has been chosen to point into the page so that $^ 0. 
Integrating over the entire area of the loop, the total flux is 
| polli" ds — uol (2 + +) 
o= 2x J s 27 i r 





Differentiating with respect to ¢, we get the induced emf as 


V = 





do ins Moll d in( 4) - Moll 1 1\dr 2 Uoll wv 
dt 2r dt r J) 2m\r+w rjdt 2m r(r+ 


_dr 
where v = d 


The induced current obtained as 


I| Holl wv 
R 2mRr(r-*w) 





[= 


Example 4.3 A rectangular loop of wire with dimensions a, b 
and lying in the xy-plane, is moving with a uniform velocity v in the { 
direction of the positive y-axis in a static magnetic vector field pointing 


w) 





in the z-direction and varying sinusoidally in the y-direction as B, = B, sin 
ky. This is depicted in Fig. 4.4. Calculate the emf induced in the moving 
loop. 


b 


Solution We assume that at time f = 0, the front side of the loop is at 


y= a and the rear side is at y = -2 At any time, f, the positions of the 


two sides are respectively, at 
J front = v E 2) and Yrear = v z 2) 
Total flux enclosed by the loop is 
J'&ont 


B , 
Q =a J Bo sin kydy = At cos ky 5o 


Vrear 


rear 
e eos 5) eon] 
aal eos vt 2 cos bum 


2o B04 a (2 i 
I k sin 2 sin kvt 








Hence, the emf induced is 


|. dġ_ d| „Ba. EIE |-- , (2) 
V= m dha y SNS sin kvt | = — 2 Bav sin 2 cos kvt 








V =—-2Byav sin (2 cos kvt 











«4— — — —» 


a 


Fig. 4.4 Rectangular 


loop moving ina 
magnetic field 
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4.3 INDUCED EMF FOR TIME-VARYING FIELDS 


According to Faraday’s law, for a flux variation, there will be induced emf, given as V = ae . The 
variation of flux with time may be caused in three ways: 





1. by having a stationary loop in a time-varying magnetic field; 
2. by having a time-varying loop in a static magnetic field, and 
3. by having a time-varying loop in a time-varying magnetic field. 


1. Stationary loop in time varying magnetic field (transformer emf): In this case, the emf induced is 
POPE OR 
fas dl = J 3; d$ 


This emf induced by the time-varying current (producing time-varying magnetic field) in a stationary 
loop is called transformer emf. By Stoke's theorem, 





Pi geil VOB tae 
INE dy. Jr dS 
- ƏB 











Thus, V x E #0, i.e. time-varying electric field is not conservative. The work done in taking a charge 
about a closed path in a time-varying electric field is due to the energy from the time-varying magnetic 
field. 


*Example 4.4 A circular wire loop of radius a = 0.4 m lies in the x-y plane with its axis along 


the z-axis. The vector magnetic field over the surface of the loop is, H = H, cos wta,, where Hy = 
200 uA/m and f= 1 MHz. Determine the emf induced in the loop. 


Solution Since the loop is stationary, and the area is time-dependent, the transformer emf is 
induced. The emf induced is given as 





Leo. z OH z à "m 
V= J ET dS = n] at dS = mola; (Ho cos ota.) - dSa, 
- - Lio | C 9H, sin wt)dS 
S 
= U@H sin otf dS 
S 
= LH, sin ot(za?) 
= oua? Hy sin ot 
Putting the values, we get the magnitude of the emf induced as 


V, = augra^ Hy sin wt = 27 x 106 x 47 x 1077 x 1(0.4) (200 x 1076) = 0.794 mV 


Example 4.5 A square conducting loop of sides d = 25 cm is located in a peak ac magnetic 
field of H,, = 1 A/m varying at a frequency f= 5 MHz. H is perpendicular to the plane of the loop. What 
voltage will be read on a voltmeter connected in series with one side of the loop? 
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Solution Since the loop is stationary, and the area is time-dependent, the transformer emf is 
induced. The emf induced is given as 





OB z 0H z 9 E z 
K= 13: dS = Hof J -dS = Mo] 5, Hn cos exa.) - dSa, 
S S S 
=~ uto | COH „sin wt)dS 
S 


= WOH „sin ct dS 
E 
= lOH „sin wt x d? 
= aua? H „sin ot 
Putting the values, we get the magnitude of the emf induced as 


V, = UH „d? = Ax x 1077 x 27 x 5x 106 x (0.25? 2 2.54 V 
Example 4.6 The circular loop conductor having a radius of 0.15 m is placed in the xy plane. 
This loop consists of a resistance of 20 as shown in Fig. 4.5. If the magnetic flux density is 
B - 0.5sin 10? ra, T 
Find the current flowing through the loop. 


N 


Solution Here, since the loop is stationary and the magnetic 
field is time-varying, only the transformer emf is induced. 


Transformer emf induced is 


DM P j 
Ye d$ = (0.5 sin 10^ 7a, ) - (rdr dóa;) vem 
s Jl Ia ERIAN eM Q7 N y 


0.15 2x 
-0.5x10?cosl0?t | f rdrdó DN. 
r-z0$-20 


2 D 202 











r 


=-0.5x 27 x 103 cos 10°] 
2 Jo 


Fig. 4.5 Circular conducting loop 


- —10?z cos 1027 x 0.01125 
=—35.34 cos 107? V 
Hence, the current in the conductor is 


_ Vs | —35.34 cos 10°¢ _ 3 
I4 20 =-1.767 cos10°¢ (A) 





Example 4.7 An area of 0.65 m? in the plane z = 0 encloses a filamentary conductor. Find the 
induced voltage 1f 


a, ta, 
V2 


Solution Since the filamentary conductor is fixed and placed in the xy plane, only transformer emf 
is induced. 





B =0.05 cos wi | Tesla 
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Transformer emf induced is 
3B — d 3 a, +a, " 
V =-j| 5 ad =- 3o05 cos10 ( - (dS à,) 
2 s 9t M J2 
3.5 3 
* 0.05 x 10? sin 10 * [as 
N2 s 


_ 0.05 x 10? sin 10°¢ 


NI 


—22.98sin10?; (volt) 











x 0.65 














Example 4.8 A stationary 10-turn square coil of 1 metre YÀ 
side is situated with its lower left corner coincident with the origin 
and with sides x,, y, along x-axis and y-axis. If the field B is normal 
to the plane of the coil and has its amplitude given by i HA 
yi- im 
B, — sin (=) sin (2 tesla, Ni "i >* 
al Yı X= 


im 
determine the rms value of the emf induced in the coil, if B varies z 4 va 


harmonically at a frequency of 1 kHz. Fig: dó Shape oop Ue Ore: 


Solution This is demonstrated in Fig. 4.6. Since B varies varying magnetic field 
harmonically, it can be written as, B = By cos at. 


Also, X] ly, =] 
By =sin (mx) sin (zy) Tesla 


Here, only the transformer emf is induced given as 





v= J ie -dS= J ae -ndS = j^ " 20 dxdy — ord sin wt 


Hence, the peak value of the induced emf is 





ES cos zx]. cos ty | 2.2 8f 
V, =o f Í sin (nx) sin (eyed = 2 f| - IE! | 22252 x2- 














Smax PE x-0 0 T 0 T 
.8f 
Smax T T 
The rms value of the induced emf is 
8f  8x1000 


=18 kV 





V. — 
Sms J2n J2n 


2. Moving loop in static magnetic field (motional emf): When a charge is moving in the presence of 
a static magnetic field B, the force on the charge is 


F,-qvxB 


where, q is the amount of charge, v is the velocity of movement. 
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So, we define the motional electric field, E,, as 


E,- o 9x5 (4.9) 


Thus, if a conducting loop is moving with a velocity v, then the emf induced in the loop is 





V,2$E,:dl 2$(9 x B)-dl (4.10) 
G C 











This is called motional emf or flux-cutting emf, as found in electrical machines, motors, generator. By 
Stoke's theorem 


J(Vx E,): dS = [Vx (x B): d$ 
S S 


Vx E, 2Vx(Vx B) 


*Example 4.9 Faraday Disc Generator 


(Unipolar Generator or Homopolar Generator or Acyclic Generator or Disc Generator or Dynamo or 
Faraday Disc Generator) [Fig. 4.7(a) and (b)] 





Cry 0 


(a) (b) 
Fig. 4.7 (a) Faraday disc generator (b) Faraday disc generator 


A Faraday disc generator is a homopolar DC electrical generator which consists of an electrically 
conductive disc made of magnetic material (flywheel) rotating in a uniform magnetic field with one 
electrical contact near the axis and the other near the periphery. This creates a potential difference between 
the two contact points, one in the centre of the disc the other on the outside of the disc. This generator is 
used for generating very high currents at low voltages in applications such as electrolysis, welding, etc. 
Let @—angular velocity of the disc, 


B—uniform magnetic field, 
a—41adius of the disc. 
We consider an electron of charge e at any point on the disc at a distance r from the centre. 
Velocity of the electron is, v = Or 
Force on the electron is, F = e(V x B) 
Hence, the electric field acting on the electron at equilibrium is 
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The magnitude of the field is E =|E|= vB sin 90° = arB 


E -|E|- v rB 


The direction of this field is radially inward. 





Thus, the emf between the centre and the peripheral rim of the disc is 





V = goBa! 


m 











This is the open circuit voltage between the two contact brushes. 


*Example 4.10 A copper disc of 0.50 m diameter is rotated at a constant speed of 2,000 r.p.m. 
on a horizontal axis perpendicular to and through the centre of the disc, the axis lying in the magnetic 
meridian. Two brushes contact with the disc, one at the edge and the other at the centre. If the horizontal 
component of earth's field is 0.02 mWb/m? find the emf induced between the brushes. 


Solution This is a Faraday disc problem. From Example 4.9, we get the emf induced as, 





2 
5x10? 
v, - LoBe - Lean Ba? = n M Ba? = o 200 0,02 107 x| 25X10" 
= 0.1308 mV 


*Example 4.11 A rod of length ‘P rotates 
about the z-axis with an angular velocity ‘œ’. If 
B= Byá,, calculate the voltage induced on the 
conducting rod. This is shown in Fig. 4.8. 


Solution We consider an elemental section of 
the rod at any distance r. The velocity at that section 
is 





v= Ordy E 
yx B = (orà,) x (Byà;) = Bor a, Td 
So, the induced motional emf is x 


V, = $9 x B): dl =$ (Byora,)- (dra,) 
€ C 


l 
= Byo| rdr — 5 Bool” 
0 


Fig. 4.8 Metal rod rotating in stationary field 


Here, the induced field v x B is in the radial direction, the polarity of the moving end is positive with 
respect to the fixed end. 
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Example 4.12 A rectangular conducting loop with resistance AZ 
of 0.2 Q rotates at 500 r.p.m., as shown in Fig. 4.9. The vertical 
conductor at r; = 0.03 m is in the field B,=0.254a, T and other 
conductor is at r, = 0.05 m and in the field B, = 0.84, T. Find the 
current flowing in the loop. 


Solution Linear velocity of the inner conductor is, 














= Ond, = 2x fn- 2n x A x 0.03, — 1.57á, m/s 
Linear velocity of the outer conductor is 

E A 500 ^20 7 

V2 = Ory = 20 fr, = 20 X ^e X 0.05a, = 2.624, m/s 


Fig. 4.9 Rectangular conducting 


Since the magnetic field is not time-varying, only the motional emf loop with resistance 
will be induced. 


Motional emf induced in the inner conductor is 
I 
Ven = $i x B) dli = j1.57a, x 025a, ) - (dza,) 
1 0 


0.5 
= [ (-0.39a,)- (dzā,) 
z=0 


0.5 
=-0.39 J dz 2 -0.196 V 
z=0 


Motional emf induced in the outer conductor is 
I 
Ving = $0 x Bj): dl, = | (2.628; x 0.88, ) - (dzà,) 
1 0 


0.5 
= f (-2.094,) - (dzà,) 
z=0 


0.5 
=-2.09 | dz=-2.09x0.5=-1.047V 
z=0 
Hence, the current in the loop is given as 


po Fez Van _ —0.196 ~ (71.047) _ 0.85 


R 0.2 ~ 0.2 





=4.25A 





3. Moving loop in time-varying magnetic field (general induction): Combining the above two 
results, for a moving conducting loop in a time-varying magnetic field, total emf induced is 


V=§ Ed -- [B5 d$ + po B) al (4.11) 
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T EM 
due m + DO Bid 
T di 
transformer motional 
emf emf 
The field is given as 
Vx E=-B e VxGxB) (4.12) 











*Example 4.13 A conductor can slide over a static conductor in a time-varying magnetic field 
B- By cos wt(—a,) with a velocity v = va,, as shown in Fig. 4.10. The length of the sliding conductor 
is ‘P’. Calculate the emf induced in the sliding conductor. 


Solution In this case, the conductor is moving and the magnetic field is also time-varying. 
Therefore, both the transformer and motional emf's will be induced. 











y A 
| sliding conductor 
> 
Ef 
EMF —- l 
! G9 V = Vay 
B (inward) 
© ug 
Z 


Fig. 4.10 Sliding conductor in time-varying magnetic field 


Transformer emf is 


D xl 
Ves] £ -dS =- [f 2-8 cos xà, ) : dxdya, = — Í | (@By sin cot)dxdy = — oxlB, sin wt 
S S 00 


If we let x = 0 at t= 0, then x = vt, and 


V,=—viB at sin ot 


Motional emf is 
V, = $9 x B)- dl = ${(va,) x C B cos wida,)} : dya, 
C C 


I 
= | vB, cos wtdy 
0 


= vIBy cos wt 
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Thus, the total induced emf is 


V =V; +V, = Bolv(cos ot — ot sin at) 


*Example 4.14 (a) A conductor can slide over a static conductor in a static uniform magnetic 
field B = — Boa, with a velocity y = va,, as shown in Fig. 4.11. The length of the sliding conductor is 
‘P. Calculate the emf induced in the sliding conductor. 


ya sliding 
conductor 





Vemt o— 


E 
B Boa) | u uaa 
F 


(uniform, static) 








ze = »Xx 





Fig. 4.11 Sliding conductor in static uniform magnetic field 


(b) What will be the induced voltage, if the magnetic flux density is B = By cos ox (—a,) in part (a)? 


Solution 5 
(a) A particle of charge Q moving with a velocity v in a uniform B field experiences the force 


F,- Q(V x B) 


motional field is 


É - Él - (9x B) = (và,) x (- By) = Bvá, 


m 


From Faraday's law, motional emf induced 
1 1 
V, =$ x B):dl = [(Bva,)- (dya,) = Bvf dy = Blv 
1 0 0 


(b) If the magnetic field is time-varying, both the transformer emf as well as the motional emf will be 
produced. 
Transformer emf is 





D xl 
V;- - fj 2 -dS z-| 3 B, cos wta,) - (dxdya, ) =— Bof | sin wtdxdy = — Bycilx sin ct 
S S 00 


If we let x = 0 at t = 0, then x = vt and 
V, — — Bylvott sin ot 


Motional emf is 


uo d l 
V,,= 4(¥ x B): dl = [(va,) x (~B, cos ora, ) - (dyà,) = Byv cos æt | dy = Bylv cos wt 
l 0 0 
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Hence, the total emf induced in the conductor is 


V = (Vs + V,,) =- Bgollx sin wt + Bolv cos wt = Bolv[cos wt — at sin œt] 


























*Example 4.15 A conducting rod of length / moves with a V 
constant velocity v perpendicular to an infinitely long, straight 
wire carrying a current J, as shown in Fig. 4.12. What is the emf 
generated between the ends of the rod? ar WE 
Solution By Faraday’s law, the motional emf is | E 
\V,,|= Blv I 
where v is speed of the rod. However, the magnetic field due to | 
the straight current-carrying wire at a distance r away 1s obtained 
using Ampere's law as s 
Lol Fig. 4.12 A bar moving away from 


= a current-carrying wire 
2zr rying 


Thus, the emf between the ends of the rod is given by 
_{ Hol 
al "x (An lv 


Example 4.16 (a) AnAC generator consisting of a single square loop of wire, with length of 
each side being ‘a’, is rotating in a steady magnetic field B at an angular velocity ‘œ. The axis of the 
loop rotation is perpendicular to the uniform field. Find the voltage induced in the loop. 

(b) If the flux density varies harmonically with time as, B = B,, sin wt, what will be the induced emf for 
(a)? This is demonstrated in Fig. 4.13. 


starting position — ? Position at time t, 0 = at 





























zy 
B 
3 
i >B 
> 
Z > 
Em 
B 
> 
> 











Fig. 4.13 AC generator 


Solution 

(a) Here, v x B = vB sin 0 = vB sin ot 

Since, only two sides of the loop cut the flux lines, / = 2a 
emf induced is 


V,,=$(0 x B)- dl =vB sin eta) = 05 B sin @t(2a) = oa? B sin wt = (AB sin ot 
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where, A = a? = Area of the loop 











V Qa? B sin ot = @AB sin ot 





(b) In this case, in addition to the motional emf, transformer emf will be induced. 


From (a), motional emf is 


V „= @a*(B,, sin c) sin wt = wa’ B,, sin? wt 


Transformer emf is V; = -j2 -d5 


9B ə . B 
Here, E x 3r Bm sin @t) = — B „æ cos ot 
and, dz: à, — cos 0 = cos at 
V= -j2 - dS = —(B,,@ cos ot) cos @t(a?) = — oa? B, cos? ct 


So, the total emf induced is 
V = (V; +V) = oa? B, sin? wt — @a’B,, cos? wt 
= wa’ B, (sin? wt — cos? wt) 
— — Qa? B,, cos 2ot 





V 2 —oa? B, cos 20t 











Example 4.17 A square coil of area of 100 cm? and 100 turns is rotated about an axis at right 
angles to a uniform magnetic field of 0.7 Wb/m? at a uniform speed of 1000 r.p.m. Evaluate the 
expression for the instantaneous value of induced e.m.f. Derive the formula used. 

M 2z x1000 -100. rad/s 

60 3 
Using the formula derived in earlier problem, the expression for instantaneous value of the induced 
e.m.f. is given as 


Solution Here, 4-100cm?, N-100, B=0.7 Wb/m?, 


V, = @AB sin ot = Ig x 100 x 107 x 100 x 0.7 sin (199.5 - 733sin (10° 


4.4 INCONSISTENCY IN AMPERE’S LAW FOR 
TIME-VARYING FIELDS 


According to Ampere's circuital law in differential form we have 
VxH=J (4.13) 
Taking divergence on both sides 
V-(VxH)=V-J=0 


(Since the divergence of curl of any vector is zero.) 


Electromagnetic Fields 377 





However, according to the continuity equation of current, we have 


Therefore, we see that Ampere’s law is not applicable for time-varying fields. In order to make it 
compatible for time varying fields, we modify the law. 
4.4.1 Modified Ampere’s Law for Time-Varying Fields 
In order to have modified Ampere’s law, we add a term to Eq. (4.13). 

VOX. Jj (4.14) 
where, J, is to be determined and defined. 


Taking divergence on both sides of Eq. (4.14), 
V-(VxA)=V-J+ V-J,=0 








jo y Jue 2P = y.pyey.2P 
Vidya HV d= a aa D)=V J; (4.15) 
j,-9P (4.16) 











This J q 1$ known as displacement current density and J is the conduction current density (J =oE ). 


NOTE 


The concept of conduction and displacement currents have been discussed in Chapter 3, Section 3.2. 
Now, substituting Eq. (4.15) into Eq. (4.14), we get, 


VxH=s+2 (4.17) 





This is the modified Ampere s law. 


4.5 MAXWELL’S EQUATIONS FOR TIME-VARYING 
FIELDS 


Maxwell brought together the four basic laws governing electric and magnetic fields into one set of 
four equations, which completely describe the behaviour of any electromagnetic field. The form of 
these quantities is referred to as the instantaneous form (we can describe the fields at any point in time 
and space). The instantaneous form of Maxwell’s equations may be used to analyse electromagnetic 
fields with any arbitrary time-variation. Maxwell’s equations in differential and integral form are listed 
in Table 4.1. 
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Table 4.1 Maxwell's Equations 
































SI. No. | Differential Form | Integral Form Name 
1 V-D= p $D -dg= $p dv-Q Gauss' law of Electrostatics 
S v 
2 V-B=0 $B .d$ 20 Gauss' law of Magnetostatic (non- 
3 existence of magnetic mono-pole) 
3 2 OB = o7 d d Faraday's law of electromagnetic 
Vx E=- dice Bids induction 
4 - + OD A 8 n Modified Ampere's circuital law 
ir LUE $H ai - (7 3B.) ds 
ot 
l S 
Word Statements 


1. V-D=p, or, $D.d$-óp,dv- OQ 
S v 


The total electric displacement through any closed surface enclosing a volume is equal to the 
total charge within the volume. This is the Gauss’ law for static electric fields. 


2. V-B=0 or, $B-ds=0 
S 


The net magnetic flux emerging through any closed surface is zero. In other words, the magnetic 
flux lines do not originate and end anywhere, but are continuous. This is the Gauss’ law for static 
magnetic fields, which confirms the non-existence of magnetic monopole. 

3, Vx Ez -9B oo, $E.qi 2-2 [B.qs 

ot dt y 

The electromotive force around a closed path is equal to the time derivative of the magnetic 
displacement through any surface bounded by the path. This is the Faraday’s law for 
electromagnetic fields. 

4 Vsi or, $a ai - (92 as 

ot : $ ot 

The magnetomotive force around a closed path is equal to the conduction current plus the time 
derivative of the electric displacement through any surface bounded by the path. This is the 
modified Ampere’s law for time varying fields. 


Physical Interpretation of Maxwell’s Equations 


1. V-D=p, or, $D-ds=$p,dv=Q 
S v 


This implies that the divergence of electric flux density is the charge density. This is simple to 
understand, as p, at any point is simply the charge per unit volume at that point and from the 
| $D-d$ Total Electric Fi 
2s . i eee ree . Total Electric Flux _ ee m. 
definition of divergence | V. D = Lim Auc Volume =p, |, itis equal to V - D. 
If a closed surface does not contain any charge, then obviously the total flux over the surface is 
Zero. 





Electromagnetic Fields 379 | 





This equation implies that the electric flux lines are not continuous; they originate from the 
positive charges and terminate on the negative charges. 
2. V-B=0 or, $B-ds=0 
S 

This implies that the number of magnetic flux lines of force entering any region must be equal 
to the number of lines of force coming out of that region. 

This is simple to understand because of the fact that there are no magnetic mono-poles on 
which the flux lines ends and thus, the magnetic flux lines are always continuous. 

9B 


p- OB Bd] 2-2 pHB.ds 
3. Vx E- a Oh us dl = a ds 


By Stoke’s theorem, 
$(V x E): d$ 2 $E. dl; 
S I 


where, ds =|ds|n; where, n is the unit vector normal to the direction of ds. 
If the surface is reduced to an element of area ds, the LHS becomes (V x E): ds. Dividing 
through by |d s, the result is 
fE-dl 
Ejea aee 
(VxE) n ids 


If unit vector n is directed in such a way that $E dl is maximum, then the direction of 


l 
fE-di 
Hwee 
|ds] 
a (Vx E) equals the emf per unit area in a direction of the area that results in a maximum 
q p 
emf around its edges. 


(V x E) is given by ñ and its magnitude is . Thus, we conclude that: 


This equation inter-relates the magnetic and electric fields and shows that a time-varying 
magnetic field can produce an electric field. 
4 vxA=J+B or, gai - (7492) as 
ot ; 5 ot 
Similar to the curl of electric field, this equation implies that (V x H ) equals the mmf per unit 
area in a direction of the area that results in a maximum mmf around its edge. This equation also 
signifies that conduction current as well as a changing electric field produces a magnetic field. 


*Example 4.18 The electric field intensity of an electromagnetic wave in free space is given by 
P 








E,=0, E,-0, E, Ecos lr =) 
y 


Determine the expression for the components of the magnetic field intensity Ë. Also, find E 
y 
Solution By Maxwell’s equation 
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TE 
d d d m oH, ie 9H, im oH, 1 
2 ae By 82 rol an e aed ee 
E E, E, 
T og. k 
d d d i oH, m 9H, e oH, 1 
oF de 5 (07 "LM a 
E. 0 0 
dE, > OB, 5p _ EE 1 
a oop cea wl'wy 
: z dE . 
Since, E, = Ej cos oļi — BI ae ay = 0, and the above equation reduces to, 
dE, - | 2 - 3H,- JH, | 
oz) Hole t al oe 


Comparing both sides 
H, — 0; H, = 0 and, 








So, the magnetic field intensity 1s given as 


E 
H,- =» cos a(t — 4] 
Mov Y 


E, : 
Now, E,.- Ep cos oļi — z) and H,- — cos oļi — z) ; so, the ratio, 
v Lov y 





-120z =377 








NOTE 


This is known as intrinsic impedance of free space as discussed in Chapter 5. 


4.5.1 Time-Harmonic Fields (Sinusoidal Variations of Fields) 


Time-harmonic fields are those fields that vary sinusoidally with time. They are easily expressed in 
phasors. 
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For any complex number, z = (x + jy) 2 rZ0 = re? , if 0 = (wt + à) where, à may be a function of time 
or space or a constant, then, 
rel? = rel o jo 
Re(re/?) 2 r cos (ot -- 9) and Im(re/?) — r sin (at + $) 


Thus, for a sinusoidal current, i(t) = J) cos(Q/ + $), the complex form is Re(/9e/^'e/ ?). Dropping the time 
factor e/^", the term Jọ? is known as the phasor current, denoted by /,. 


I = he” = 10 
i(t) = Ip cos (@t + @) = Re(/,e/) 


In general, a phasor can be a scalar or a vector. If a vector A(x, y, Z,¢) is a time-harmonic field, the 
phasor form of A is A(x, y, z) ; the relation being 








A=Re[Ae/] 








A(x, y, z,t)=Re[A(x, y, ze] 








ðA 


gr 2 J04| and f4dt > 








gx 














A general instantaneous vector electric field [E(x, y, z, t)] may be given by 
E(x, y, z, t) = E, Qc, y, 2,04, + E, (x, y, z, â, + E, (x, y, z, t)à, 


Each of the component scalars of the instantaneous vector electric field [E,, E,, E.] may be written in 
terms of the corresponding component phasors [E,, E,,, E..]. 


E(x, y, Z, t) = Eo (x, y, Z) cos (Ot + 0,) = Re| Exo (x, y, zje (9*8 | = Re| (E, (x, y, z)e/9: el | 
E, (x, Y, Z, t) = Ey (x, Y» z) cos (ot m 0.) = Re| E, (s, yY,» ze ert) | = Re| (Eyz0(x; Y» z)e/^ Dele" | 
E, (x, y, Z, t) = E,9(x, y, Z) cos (@t + 0.) = Re | E; (x, y, zje/ (9e) | = Re| (E.o (x, y, zje}: ye? | 
E(x, y, z, t) = Re([E, (x, y, z, @)a,+ E, (x, y, Z, 0)a, + E. (x, y, z, @)a, le} 
= Re[E(x, y, z, oe] 
This must be noted that E(x, y, z) is a vector phasor defined by three complex vector-components 


which are each defined by a magnitude and a phase. 


4.5.2 Maxwell's Equations for Time-Harmonic Fields 


To transform the instantaneous Maxwell’s equations into time-harmonic forms, we replace all sources 
and field quantities by their phasor equivalents and replace all time-derivatives of quantities with jc 
times the phasor equivalent. Thus, the Maxwell’s equations for time-harmonic fields are given in Table 
4.2. 
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Table 4.2 Maxwell's Equations for Time-Harmonic Fields 











$B.ds-0 
S 


SI. No. | Differential Form Integral Form Name 
1 v.D- p, $D .d5 = $ p,dv =Q Gauss’ law of Electrostatic 
S v 
2 V-B=0 Gauss’ law of Magnetostatic (non- 


existence of magnetic mono-pole) 





3 | Vx E=-joB 


f£-dl =- joj B- ds 
l S 


Faraday’s law of electromagnetic 
induction 





4 VxH=J+j@D 














$H -dl =|(J + joD):ds 
I S 





Modified Ampere’s circuital law 





Example 4.19 The instantaneous magnetic field is H = 2 cos (œt — 3y)a, A/m in a medium 


characterized by o = 0, U = 21, €= 5&j. Calculate wand E. Assume a source-free region. 


Solution Here, the phasor form of the magnetic field is obtained as follows. 


H = Re[He/"'] = Re[2e- a e/?' ] = 2 cos (wt — 3y)a, 


The phasor electric and magnetic fields are related by the time-harmonic Maxwell's equations in a 


H=2¢ 7G =Ha 
H =2e a,=H,a, 


source-free region (J = 0, p = 0). E and A must satisfy all four equations: 


1. Vx E=-jouH 








2. Vx H = jocE 
3. V-E=0 
4. V.H-0 
2. SH 
From Eq. (4), V. H = Jz =0 
From Eq. (2), 
E=- 
jE 
From Eq. (3), V: E= =0 


From Eq. (1), 





UE SE C; 
~ j@S5Ey \ dy Ox Ox 
1 d 


= L (2e )»)g = 
jo58, Oy GE 7708, 

—6/5 
E 





eia, (Vm) 


WE, 
= Ea, 


- jouH =V x E 


oH, . 
ay 





j058, 


(-j3e 7” Ja, 
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dE 9E dE 
E yy See xm 
or, jo2ug2e ^a, 3; 9 a» a, FALL 
A — PVG zo Os —6/5 -j3 |a = 6/5 ataa 43 yr mn 18 -j3y 
or, jo4uge ^a, el DE, e a, ox; pel” ya, OE, je va 
Equating both sides, we get 
18 
4 = ——_ 
A 509€, 
z 9 E is 8 
=> o Jo {ox "zi 7 "E Xc20.95x3x10? = 2.846 x 10° rad/s 
| @ _ 2.846x108 — 
The frequency, f on 2m 45.3 GHz 
The phasor electric field is given as 
pa? 45 - 9 Le? 2-476267 (V/m) 
WE 2.846 x 10° x 8.854 x 10 


Thus, the electric field is 


E = Re[ Ee! ] = Re[-476.2e /?"e/?'5 ] = — 476.2 cos (wt —3y)a, (V/m) 


Example 4.20 (a) In free space, D = D, sin (wt + Bz)a,. Using Maxwell’s equations, show 
that 


B- HEU sin (ot + B)à, 


(b) In free space, B- B,e Or Using Maxwell's equations, show that 


É EMEN oB,, ot ei (Orr B2)G | 
Solution (a) By Maxwell’s equation, 


VxE= -%8 and D=&E or E= 2 for free space. 
0 














X: y z 
OB _ zi d d f _ Dn D ab 
M n VxE- x a ge mar dicen (ot + Bz)la, = cos (wt + Bz)a, 
Dy sin (@t + Bz) 0 0 
Eo 
- DB 2 D„B A 
or, Se em Inh 
B £ [eos (ot + Bz)a,dt à, sin (ct + Bz)a, 


Also, for free space 








=y=c= 1 ES d (3) 
J Moo € "B 


|S 
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- DaB. zc D a zo» c MDa a 2 
B=- uu sin (ct + Bz)a, = gauk X Up (5) sin (ot + Bz)a, = TT. sin (ct + Bz)a, 
= D... m 
B- E UN sin (ct + Bz)a,, 
(b) By Maxwell's equation 
VxE- E - - 2B, ef, 
a a, a, 
0 ə dj . i(wtt+Bz)> 
or 3x ày ds = —B,, joe ay 
E. E, E, 
Comparing both sides, we get 
E |. ; E 
(35. E Ja,- B, joe OPa, 
9E, - j(@t+ Bz) : 
Of, PEE B,, joe? (^ E,is not a function of x) 
: 1-.5 Boo ; 
or, E. ipe (9! * B2 dz = -B,, ja — eJ t+ Bz) =m oj(ote Bz) 
J- BJ jo 3p p 
A m gior+ Berg 











Example 4.21 Starting from Maxwell's equations, establish Coulomb’s law. 

Solution We will consider a spherical surface of radius r, centered at a point charge Q. Applying 
Maxwell equation (Gauss' law) in integral form, we have 

fE-dS = g 

s € 
By the assumption of spherical symmetry, the integrand is a constant and can be taken out of the 
integral as 

Anr^a,E 2e 

€ 

where a, is a unit vector pointing radially away from the charge. Again by spherical symmetry, E is 
also in radially outward direction, and so we get 


DIEN CUM 


Amer? 





If another point charge q is placed on the surface, the force on that charge due to the charge Q is given 
as 
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SNR NE Q4 -~ 
F-qE- a 
? Aner? * 





This is essentially equivalent to Coulomb’s law. 


Example 4.22 Show that the equation continuity V- J pn 0 is contained in Maxwell’s 


; ot 
equations. 
Solution By Maxwell’s equation (modified Ampere’s law), 
9D 


VXH gue. 


Taking divergence on both sides, 


vins v [7«3P-o 





ot 
V EE 
ot 
9r V.J4 2v. D)-0 
ot 
By Maxwell's equation, A-D=P 
V j 98.9 
ot 











Example 4.23 Starting from Maxwell's equation 


Vth? uq Vee 
ot ot 
Show that V. B 2 0 and V. D p. 
Solution vxg--95 


Taking divergence on both sides, we get 


= ƏB 
vvxBsos-v (38) 


v-(2)=0 => Sv. B)=0 — V-B-=constant 


As an isolated magnetic monopole does not exist, we have 


Taking divergence on both sides, we get 


v-(Vxih=0=0-(7+22) 
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v-(5+22)=0 > v.J--v (32 
ot ot 


Again by continuity equation we know 














2 v (32)- (V.D) ae pei 














4.6 TIME-VARYING POTENTIALS FOR EM FIELDS 


Maxwell's equations define electromagnetic fields in terms of field quantities (E, H, D, B) and sources 
(J, D). However, complicated integrations have to be performed for solving Maxwell's equations 
directly for the electric and magnetic fields. The integration required to determine the fields can be 
simplified through the use of potentials (magnetic vector potential A, electric scalar potential V). This 
is depicted in Fig. 4.14. 


Direct solution of 
Maxwell's equations 


Sources (difficult integration) Fields 
(J, D) >| (E, H) 


Determination of potentials 
(simplified integration) 









Determination of fields 
(differentiation) 


Potentials 


(A, V) 
Fig. 4.14 Integration required to determine EM fields 


In Chapter 2 and Chapter 3, we have learned that electrostatic fields can be determined using the electric 
scalar potential while magnetostatic fields can be determined using the magnetic vector potential. 


We have, for static fields, 


Electric potential V = f pe 





Magnetic vector potential A= V amr 2 


We will find these expressions for time-varying fields. 


We start with Gauss' law for magnetic field, which 1s same for static and dynamic fields. 


V-B=0 = B=VxA (4.18) 
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By Faraday’s law, 


=> vx{z+-34)=0 (4.19) 





E--Vy -Z (4.20) 











Thus, we can find the fields B and E ifthe potentials 4 and V are known. The potentials at this point 
have been defined using only two of the four Maxwell’s equations and are not completely described 
yet. We take divergence of Eq. (4.20) and apply Gauss’ law, which is valid for time-varying fields. 











vog 
E 
ot) € 
> vy - 9 (y. 3j - P 
ot E 
ipd yc P 
=> VV + 3r (V gas (4.21) 
Taking curl of Eq. (4.18) and applying modified Ampere’s law, we get 
E 28 A E T ee RECS 4 
Vx Vx d= vx B= (uF +p) pi + pede = u e pe 2 VV n) [by Eq. (4.18)] 
"E ƏV 924 
=> VxVxA-guJ uev(2". HET. 
x ur C 21 
=> V(V.4)- VA- uJ uev (| ee (4.22) 
ot ar? 


To completely describe any vector, both the divergence (lamellar components) and the curl (solenoidal 
components) must be defined. So far we have defined the curl of A , but not the divergence of 4. We 
may choose the divergence of A in such a way as to simplify the mathematics. 


Let, V.A--ue = 


(This condition is known as Lorentz gauge condition or Lorentz condition for potentials.) 


So, from Eq. (4.21) and (4.22) 





WV — ue — = -2 (4.23) 
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and 





24 w 
V24— eo --uJ (4.24) 
ot 
Thus, A is connected with the vector J and V with the scalar p and both potentials satisfy the same 
form of equations. Such partial differential equations which relate the potentials to the sources have 
the basic form of inhomogeneous wave equations (fundamental equations defining wave behaviour). 








For steady state, the time derivatives will be zero, so that the equations for potentials become 
vy =-2 
€ 


and 
Vl4--yuJ 
i.e., the potentials satisfy the Poisson s equations for time-varying conditions. 


For time-harmonic fields, each partial derivative yields a jæ factor and the wave equations defining 
the potentials reduce to 


9? PEPR 2 
p ]= GoX jo) ]=-o°[] 


V?y + o? ueV = -2 


V24c o? ueA- —uJ 


4.6.1 Concept of Retarded Potentials 


The concept of retarded potential describes the scalar or vector potential for electromagnetic fields 
of a time-varying current or charge distribution. The retardation between cause and effect is thereby 
essential; e.g., the signal takes a finite time, corresponding to the velocity of light, to propagate from 
the source point of the field to the point where an effect is produced or measured. 

For static field, in which the charge density p, the current density J, the electric field E and the 
potential V, and the magnetic field B and the potential A are all constant in time (i.e., they are functions 
of x, y, z; but not of f), then electric and magnetic potentials in free space is given by 








1 x’, " z ; 
V(x, y,z)= TA f pl 2 dey (4.25a) 
and, 
A(x, y, z) - A f 2085 2 22) (4.25b) 


where, R is the distance between the source point (x^, y^, z’) and the field point (x, y, zZ) and v’ is a volume 
element at the point (x^, y’, z^). 

For time varying fields, in which, p, J , E, V, B and A are all time varying (i.e., they are functions 
Of x, y, z and f), the potentials become 





1 jeg 


VO y 2,07 ATE) R 


(4.262) 
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and 





1 - Ho I, y’, A rj , 
A(x, y, 2. =F] E. dv (4.26b) 
Thus, if p(x’, y’, z’, t) is the charge density at (x^, y’, z’) at time /’, then Eq. (4.26a) and (4.265) give the 
potentials at (x, y, z) at some slightly later time £; the time difference being, 


(t-f)= a where, c is the speed of light = 3 x 108 m/s. 
So, if the charge density at (x’, y’, z’) changes, the information about this change cannot reach the field 
point instantaneously; it takes a time (R/c) for the information to be transmitted. 


aed p(t — Rc) , , 
V(t)= dite; f g 4 (4.272) 
and 
A(t) = A | Z8 RO qv (4.27) 


The potentials so calculated are called retarded potentials. 


Example 4.24 An infinite straight wire carries a current h A z 
given by 
I=0 t<0 | 
=l t>0 H 
as shown 1n Fig. 4.15. Find the retarded potentials at a distance r P 
from the axis of the wire. 9 r 








Solution Since the wire is electrically neutral, the charge density, 
p=0. 
Hence, the scalar potential is zero, @ = 0. 


Fig. 4.15 An infinite straight 
current-carrying wire 


For simplicity, let the wire carries the current along the z-axis. 
The retarded potential is given as 


f J(t — R/c) d'= ko f I(t — R/c) Es 


* {+ Jdv' = Idz} 





A, 1) = " Y 
It can be seen that a given current at a distance z from the origin (O) will contribute only if the distance 
from the observation point (P) is less than ct. 
I(t- RÍc) 20 when R?2cÜ? or, zz(c?)-rp) 
=I, when R?«c?? or, z?^«(c?-r) 


A(F,f)20 when r2ct 





and 
[2 2.42 le? 2 42 
s xn odores dz -~ _ Holo“ dz - 
AF, D= eee f a, 2 f a, 
n 2 y tr? Z 0 z+ r? 
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The corresponding retarded electric field is given as 


on 0A Holo c = 
E(f,t)= = 
(0.0 ot 2m | [op 2 az 
The corresponding retarded magnetic field is obtained as 


oes » 0A, .. u I ct A 
B(r,t)- Vx A- z g= a 
gu "CPI dona. ce 




















Ita. ; ; 
Hoto ay, which are the results for static 
2nr 





NB: As t ee, from the results, we see that E - 0 and B= 
fields. 











Summary 


e Faraday's law states that the emf induced in a closed circuit 1s proportional to the rate of change of 
the magnetic flux-linkage and the direction of the current flow in the closed circuit 1s such that it 
opposes the change of the flux. 


dó 
Dr 
e Different forms of Faraday's law are: 
Differential Form: VxE- -9B 
Integral Form: $£-di - | B.a$ 
C dt 


e Induced emf for different cases are as follows: 


Stationary loop in time varying magnetic field (transformer emf) 
9B z 
V. —— Ir * d, S 
Moving loop in static magnetic field (motional emf) 
V,- 6E, dl =$(0 x B) dI 
C C 
Moving loop in time varying magnetic field (general induction) 
- [9B ag yx B)-dl 
y- [3 d$ + POUR) dl 
T T 


transformer motional 
emf emf 
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The displacement current density is given as 


; _oD 
xr 


The modified Ampere's law for time-varying fields is given by considering displacement current 


density as 


e Maxwell's equations for time-varying fields are given as follows. 




















Differential Form Integral Form 
V. D- p, $D-ds-$p,dv-Q 
S v 
V.B-0 $8.ds-0 
S 
- OB Eoo d 4 
ee duc E-dl=-~|B-d 
VxE 3i $ ar] E 
z j 3D = oz f3 3D) 5 
VRHed Pea ae ai= (3+3) ds 











e Time-harmonic fields are those fields that vary sinusoidally with time. They are easily expressed in 


phasors. 


e The relation between a time-harmonic field vector A(x, y,z,t) and its phasor form A(x, y, z) is 


given as 


A=Re[Ae/] 


e Maxwell's equations for time-harmonic fields are given as follows. 





Differential Form 


Integral Form 











V.D- p, $D.ds-$p,dv-Q 
S v 
VB fB-ds =0 
s 
VxE-- joB $E-dl 2- jo[B.ds 
E 





VxH -J * joD 











$H -dl - [U + joD):ds 
l S 





e Time-varying electric scalar potential V(x, y, z, t) and magnetic vector potential A(x, y, Z, t) satisfy 


4 . 2 Qv = p 23 32 á m > y 
the inhomogeneous wave equations | V^V — ug ——- = and| V^A— we —— = -uJ |, provided 


a € ar? 


Lorentz gauge condition [v -A=- we | is assumed. 


ot 
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e The concept of retarded potential describes the scalar or vector potential for electromagnetic fields 
of a time-varying current or charge distribution. These retarded potentials are given as 


__ 1 qp- Ri) ,, -n Mo pJ( - Rie) ,, 
V(t) = DE f ——,V. av and Ae f —-— 

where, R is the distance between the source point (x, y^, z’) and the field point (x, y, z) and c is the 

speed of light. 





Important Formulae 






































Faraday's law _ dg 
EE 
Integral form of Faraday's law $E i xs d5 
dt 
C S 
Differential form of Faraday’s law E B 
VxE- E 
Transformer EMF B >- 
y,--j 95. ds 
OF 
Motional EMF V,-6 x B)-dl 
C 
EMF induced in Faraday disc generator y = 1 OBa? 
m" 
Modified Ampere's circuital law a 4: n 
VxH=J+ on 
ot 
Inhomogeneous wave equation 2 24 2 
5 2 Vy - ue? T. = -P and V4- pel A- -pj 
ot t 
Exercises 
[NOTE: * marked problems are important university problems] 
e Easy 
1. A conductor 1 cm in length is parallel to the z-axis and rotates at radius of 25 cm at 1200 r.p.m. 
Find the induced voltage, if the radial field is given by B = 0.54, T. [7157.08 mV] 


2. A square conducting loop with sides 25 cm long is located in a magnetic field of 1 A/m varying 
at a frequency of 5 MHz. The field is perpendicular to the plane of the loop. What voltage will be 
read on a voltmeter connected in series with one side of the loop? [2.54 V] 

3. Asquare loop of wire 25 cm has a voltmeter (of infinite impedance) connected in series with one 
side. Determine the voltage indicated by the meter when the loop is placed in an alternating field, 
the maximum intensity of which is 1 A/m. The plane of the loop is perpendicular to the magnetic 
field, the frequency is 10 MHz. [4.93 V] 
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4. A conducting cylinder of radius 7 cm and height 50 cm rotates at 600 r.p.m. in a radial magnetic 
field B=0. 10a, T. Sliding contacts at the top and bottom are used to connect a voltmeter. 
Calculate the reading of the voltmeter. [-0.44 V] 

*5. A metal disc of radius a is rotated about its axis with a constant angular velocity c in a uniform 
magnetic field B perpendicular to its plane. Calculate the potential difference between the rim 

and the centre of the disc. 1 2 
[Zoga l 
*6. A Faraday disc of 10 cm radius rotates at 500 r.p.m. in a uniform magnetic field of 250 mWb/m?, 
the field being perpendicular to the plane of the disc. What is the potential difference between the 
rim and the axis assuming the diameter of the axis being very small? [0.651V] 


e Medium 
7. Astraight conductor of 0.2 m lies on the x-axis with one end at origin. The conductor is subjected 


to a magnetic flux density B= 0.044, T and velocity v =2.5 sin 10°ta, m/s. Calculate the 
motional electric field intensity and emf induced in the conductor. 


[E = —0.1 sin 10?7a, (V/m); —-0.2sin 1097 V] 


8. A circular loop conductor lies in plane z = 0 and has a radius of 0.1 m and resistance of 5 Q. 

















Given: B 20.2 sin 10°74, T. Determine the current in the loop. | -1.26 cos 10°14, (A) | 
9. Determine the emf developed about the path r = 0.5, z = 0 and at t = 0, if B — 0.1sin 377t a,. 
[4.71 V] 
e Hard 
10. A square loop of wire (side a) lies on a table near a very 
straight wire which carries a current J. as shown in the d a 
figure. Find the flux through the loop. If someone pulls the 
loop directly away from the wire at speed v, what emf is af fe 
generated? l Hoal l | L4 | Ua? vl | Fig. Square loop wire and current 
2x d? 2zd(d +a) carrying straight wire 


*11. An electric vector E of an electromagnetic wave in free space is given by 
jaX(t — zi 
EE 20 and: Ey= Ae 79 
Find the corresponding magnetic field components in free space. 


H,-H,-0 H,--|SE, 
Ho 








Review Questions 





[NOTE: * marked questions are important university questions.] 
1. State and explain Faraday's law of electromagnetic induction. 


*2. From the fundamental principle, establish the relation (i) V x E = -8 and (ii) V x H=J+ D, 
3. Show that the electric field E induced by a time-varying magnetic field B is given by the 


expression V x E = 208 : 


ot 
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*4, 


5. 


*6. 


*9, 


10. 


11. 


12. 


What are the limitations of Ampere’s current law? How this law can be modified to time-varying 
field? 

Explain the terms 

(i) Motional emf 

(ii) Static emf 

Justify the statement ‘Most electrical machines are working on electromagnetic principles rather 
than electrostatic principles’. 


. What do you mean by ‘motional emf’? Find an expression for it. 
. (a) Write the Lorentz gauge condition, and hence derive the inhomogeneous wave equation for 


the scalar and vector potentials. 
(b) What are retarded time and retarded potentials? 
* Ampere's law is bound to fail for non-steady currents’. Justify the statement. How did Maxwell 
remove this defect in Ampere’s law? 


Or 
Explain how Maxwell modified Ampere’s circuital law for steady currents. 
Or 


Show that Ampere’s law for steady currents is not applicable for time-varying currents. Hence, 
explain the concept of displacement current and its intensity. 


(a) Define scalar and vector potentials @ and A for an electromagnetic field, and show that 
under a gauge transformation of 4 and 6, the electromagnetic field equations are invariant. 


(b) Show that under suitable conditions A and $ satisfy the inhomogeneous equations 
192 2 T | 192 p 
e^ op x: c? ot? ? £o 


where the symbols have their usual meanings. 





(a) Wrte down the differential and integral forms of all Maxwell's equations for time-varying 
fields and discuss their physical significance. Rewrite them in an appropriate way for 
sinusoidal time variations. 


Or 


Write down Maxwell’s electromagnetic field equations and explain the physical significance 
of each. Derive them for harmonically varying field. 

(b) Write the integral or the large-scale forms of Maxwell's equations. 

(c) Show how Maxwell’s equations in free space imply local conservation of charge (continuity 

equation). 

Show that the Maxwell equations V x E — -28 and V. B — 0 are compatible. 

(e) State Maxwell’s equation in differential form corresponding to Gauss’ law for electric fields. 
Starting from the Maxwell's equation in differential form, obtain the Poisson's equation for 
the general situation in which the permittivity of the medium is not constant and is a function 
of position. 


(d 


wm 


State Maxwell’s equations in their general point form and derive their form for harmonically 
varying fields. 
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Multiple Choice Questions 


. Maxwell’s equations in differential form from Ampere's law are obtained from 

(a) M. M. F. area (b) Electric potential area 

(c) Magnetic flux volume (d) Electric current area. 

. Maxwell's equations are not completely symmetrical because 

(a) isolated magnetic charges do not exist. 

(b) it is difficult to get curl of a vector in spherical coordinates. 

(c) V - D is always zero. 

(d) V x H does not exist in free space. 

. A circular disc of 1 m radius rotates at 150 radians per second anticlockwise on $-r plane with flux 
density B = 10 ?a, tesla. The voltage induced between two stationary brushes connected at the 
centre and at the circumference will be 

(a) 0.15 V (b) 0.075 V (c) 1.0 V (d) 0.85 V 

. A conductor 4 m long lies along the y-axis with a current 10.0 A in the a, direction, the force on 
the conductor if the field in the region be B — 0.05a, T is 

(a) —2.0a,N (b) 2.00, N (c) 2.0a, N (d) —2.0a, N 

. A conducting rod of length L revolves about its mid-point at uniform angular speed œ in a uniform 
magnetic field B normal to its plane of revolution. The electric potential difference between the 
ends of the rod would be 

(a) zero (b BoL/2 (c) -Bo?L/2 (d) 2B@L 

. Consider the following statements relating to circular 

disc rotating in a transverse magnetic field B Wb/m? as 


shown in the figure. A 
The emf generated across outer rim A and the centre is ) adie 
proportional to 

1. angular velocity 

2. flux density 

3. square of the radius of the disc 
Of these statements 
(a) 1, 2 and 3 are correct. (b) 2 and 3 are correct. 
(c) | and 3 are correct. (d) 1 and 2 are correct. 
. Astraight current-carrying conductor and two conducting loops A and B 
are shown in the figure. If the current in the straight wire is decreasing, 


then the induced currents in the two loops A and B will be ^ 

(a) clockwise in both A and B. 

(b) anticlockwise in both A and B. (+) 
(c) anticlockwise in A and clockwise in B. 

(d) clockwise in A and anticlockwise in B. 

. A circular loop is rotating about the y-axis as a diameter in a magnetic 
field B = By sin wta, Wb/m?. The induced emf in the loop is 

(a) due to transformer emf only 

(b) due to motional emf only 


(c) due to a combination of transformer and motional emf 
(d) zero. 
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9. Consider coils C,, C5, C4, and C, (shown in the following figures) which are placed in time- 


10. 


11. 


12. 


13. 


varying field E(t) and electric field produced by the coils C5, C3, and C; carrying time-varying 
current /(f) respectively: 




















Ho 2. KÀ 
—- 

C4 Cp’ 
—- Coil planes are orthogonal 





Time varying electric field E(t) 
parallel to the plane of the coil C4 


3. C3 4. 
Kt) C 
Cs’ 
Cn > Cy’ 


Co-planar coils 


Coil planes are orthogonal 


The electric field will induce an emf in the coils 
(a) C; and C; (b) C, and Cj (c) C; and C; (d) C, and C, 


Which of the following equations is/are not Maxwell's equation(s)? 
__9P x 
1. V-J= E 2. V.D-p 
.. 9B " BE s 
3, YES 4. $H di - (o£ «e3E Jas 
Select the correct answer using the codes given below: 
(a) 2and4 (b) 1 alone (c) 1 and3 (d) 1 and 4 


The laws of electromagnetic induction (Faraday's and Lenz's laws) are summarised in the follo- 
wing equations: 

(@) e=iR (b) e= LS 

(c) e= md (d) None of the above. 


Which one ofthe following is not a Maxwell's equation for a static electromagnetic field in a linear 
homogeneous medium? 

(a) V-B=0 (b V?^4-uyJ 

(c) $B.dl = ul (d $D-d5=0 


A loop is rotating about the y-axis in a magnetic field B = B sin ota, Wb/m”. The voltage induced 
in the loop is due to 

(a) Motional emf 

(b) Transformer emf 
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(c) Acombination of motional and transformer emf 
(d) None of these 
14. Identify which of the following is not a Maxwell’s equation for time-varying fields: 





(a) Vj +P =0 (b V-D=p, 

=_ ƏB = z 

OR T (d $B-dS =0 
Answers 


l(a) 2 (a 3 (b) 4a) 50) 6)  7.(d  S8(o 
9. (c) 10. (c) 1l. (c) 12. (b 13. (c) 14. (c) 





Q » 





PROPAGATION, REFLECTION, 
REFRACTION AND POLARISATION OF 
ELECTROMAGNETIC WAVES 


Learning Objectives 





This chapter deals with: 


W Basics of electromagnetic waves 


W Concepts of propagation, polarisation, reflection and refraction of electromagnetic waves 





5.1 INTRODUCTION 


In the previous chapter, we have studied Maxwell's equations where the existence of an electromagnetic 
wave has been mentioned. In fact, the existence of electromagnetic waves was first observed by Prof. 
Heinrich Hertz and thereafter has been established by several experiments and analysis. 

In this chapter, we will discuss the different aspects of electromagnetic wave propagation, reflection, 
refraction and polarisation. 


5.2 THREE-DIMENSIONAL WAVE EQUATIONS 
(HELMHOLTZ EQUATION) 


Definition of Wave Ifa physical phenomenon that occurs at one place at a given time is reproduced 
at other places at later times, the time-delay being proportional to the space separation from the first 
location, then the group of phenomena constitutes a wave. 

Maxwell's equations predict the propagation of electromagnetic energy away from time-varying 
sources (current and charge) in the form of waves. 


Derivation of Wave Equation 
Assumptions 


1. We consider the medium to be a linear, homogeneous (i.e., quantities U, €, O are constant 
throughout the medium) and isotropic (i.e., € is a scalar constant so that D and E have 
everywhere the same direction). 


2. We consider a source-free region of the medium. 
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By Maxwell’s equations, 




















5 7,0D__=, „3E 
Vx H=J+ aj oEt£ (5.1) 
Also, from Faraday's law, 
p. 9B. 35 
s ot NT 
Taking curl on both sides, 
VxVx£--u2 Vx H) 
2 VV-£)-V?E=-p2| of +02 (by Eq.(5.1)) 
25 9E 9E ( = lo -_P 
= < V.E--V.p-2Ezg0 = 
=> V^E uox He E E 0;as p=0 
Rearranging, we get, 
ap. QQ9.E OE — 52 
WE He Hoy 0 (5.2) 











This is the three-dimensional vector wave equation or Helmholtz equation in an absorbing medium or 
lossy dielectric medium. 


Similarly, the equation in terms of magnetic field is obtained is follows. 
From Eq. (5.1), 





Taking curl on both sides, 


VxVxH-oVx£ÉeeS (Vx E) 














GA vig. aË 2 aH] E s OB — 2) 
=> V(V- H)- VH ne ar eos uy < VxE- 3.7 us 
| c DA 2 lv. 
=> VH= uo HE ( Se 8-0) 
Rearranging, we get 
5 VÄ oH 
2 (5.3) 
V^H — ue 3p uo 73 0 





This is the Helmholtz equation in terms of magnetic filed. 


We will consider the modifications in the wave equations for different cases: 


Wave Equation for Perfect Dielectric Medium In this case, the conductivity is zero; i.e. 
o= 0. Hence the wave equations become 
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2p s 2H 
PEE and VÄ = ue? H 


V2E- ue d 
ü ar? at? 


(5.4) 




















Wave Equation for Free Space In this case the wave equations take the forms as 


2 IT B 25 
V?E- ui <> and |VH- ue (5.5) 


. 1 . f . . . 
Note that the quantity due has the dimension of velocity and in free space it becomes 
HE 





L et = 3.x 108 m/s = velocity of light, c 


V Ho€o j” x 1077 x 








367 x10? 


So, the electromagnetic wave propagates through free space with the velocity of light. In a homogeneous 
1 
4 HE 
Wave Equation for Time-Harmonic Fields For time-harmonic fields, the instantaneous 
(time-domain) vector F is related to the phasor (frequency-domain) vector F, by 
oF 


B ; dF ; 
F e Fs we JOF, on e (jo) Fs 


medium of permittivity € and permeability u, the wave propagates with a velocity, v = 





Using these relationships, the instantaneous vector wave equations are transformed into the phasor 
vector wave equations: 


V^E; = HO(jo)Es + ue(jo) Es = jou(o + joe)Es 
and 
V^H; = uo(j9)H; + ue(jo) Hs = jou(o + joe)Hs 


If we let, j@u(o + j@£) = (jauo —w* ue) =y? , then the wave equations become 











V?E.—y?E,-0| and |V?H,- y)H,-0 (5.6) 

















Propagation constant (y): The complex constant yis defined as the propagation constant. 


y = jou(o + jae) =(a + jp) (5.7) 


Attenuation constant (œ): The real part of the propagation constant is defined as the attenuation 
constant (œ). The attenuation constant defines the rate at which the fields of the wave are attenuated as 
the wave propagates. Its unit is Neper per metre. 


Phase constant (f): The imaginary part of the propagation constant is defined as the phase constant 
(B). The phase constant defines the rate at which the phase changes as the wave propagates. Its unit is 
radian per metre. 
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y—propagation contstant (m!) 

o—attenuation constant (Neper/m) 

B—phase constant (radian/m) 
From Eq. (5.7), 





a? — p?--o?yue (5.8a) 

and 
208 = auc (5.8b) 
a? + B= Joc - [^y + Q2opy = aud o? e +0? (5.8c) 


Solving Eq. (5.8a) and (5.8c), we get 


2 
Dri Ot ic 
au @ E? +07 — o? ue He E ee LE c? 
a= =O =o 1+ FE 1 
o 














2 2 


and 














2 2 


2 
2,0 
au] oe? +07 - a? ug FAIT E Be 2 
p - |t ES nui o =o = 1+ +1 














2 2 
a=o an (s -1! and |B-o.|4 ie) +1 (5.9) 

















Example 5.1 Prove that the one-dimensional wave equation for an electromagnetic wave 
propagating in the +z-direction is given by 
2 2 
E, 1 VE, 


oz? v of 








where v is the speed of propagation. 


Solution We will consider a wave propagating in the +z-direction. The electric field component is 
Ez, t). 


Let, z'-(ztvwt) dz 


dz’ 
— = — = + 
3: 1 and y t" 
Using the chain rule, the first two partial derivatives with respect to z are 
dE (z) _ 9E, dz’ _ OE, 
oz dz’ oz oz 


E, 9(0E,\ VE, dz’ QE, : 
oz? J Oz oz! z oz"? Oz E oz"? à) 
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Similarly, the partial derivatives with respect to ¢ are given by 


OE, OE, dz’ — is 9E, 


ot oz’ ot Oz 

















9E, al, OE, 9^E, oz" VE, » 
o dt [+> az’ J- = ee a ue 
Comparing (i) and (ii), we get 
QE, 1 OE, 
o2 ar os 











This is the one-dimensional wave equation. 


NOTE 
The wave equation is an example of a linear differential equation, which means that if E,,(z, t) and 
E,,(z, t) are the two solutions to the wave equation, then [E,,(z, t) € E,J(z, t)] is also a solution. The 
implication is that electromagnetic waves obey the superposition principle. 


2 2 
SE, PE, 


€ 
w ae 





Example 5.2 Verify that E, = fi(x — vf) is a solution of 


Solution Given: E, — fi(x — vot) 


9E, _ Ofi(x — vot) QE, E 9? fix — vof) 








ox ox ox? ox? (i) 
9E, ast Of, (x — vof) . E, E 9? fx- vol) Gi) 
ot 0 ot 2 or 0 E 
From (i) and (ii), we get, 
E, cud. 1 PE, 























Example 5.3 Show that the function F = e~®? sini G- 2 satisfies the wave equation 
v 





1 
2 ES 
ver =(4 


- 253v 2 
Jr provided that the wave velocity 1s given by, v — (i qu ) F 
c 


o? 


Solution Given, F = e ?* sini - v) 
v 
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OF QFE QF 
V?F= + + 
| o? 09? o | 











2 
=e? (2) sin (x 2 +0 + (0) e sino A 2 


2 
= j- a |r 
y 


According to the given condition 
1\;_(1)eF 
c? c? ) or’ 
2 


2 
on — -9 402 |F-| + |Coye* sinj9 (xv, --9- F 
y? c V c? 








2 o0 o? 
Or, Q——|7-»* 
y c 
2.2 2 2.271 
2 oc C 2 anc 
or, VSS eas TAE za Č 1+ 5 
@ +A c Qc (0) 








5.3 PROPERTIES OF ELECTROMAGNETIC WAVES 


In a source-free region, the phasor vector wave equations are 

V^E,-Yy!E,;-0 and V!H,-y?H,-0 

The operator in the above equations (V?) is the vector Laplacian operator. In rectangular coordinates, 
the vector Laplacian operator is given as below. 


F- Fa, + F,a,+ F,à, 
V?F - (V? F.)à, + (V?F,)à, + (V?F.)à, 
The phasor wave equations can then be written as 
2 > 2 > 2 S) > > > 
(V Es )a, d (V Ey )a,, + (V Ez )a, =f (Esa, * E sâ, + E,.q,) 
2 > 2 ~ 2 Bi nD > > > 
(V Hs )a, + (V Hs )a,, + (V Ha )a, m4 UNT * H sa, + H5a, 


By equating the vector components on both sides of each phasor wave equation, individual wave 


equations for the phasor field components [(£,,, Eys» E.) and (H,,, Hys» Hzs)] can be obtained. 
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ys ys ys pl 
-y*E 

ox? oy? oz? d 
9^E, OE, 3E, 2 

2 + 2 * ou Y Es 
ox oy az 
OH. FH; On 

xs xs xs y? H 








ys ys ys 2 
=y H 
ox? 9y? oz? Er 
H, PH, ƏH 
ZS Zs ZS y? H 


The component fields ofany time-harmonic electromagnetic wave (described in rectangular coordinates) 
must individually satisfy these six partial differential equations. In many cases, the electromagnetic 
wave will not contain all six components. An example of this is the plane wave, discussed in the next 
section. 


5.3.1 Plane Waves 


A wave is said to be a plane wave, if: 


1. The electric field E and magnetic field H lieina plane perpendicular to the direction of wave 
propagation. E 
2. The fields E and H are perpendicular to each other. 


5.3.2 Uniform Plane Waves 


A plane wave is said to be uniform plane wave if in addition to condition (1) and (2) above, 
3. E and H are uniform in the plane perpendicular to the direction of propagation (i.e. E and H 
vary only in the direction of propagation). 
Figure 5.1 shows the propagation of a uniform plane wave. 


> > 
z Direction of propagation E x H 








Fig. 5.1 Propagation of uniform plane wave 
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5.3.3 Transverse Electromagnetic (TEM) Wave 


An electromagnetic wave which has no electric or magnetic field components in the direction of 
propagation (all components of E and H are perpendicular to the direction of propagation) is called a 
transverse electromagnetic (TEM) wave. All plane waves are TEM waves. 


5.3.4 Solution of Wave Equation for Uniform Plane Wave 


We consider the propagation of a uniform time- 42 

harmonic plane wave as shown in Fig. 5.2. E; 
The uniform plane wave for this example 

has only a z-component of electric field and 

an x-component of magnetic field, which are Hs 

both functions of only y. The polarisation of 

a plane wave is defined by the direction of 

the electric field (this example is a z-polarised ay 

plane wave). For this uniform plane wave, the " 

component wave equations for the only two 

field components (E,,, H) can be simplified 

significantly given the field dependence on y 

only. 


direction of 
propagation, ay 





x 
Fig. 5.2 Uniform plane wave 


E; = Ezg (y)a, 
Hy; = Hys(y)a, 


VEz ^E. UE 
ox? B oy? t oz? 
gH N g^ H ys n 0° H ys 
ox? 9y? oz? 








= Hyg 


The remaining single partial derivative in each component wave equation becomes a pure derivative 
since E,, and H, are functions of y only. 


aE 
a = Ezy =0 (5.11a) 
dy 
oH 
= = Hy =0 (5.11b) 
dy 
The general solutions to the reduced wave equations are 
Ezs(y) = Eje" + Eje ™ H ys Y) = Hye?” + Hoe!” 
= Eye *iByy + E etip” = Het iB + H etip 
= Eje" elBy n Eje 9 g-IPy = Hie?" ejP» n He **eg-JBy 


where (E,, E) are constants (electric field amplitudes) and (H,, H,) are constants (magnetic field 
amplitudes). 
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The characteristics of the waves defined by the general field solutions above can be determined 
by investigating the corresponding instantaneous fields. We may focus on either the electric field or 
the magnetic field since they both have the same wave characteristics (they both satisfy the same 
differential equation). 


E,(y,t)= Re{Ezs(y)e/™} l 
= Re{ (Eje e/P» + E e7 ® e IBY ojo y 
= Re{E,e% eot + By) 4 Eje 9? ef ~ By) 


= Eye?" cos(at + By) + E,e™ cos(at — By) 


E,(y,t) 2 Eje?" cos(ot + By) t E, e” cos(at — By) 
Amplitude = E e% Amplitude = E,e 9? 
Phase = wt + By Phase = ot — By 
grows in + a,direction decays in + a, direction 
decays in — a, direction grows in — a, direction 
To locate a 
ot + By = constant Qt — By = constant oint of 
By = constant — cot By = ot — constant PRA phase 
—a,, travelling wave +4, travelling wave 
Ca, d ) 4; 8 ) on the wave 


The velocity at which this point of constant phase moves is the velocity of propagation for the wave. 
Solving for the position variable y in the equations defining the point of constant phase gives 


y= £g ar — constant) (ta, travelling wave) 


Given the y-coordinate of the constant phase point as a function of time, the vector velocity v at which 
the constant phase point moves is found by differentiating the position function with respect to time. 























v= Sa =+ Bo (£a, travelling wave) 
Velocity of wave propagation, |v = 3 (m/s) (5.12) 
Now, 0 =27f = E 
Given a wave travelling at a velocity v, the wave travels one wavelength (A) during one period (7). 
o/B 2r 
A-wT-- 
S£ f BP 
_ 20 (5.13) 
PE À 











Note that for the field to be finite at infinity, it requires, E, = 0. Hence the electric field can be written as 
E(y, t) = Eje *" cos(ot — B y)a, = Ege "? cos(ot — D y)a, 


(say, E; = Ep) 
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Assuming a +a, travelling uniform plane wave defined by an electric field of E; = Ezsa, = Eye? a, 
the corresponding magnetic field is found from the source-free Maxwell’s equations. 


Vx E;=—-jouH, 





za |] | OFZ . Ez ~ 
H; = suu e dal dy a, ~s ay 
1 |ð LAUS 
-2-——|-—(Eye?")a, 
ES jm | 
1 pais 
= -—[-y(Eye”” Ja, 
m Y CE, 0a] 
qct oy gna 
JOU 
= Hysa, 


Note that the direction of propagation for this wave is in the same direction as E x H (a,x a, = a,). This 
characteristic is true for all plane waves. 
Example 5.4 The electric field in free space is given by, 
E = 50cos(10° + Bx)a, V/m 
1. Find the direction of wave propagation. 


2. Calculate fj and the time it takes to travel a distance A/2. 
3. Sketch the wave at t = 0, 7/4, 7/2. 


Solution: 


1. From the positive sign in (œt + fx), it is concluded that the wave is propagating in —a, direction. 











2. Here, p =" = : un - : = 0.33 rad/s 
As the wave is travelling at the speed of light, c 
2 =ch > = i 
But, A= aa = 61 
= oF : air =31.42ns 


3. Att=0, E, = 50 cos Bx 
At (^ TIAE, Socos( T. + px}=—50 sin Bx (- oT =27} 


At t=T/2,E,=50 cos 2E + x)= —50 cos Bx 


The wave is plotted at t = 0, 7/4, T/2 and shown in Fig. 5.3. 
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> X 
n 50-7 —50 sin Bx 
» X 
i -504 
i (b) t= TA 
—50 cos Bx 
> X 











Fig. 5.3 Wave of Example 5.4 


5.4 STANDING ELECTROMAGNETIC WAVES 


We shall consider the situation where there are two sinusoidal plane electromagnetic waves, one 
travelling in the +x-direction, with the electric and magnetic fields given as 


Ey (x, t) = Exo cos(@,t = pix), B, (x, t) = Bio cos(Qf = Bix) 
and the other travelling in the —x-direction, with the electric and magnetic fields given as 


E, (x, t) = — E cos(@,t + Bx), B,- (x, t) = Ba cos(@t + Bx) 
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For simplicity, we assume that these two electromagnetic waves have the same amplitudes i.e. Ey) = 
E9 = Eo, B10 = B20 = By and the same wavelengths, i.e., B, = B; = D, @ = @, = @. Using the superposition 
principle, the electric and the magnetic fields can be written as 


E, (x, t) = Ey (x, t) + Ey, (x, f) = Eg[cos(ot — Bx) — cos(@t + Bx)] 








and 
B, (x, t) = B, (x, t) + B5, (x, t) = Bo[cos(@t — Bx) + cos(@t + Bx)] 


Using the identities 


cos(a + B) = cosa cos D x sina sin B 


The above expressions may be written as 
E, (x, t) = Eg[cosot cos Bx + sin æt sin Bx — cosæt cos Bx + sin æt sin Bx] = 2E, sin œt sin Bx 
(5.14) 
and 
B, (x, t) = By[cos œt cos Bx + sin æt sin Bx + cos œt cos Bx — sin@tsin Bx] = 2B, cos œt cos Bx 
(5.15) 
This is observed that the total fields E,(x, f) and B(x, f) still satisfy the wave equation TE - 2s LE 
, even though they no longer have the form of functions of (œt + Bx). The waves decl by Eqs. 
(5.14) and (5.15) are standing waves, which do not propagate, but simply oscillate in space and time. 











Spatial Dependence of Standing Wave The spatial dependence of the fields can be observed 
form Eqs. (5.14) and (5.15). From Eq. (5.14), we see that the total electric field is zero at all times 1f 





sin Bx = 0 
Or 
nt | nn n 
= = = = 0; 1, 25:5. 
Me gam Waa Se 


The planes that contain these points are called the nodal planes of the electric field. 
On the other hand, when 


: lix 1 c n 1l 
= + = = = = 
sin Bx=+1 or, x (^35 (^35 7À (zia n=0,1,2,... 


The amplitude of the field is at its maximum 2£,. The planes that contain these points are called the 
anti-nodal planes of the electric field. It is to be noted that in between two nodal planes, there is an 
anti-nodal plane, and vice versa. 

Similarly, for the magnetic field, the nodal points must contain points which satisfy the condition 


cos fx ^ 0 


E liz _ 1) x [(n,l x 
x (^35 ("355 (i)a n=0,1,2,... 








Or 
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and the anti-nodal points for the magnetic field must y 
contain the points which satisfy the condition, 





cos Bx ^ X1 
Or 


nt nn  nÀ 
B 2n/lÀ 2’ 





n=0,1, 2,... 


x= 


Thus, we see that the nodal planes of E corresponds 
to the anti-nodal planes of B and vice-versa. 








Time Dependence of Standing Wave 
Regarding the time-dependence, Eq. (5.15) shows that 
the electric field is zero everywhere when 





Fig. 5.4 Formation of standing electromagnetic 
sin ot =0 waves using two perfectly reflecting 
conductors 
Or 
nz nu nT 


mE M 
0o 2nxn/lT 2° 





n=0,1, 2,... 


where, T= 1/f= 27/q is the period. However, this is precisely the maximum condition for the magnetic 
field. 


NOTE 
1. Unlike the travelling electromagnetic wave in which the electric and the magnetic fields are 
always in phase, in standing waves, the two fields are 90° out of phase. 
2. Standing waves can be formed by confining the electromagnetic waves within two perfectly 
reflecting conductors, as shown in Fig. 5.4. 


Example 5.5 Intensity of a Standing Wave 
Compute the intensity of the standing electromagnetic wave given by 


E, (x, t) = 2E, cos øt cos Bx, B, (x, t) = 2B, sinatsin Bx 


Solution The Poynting vector for the standing wave is 


- EXH 4 ee. 
S= = a Q5 cos Qt cos D xj) x (2B, sin øt sin B xk) 
0 





4E,B, .. n 
= —9^9 (sin wt cos ot sin B x cos B x)i 
0 


EB, A. 
z e (sin 20 sin 2 D x)i 
0 


The time average of the Poynting vector is 


(5) = “270 sin 2B+(sin20v)i =0 
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The result is to be expected since the standing wave does not propagate. Alternatively, we may say that 
the energy carried by the two waves travelling in the opposite directions to form the standing wave 
exactly cancel each other, with no net energy transfer. 


5.5 PHASE VELOCITY AND GROUP VELOCITY OF 
ELECTROMAGNETIC WAVES 


The velocity of a wave can be defined in many different ways, because of the presence of many different 
kinds of waves and different aspects or components of any given wave. 
We can define the velocity of a wave in two different ways: 


1. Phase velocity, and 
2. Group velocity. 


1. Phase Velocity 


Definition The phase velocity of a wave is the rate at which the phase of the wave propagates in 
space. This is the speed at which the phase of any one frequency component of the wave travels. 


Mathematical Equation We will consider the simple case of a pure travelling sinusoidal wave 
moving in the positive x direction with speed v, as illustrated in Fig. 5.5. 


f(t, x) 











Fig. 5.5 Pure travelling sinusoidal wave 


This wave can be expressed as 
f(t, x) = Fy cos(@t — p x) (5.16) 
where, Fois the maximum amplitude of the function, 


@ is the angular frequency of the wave (radian per second), 
Bis the wave number (radian per metre). 


It may be noted that the function ft, x) is the fundamental solution of the one-dimensional wave 
equation given as 





rf (BY9r 
ox? (£ ) o? 
From Eq. (5.16), for a constant phase point, we can write 

(wt — Bx) = constant 


dc o 
dt p 
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Since @ is the number of radians of the wave that pass a given location per unit time, and 1/f is the 
spatial length of the wave per radian, it follows that 5 = y Is the speed at which the shape of the wave 


is moving, i.e., the speed at which any fixed phase of the cycle is displaced. 
Consequently this is called the phase velocity of the wave, denoted by v, 


In terms of the cyclical frequency and wavelength we have, v, = Af. 





O_ 1 


= Bafa T (5.17) 

















2. Group Velocity 


Definition The velocity with which the overall shape of a wave amplitude, known as the modulation 
or envelope of the wave, propagates through a medium is known as the group velocity of the wave. 
Group velocity is the velocity with which the energy propagates; hence it is also known as energy 


velocity. 
Ao do 5.18 
v= AB dB (5.18) 


Mathematical Equation We consider a plane wave propagating in the positive x-direction given 
as 





f(t, x) = Fy cos(@t — p x) 


If such a wave is modulated, there result a group of frequencies centered around the carrier frequency 
a. If (@ + AQ) and (0 — Aq) are two such frequencies of the resulting group, the corresponding values 
of B are (B + AB) and (B — Af). Then the resulting wave consisting of the two superimposed waves is 
given as 


I (x, t) = Fo cos[(@ — Ao) — (B — AB)x] + Fy cos[(@ + A)t — (B + AB)x] 
Using trigonometric identity, the two components of this signal can be expressed as 
cos[(B x — wt) + (Aot — AB x)] = cos(wt — B x)cos(Aot — AB x) x sin(@t — Bx)sin(Aot — AB x) 
On further simplification, 
f (x, t) = 2Fy cos(@t — B x)cos(^ot — AB x) 


This can be somewhat loosely interpreted as a simple sinusoidal wave with the angular velocity @, the 
wave number fj, and the modulated amplitude 2F, cos(A«ct — Aßx). In other words, the amplitude of 
the wave is itself a wave, and the phase velocity of this modulation wave is v= a A typical plot 
of such a signal is shown in Fig. 5.6 for the case œ = 6 rad/sec, D = 6 rad/metre, Ac = 0.1 rad/sec, 
AB = 0.3 rad/metre. 
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group velocity 


; Ya. af 











Fig. 5.6 Phase and group velocities 


The phase velocity of the internal oscillations is 2-1 metre/sec, whereas the amplitude envelope 
wave (indicated by the dotted lines) has a phase velocity of v = E = 


B 
velocity of the amplitude wave, but since each amplitude wave contains a group of internal waves, this 
speed is usually called the group velocity. 


0.33 metre/sec. This is the phase 


Relation between Phase Velocity and Group Velocity We know that the phase velocity is 
given as 


.0O .l] | 1 Ite 2 mee 
P p Jue ames EE. Ju, n 


where, c is the speed of light and 7] is the refractive index of the medium. 
Also, the group velocity is given as 





LA 

















" _ 40 _ do 
* AB dB 
d dv 
v, 7 qg Bry) 7 "p+ Bap 
2n . dp 2x B 
S ka aa 
dÀ 
4p - - p^ 
dv dv 
yy ny Bag =Vp Aas 
dv, 
Vo = Vp = Ad (5.19) 


In another way, v= 
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y= de - d (ge) c aL ean] 
7 p 











* dB dB "n mdp. n dB 
Pra B. di 
v, = j| " 2 (5.20) 











From these two relations between phase velocity and group velocity, we can draw the following 
conclusions: 
dn _ 
B 
frequency (such as the vacuum), the phase velocity and group velocity are equal. 

2. For a dispersive medium, whose refractive index 1s typically a function of wave number and 
therefore of frequency (such as air, water, glass, etc.), the phase velocity and group velocity are 
not same. 

Dispersive media are of two types: 


1. Fora non-dispersive medium, whose refractive index is constant (ie. o) , independent of 


dv 
Normally dispersive media: where PM is positive and group velocity is less than phase velocity. 


dv 
Anomalously dispersive media: where EIS is negative and group velocity is more than phase velocity. 


5.6 INTRINSIC IMPEDANCE 


Definition The intrinsic impedance of the wave is defined as the ratio of the electric field and 
magnetic field phasors (complex amplitudes). 
Mathematical Equation We consider an electric field given as 

E,=0, E,-0 E= Ee?” 


By Maxwell’s equation 





x y Zz 
Q0 a "MEET 
E ox oy oz | ORE 
0 0 Ee?" 


d mE : 5 R A 
g ™)a,=— joulH,a,+ H,a,+ H,a,] 


-yE a, 2 — jouH,a, 
EE jouH, 


E, jou | jou _ | jou 
A, Y J j@u(o+ jae) \ Ot Joe 


U 34 4 





Propagation, Reflection, Refraction and Polarisation of Electromagnetic Waves 415 





Hence, the intrinsic impedance is given as 





jou 


mpl 21 
" O + jWE G2) 











5.7 PROPAGATION OF UNIFORM PLANE WAVES 
THROUGH DIFFERENT MEDIA 
We shall consider the wave propagation along the y-direction, so that the electric field E has only 


z-component, E, and the magnetic field has only x-component, H,. Then the solution of wave equations 
gives, 


E,(y, t) = Ege *? cos(@t — By)a, and, H,(y,t) = Hoe *" cos(ot — By)a, 


where, H) = m 7] — intrinsic impedance of the medium 


We now consider the wave propagation through the following four media: 


. Wave Propagation through Imperfect (Lossy) Dielectric Medium 

. Wave Propagation through Perfect Dielectric Medium 

. Wave Propagation through Free Space 

. Wave Propagation through Conducting Medium (Good Conductors). 


hwN = 


5.7.1 Wave Propagation through Imperfect (Lossy) 
Dielectric Medium 


For lossy dielectric medium, we have the condition, 2 <<] 
: ; WE 
Attenuation constant is 


[ 2 2 2 

LE o uE o uo 
exu ee Atak) 2:4 st qo mes yr |e 
WAS (s) | 2 l "oE | o ae 


.0|H 
a-g jE 


Phase constant is 


2 2 2 
ME o HE o (o) 
a ——| a4 1| = —|1 +1|= 1+ 
B-o 5 (5) + oj 7 l t vg | (0) ri s) 
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Here, @,/ ue is the phase shift for a perfect dielectric. The effect of a small amount of loss is to add 


as a small correction factor. 





2 
the term Q4 ue e 
80? e£? 











Velocity of wave propagation is 
Us. 1 - di l o? | 
RU p gz) 3195222: 
"o Jefi Sa) "enn Sore 
80€ 








is the velocity of the wave propagation in a perfect dielectric (when o = 0). The effect of 


Here, —— 
be 
a small amount of loss is to reduce slightly the velocity of wave propagation. 


Intrinsic impedance for the lossy dielectric is 























jou ul 1 u c 
" O + jOE SE = Jefi ]- hl 26, 
joe 
when eee end "(8 
? 2 1/4 n 2 WE 
h(g) | 
WE 








Here too, the effect of loss is to add a small reactive component to the intrinsic impedance. 
Hence, if the electric field is given as E= Ege ?? cos(@t — By)a, the magnetic field will be 
Eo -ay —Rv»—0 5 
e ?? cos(@t — B y —6,)a, 


H- Hye cos(at — By)a, = In| 


5.7.2 Wave Propagation through Perfect Dielectric Medium 


In this case, o= 0 
Attenuation constant, a= 0 


Phase constant B = o ue 


; . @ 
Velocity of wave propagation v=— = 
B Jue 


Intrinsic impedance 7] = Nu 


If the electric field is given as, E — E, cos(@t — D y)a, and, then the magnetic field will be 





= E, E 
H =H, cos(at — B y)a, = qp es - By)a, 
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Thus, we see that for a perfect dielectric medium, the wave propagates without any attenuation and the 
electric and magnetic fields are in phase with each other. 


5.7.3 Wave Propagation through Free Space 








In this case, 0-0, E€=& U= lo 
Attenuation constant, œ = 0 


Phase constant B = oJ UE) = a 


Cc 


Velocity of wave propagation v — LEM NE c 2 3x105 m/s, speed of light 


p y Hoo 
This shows that the electromagnetic wave travels with speed of light in the free space. In other words, 
we can say that light is an electromagnetic wave. 





4r x107 
i. nt 
36z x10? 





-120z =377Q 





Intrinsic impedance in free space, No = = 


If the electric field is given as, E= Ep cos(@t — By)a, and, then the magnetic field will be 


= E, 
H = H, cos(ot — By)a, = p es - By)a, 


5.74 Wave Propagation through Conducting Medium 
(Good Conductors) 


P . — (€ 
Here, the condition is, 0 >> ox, i.e., c ««]1 


Propagation constant, 


y = jou(o + jo) = jaa [1+ | -A jouc -4jouo 245° 


— A MLO (cos45? + jsin45?) 
= Yona | ei 
42. "2 
- (a + jp) 
a4. | OUO 
uid c. ao 


g s [0] 
Velocity of wave propagation, v = -> 
B Ho 
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Intrinsic impedance 
n= jou _ jou = | Ho = [an eee 
O + jWE o( 2 o oO 
o 


Thus, if the electric field is given as, E= Ege *" cos(@t — By)a, and, then the magnetic field will be 








H = Hye cos(ot — By)a, = 





e ” cos(@t — By — 45°)a,, 
OH 
o 


i.e., the magnetic field in a good conductor lags behind the electric field by 45°. 
Skin Effect 


Definition Skin effect is the tendency of an alternating electric current (AC) to distribute itself within 
a conductor in such a way that the current density is the largest near the surface of the conductor, while 
decreasing at greater depths. The electric current is practically confined at the ‘skin’ of the conductor, 
i.e. between the outer suface and a level called the skin depth. 


Cause The skin effect is due to opposing eddy currents induced by the time varying magnetic field 
resulting from the alternating current. 


Effect The skin effect causes the effective resistance of the conductor to increase with increase in 
frequency, thus reducing the effective cross-section of the conductor. Also, since power loss increases 
as resistance increases, power losses increase with an increase in frequency because of skin effect.. 


Skin Depth or Depth of Penetration (6) 


Definition It is defined as the depth in which the ^i 
magnitude of the wave is attenuated to 37% (e`!) of its 





original value. Variation inside a conductor is shown in Eo 

Fig. 5.7. 

Mathematical Equation From the field expression 9-368£o 

for a good conductor, the magnitude is, E = Eye ^ 0 xy 


At y=8, Bake sre = =< 


So, the general expression for the skin depth is 








Fig. 5.7 Variation of electric field inside a 
conductor (skin effect) 











The phenomenon that the alternating fields and hence currents are confined within a small region of a 
conducting medium inside the surface is known as the skin effect. 


For a good conductor, © 551, the skin-depth is given by 
WE 
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1 2 


a LO 











Hence, in a good conductor, the depth of penetration decreases with increasing frequency (0). In terms 
of wavelength, A, it is given as 


(~<. œ= B for good conductors) 


Hence, the wave gets attenuated even before one-cycle, about c^ of a wavelength. 


Surface Impedance (Z,) 


Definition The surface impedance is defined as the ratio of the tangential component of the electric 
field to the tangential component of the magnetic field. Also, according to the boundary condition, the 
tangential component of the magnetic field refers to surface current density. Hence, surface impedance 
is given as 


E E 


Z,.-—Lz2—t 

S H, Ks 

The surface impedance provides the boundary condition for fields outside the conductor and accounts 
for the dissipation and energy stored inside the conductor. 


Mathematical Equation Now, the surface current density K, represents the total conduction 
current per unit width flowing in the thin sheet. If we assume that the conductor is a flat plate with its 
surface at x = 0 plane, the current distribution in the x-direction will be given by 

K-Kge?* 
where, Ky is the current density at the surface. 
If the thickness of the conductor is very much greater than the skin depth, so that there 1s no reflection 


from the back surface of the conductor, then the total conduction current per unit width of the conductor 
is given as 


i " K =- K 
K, = | Kdx = Ky | e * de = -=| e7* | 2—9- 
EE 
However, K, is the current density at the surface and is given as 
Ko = oE, 
So, the surface impedance is given as 
E Y 
Z,2—L at 
S K o 


For a good conductor, the propagation constant is given as, y = 4/ j@UO 


So, the surface impedance for a thick conductor is 


J jouo | ja 
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Thus, we conclude that for a good conductor whose thickness is much greater than the skin depth, the 
surface impedance is equal to the intrinsic impedance of the conductor. 


Skin Resistance (R,) 


Definition The real part of this impedance is known as surface resistance or skin resistance, 
Rs (Q/m?), and the imaginary part of this impedance is known as surface reactance or skin reactance, 
X; (Siemens/ m°). 


Mathematical Equation From the results of intrinsic impedance or surface impedance for a good 
conductor, we can write 


4. [fou _ fou ,,, | fou , . fou 
zone [iat SE case JE [4] 











_ [gu . [ou 
R.- 2c and Xs 2c 
. [9M |] joo 1l 
Now R= 20 cV 2 oô 
1 ou 
R = —— Z= —— 
S oô \ 20 











Hence, we see that the surface resistance of a flat conductor at any frequency is equal to the DC 
resistance of thickness ó (skin depth) of the same conductor. 


Complex Permittivity and Loss Tangent (tan 0) For harmonically varying fields, 
Vx H,-(c E,* jO£E,) - (o + jo£)E, = jac = Z| E,- joe, E, 
where, £,— € | -j z = (e’— je”) = complex permittivity 


e" » 


el 


o Ic E,| S |J 


conduction | 


= tang 





The ratio, 


O€ |weE, 











| |J, displacement 


The ratio of the imaginary part of the complex permittivity (£") to the real part of the complex 
permittivity (&) is the ratio of the magnitude of the conduction current density to the magnitude of 
the displacement current density. This ratio 1s defined as the /oss tangent or loss angle of the medium. 


The loss tangent gives a measure of how lossy a medium is. 
For a good (lossless or perfect) dielectric medium (o << we), loss tangent is very small. 
For a good conducting medium (o >> ox), loss tangent is very large. 
For a lossy dielectric, loss tangent is of the order of unity. 


NOTE 
It is seen that 0 = 26,,. 
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Example 5.6 Ina medium, £=16e°°™ sin(2 x 105; — 2x)a, (V/m). Find (a) the propaga- 
tion constant, (b) the wavelength, (c) the speed of the wave, and (d) the skin depth. 


Solution Here, œ= 0.05, B-2, 0- 2x 10* 
1. Propagation constant, Y = (œ + 7B) — (0.05 + j2) = 2.000625 788.568? per metre 


2 2 
2. Wavelength, 4 = = > =3.142m 


2x 108 
3. Speed of the wave, v= 3 = LT =108 m/s 
4. Skin depth, 6 Ohana 
i a 0.05 


*Example 5.7 The electric field intensity associated with a plane wave travelling in a perfect 
dielectric medium is given by 


E (z, t) 212cos(2z x 10’t- 0.17: z) V/m 
Find: 


1. Velocity of propagation. 
2. Intrinsic impedance. 


Solution: 
. l 2n x10! 
1. Velocity of propagation, v = 5 - a -2x105 m/s 
2. Now, 








E f: for perfect dielectric medium, 4, = 1} 


1 1 c 
v= = = = 
| He | HMoM.E£of, — JE, £, 
J&- c. 3x 108 _3 
” v 2x10 2 
innse pedaneé qo 2 =| ROME ge cts Md = 95198 G 
E EE, E, 3 


*Example 5.8 The electric field intensity of an electromagnetic wave in free space is given by 














E,=0, E,=0, Sk, coso(1-2) 
v 


x 





Determine the expression for the components of the magnetic field intensity H. Also, find 


. í y 
Solution: By Maxwell’s equation, 
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T E, E, ta) 3r! * 73r EM 
P k 
9 9 9 
^ D i E Cu NU jg 96 1 
ore a ss "I "[a'*o Fe 
i j k E H 
dE, > OE. OH, = 9H,. 3H. «] 
udi c a aca a Er 
Comparing both sides, we get 
H,- 0, H,=0 
and 
oH E 
Yr E | eo[1- 2) -- 0 sino(r- £] 
ot My Oz My 9 Mov 
H,=- [sino (1 E aro eso (r- E) 
oV Vy oV 


Thus, the components of the magnetic fields are: 


d H E ipes joe 
H,=0, H,-0 an MT v 





-120z =377 Q 





NB: This is known as the intrinsic impedance of free space. 


Example 5.9 The electric field intensity associated with a plane wave travelling in a perfect 
dielectric medium having uU = ug is given by 


E - 10cos(6z x107 t — 0.4nz) i V/m 
Find the phase velocity, the permittivity of the medium and associated magnetic field vector H . 
Velocity in free space = 3 x 10° m/s. 
Solution Here, @= 67x 107 rad/s, B= 0.47 


1 và 
Phase velocity, v — 5 = M =1.5 x10? m/s 
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1 1 1 c 
Now, = = x = Co w=) 
Jue J Moo Ju, JE 

2 ixi lo, 

OX 1.5x108 
By Maxwell’s equation, 

QE, > OF, p OH, OH, ~ OH, - 
or à) ay "|j Bret ur 
Comparing both sides, we get 

H,=0, H,=0 
and 
108 OB NE HH 
NOE Qr ^ 0 gr 
3 32 ə 
ox Oy oz aH, - aH, "m 
Or, E, E, Ej--—l y tay Ít yÉ 
a 
9 9 90 
ox Oy oz aH. - aH, _ aH. - 
or, E. 0 O|--ug a tey UE 3r 
iP d k 
oH 1 OE 1a 
LPS He ee US Tig 
d un en 5, [10 cos(6n x 1071 0.472) | 


am q 04r x 10sin(67 x 1071 — 0.4z2)] 
0 


= ÍT sn(6z x 107 t — 0.472) 
Ho 


Am 1 
H,- p» [sin(6z x 10" t — 0.4zzz)dt 


AL án l cos(6r x107;— 0.4zz) 
Ho 62x10 
== z cos(6r x107;— 0.472) 


Hence, the magnetic field is given as 





H=- Z-cos(6n x107t — 0.4zz)j A/m 
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Example 5.10 The x and y components of a circularly polarised electromagnetic wave in free 
space are 


E, = 2sin(ot — Bz) 
E, = 2cos(wt — Bz) 


Find the expression for the displacement current density and draw a neat sketch showing the fields. 


Solution Here, the magnitude of the electric field having circular polarisation and components as 
given is 





|E| = ES + E? 2 2? cos? (ot — Bz) + 2? sin? (ot — Bz) =2 
The displacement current density 1s 
; OD Ə m. B 
v z 2 (£€E) = joe E 
J,;-7 Ma|- | joeE| = 2weE 


J, =20EE 


The electric field is plotted in the z = 0 plane for different values of wt as shown in Fig. 5.8. 





y yA yA 

















(a) (b) (c) 
Fig. 5.8 Electric field in z = 0 plane with three conditions: (a) wt = 0 (b) œt = 1/4 (c) ot = 1/2 


Example 5.11 Consider a monochromatic plane wave, where the electric field is given by 
E- Eye fort) i 
where £y, is an arbitrary constant vector and other symbols have their usual meanings. 


1. Show that the electric field vector lies in a direction perpendicular to the propagation. 

2. Determine the corresponding magnetic field. 

3. Calculate the wave impedance and show that this is equal to the intrinsic impedance of the 
medium. 
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Solution Here, E = Eye!) ; 


By Maxwell’s equation, 








=. __, aft 
VxE OF Ho OF 
ð ð ə 
ox oy a 
"i A calls 9H, ~ 9H, -~ oH, = 
is A m "p HO) cae” er! * OE 
i j k S 
QE, = _ oH, - 9H, -~ oH, | " 
or, az J= Ho Ot D Ot Jet ot k C E, = f(t, z)) 








Comparing both sides, we get 


and 


9H, 1 9E, EN 
dt My oz Ho 








d (Qu — Ek wow 
E j(@t-kz)1_ ; 0 J (@t—kz) 
3z. 0€ ] J Lo e 


H, = j PE poor = EAL pjo) Ek sjo 
Ho Ho JO HoO 


1. Here, the electric field propagates in the x direction and the magnetic field propagates in the y 
direction whereas the wave propagates in the z direction. Thus, we can say that the electric field 
vector lie in a direction perpendicular to the propagation. 

Since the electric field is directed across unit vector ; and the magnetic field is directed across 
the unit vector j, we conclude that the two fields are perpendicular to each other. 

2. The corresponding magnetic field is given as 





2. Ey ; a 
Ha RE) 


HoO 











3. The wave impedance is given as 


— HoO — WTS _ _ » | o. | Ho = 
k 2n/À My fa Hoc Uo £ 1207 
MoE o 


This is equal to the intrinsic impedance of the medium. 


n= 








E 
H 





Example 5.12 Ina region containing no charges and currents, the magnetic field is given by 
H = xB, sin Bz sin ot 
where Bo, D and @ are constants. Using one of the Maxwell's curl equations at a time, find the two 
expressions for the associated electric field. 
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Solution By Maxwell’s equation, 














5 OD . OE 

Maru imm 

9 2 2 

ox oy d 

n 4 à o pte f ee 
a gee ee Ime EU ap cope ae 

i j k 

ƏH,- ƏH, i 9E, ; , 9E, >, 9E; z 
955 p s vr Te US 

o) . . fe d B s = 9E, m oE s 9E, e 
or, U^ sin Bz sin ox | j ~ py lBo sin Bz sin ot |k = «| 3 i * ar it-5 k 
Comparing both sides, we get 

i = 3g sin Bz sin wf] — 2B — — cos f zsin wt (i) 
ot Ey ae ” 
and 
9E; = A sin Bz sin æt] = 0 (ii) 
: Of | £g OV 
From (i), 
E, = DP. Los Besin Qtdt = — ps cos Bz cost 
0 

From (ii), 


E, — constant 


Thus, the two expressions for the associated electric field are given by, 


E,- m cos Bz cos@t| and |E,- constant 
0 


























Example 5.13 


1. Determine œ, D, y, n, v and ófor a damp soil at 1 MHz. Given: ¢, = 12, 0-2 x 10? mho/m, pi, 1. 

2. Determine the propagation constant y for a material having u, = 1, €, = 8 and ø = 0.25pS/m, if 
the wave frequency is 1.6 MHz. 

3. Find the skin depth 6 at a frequency of 1.6 MHz in aluminium where o = 38.2MS/m and yu, = 1. 
Also, find yand the wave velocity v. 


Solution: 
o 2x10? 


S 6 -12 ze 
ME 2r x10 x8.854x10 ^x12 
Hence, the material is a good conductor. 


1. Here, 
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2m x10°x 4z x1077X 2x 107 
a-p- Te ene ULES per metre 


y =(a + jB) = (0.281 + 0.281) = 0.3974 245° per metre 














6 —] 
goo p eu (medo a N 445° =19.869 245° Q 
o 2x107 

_@_ 2mx10 _ 6 
Veg 0281 = 22.36 x 10? m/s 

EOD NN D 
6 == 5 = 3.559 m 

o 0.25 x 107! 


2. In this case, = z D 
€ 2m x1.6x10° x 8.854 x10°* x8 





<< 1 


Hence, the material is a good dielectric. 


-12 
gee E x377x |} = 16.666% 10-2 =0 
2NeE 2 8 
o2 
B=o.,/ ue Ceo = 4l UE 


= 2m x 16 x 105 x4r x 1077 x 8.854 x 10-2 x 8 
= 0.0948 rad/m 


y =(a+ jB) = j0.0948 = 0.0948 290° per metre 
3. Skin depth, 




















2 1 1 
ô= = Š = 64.377 um 
Vane a | romano DRI à 
1 
64.377 x10% 
y =(@ + jB) = (15533.579 + j15533.579) 2 21967.799 245° per metre 


@ _ 2r x1.6x10° 
B 15533.579 





a-B- 3 = =15533.579 per metre 


v= 


= 647.185 m/s 


*Example 5.14 A uniform plane wave in a lossy medium has a phase constant of 1.6 rad/s at 


107 Hz and its magnitude is reduced by 60% for every 2 m travelled. Find the skin depth and speed of 
the wave. 


Solution Here, B.— 1.6 rad/s — f— 107 Hz 


Since the reduction in magnitude for travel of x = 2 m is by 60%, we can find the attenuation constant 
as follows. 


0.4E = Ee? = -2a = ln(0.4)=-0.916 = a =0.458 
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1 1 





Thus, the skin depth is, 6 = x 04587 2.183 m 
7 
Speed of the wave is, v = 3B = a = MS = 3.927 x 107 m/s 


Example 5.15 Find the depth of penetration of a mega-cycle wave into copper which has 
conductivity o — 5.8 x 10’ mho/m and a permeability approximately equal to that of free space. 


Solution: Given: ø= 5.8 x 10” mho/m, f= 1 MHz, H= My = Az x 1077 H/m 
Depth of penetration is 


= 6.602 x 10° m 











P E Y RR 1 
OUO  Jfmuc — 1x10 xz x 4m x107 x 5.8 x 107 


Example 5.16 A uniform plane wave is specified by H -2e 7797; A/m. If the velocity of the 
wave is 2 x 10° m/s and the relative permeability is 1.6, find the frequency, relative permittivity, 
wavelength and intrinsic impedance. 

Solution Here, B= 0.1, v=2 x 105 m/s, ui, = 1.6 
o Bv 01x2x10 
2m 20 27 


SE 
Jue. Jue, 


2 m 
: reet 1 3x10 1 
Relative permittivity €, = (s) x u, = G . | x 16 = 1.406 


Frequency, f = = 3.183 MHz 








Now, v= 





2n | 2x 


Bd 


Intrinsic impedance 7] = 4E - [Hoe = 120m x ES = 402.123 Q 
0*r 7 


*Example 5.17 An electric field vector E of an electromagnetic wave in free space is given by 
this expression £, = E, = 0, 





207 = 62.83 m 





Wavelength A 


E,= we) 


Using Maxwell’s equation for free space condition determine expressions for the components of the 
magnetic field vector H . 


Solution By Maxwell’s equation, 
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9 9 ə 
ox oy a 
Eb iae 9H, 9H, = 0H, = 
or, E. E, E.|— — lo y i+ 3 3r k 
T Jf k 
ð ð ə 
ox oy a m 
A e Ore OH ai 
or, 0 E, 0 |=- p 3i i+ i j+ ar k 
i d k T 
ðE, 3E, ~ ƏH,- 9H,- dH, = 
= ox ae x yey OH 
or, 5 i+ k Uo ar m j+ T 
dE, . [oH,- 9H,. ƏH, -| 
yy. x? vo z s = 
or, yo Uo 3 i + 3r j+ 3r k TE E,- f(t, 2) 
Comparing both sides, we get 
H,=0, H,=0 


and 














4 Hoo 





where, n = Jo. is the intrinsic impedance of free space. 
V £o 


Thus, the components of the magnetic fields are: 








H,=0, H,-0| and |. i, ARS 
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*Example 5.18 The electric field intensity associated with a planar travelling wave in a dielectric 
medium is given by 
E (z, t) 210cos(2z x107 t — 0.17 z) 
Find the wavelength (A), phase shift constant (6) and velocity of propagation (v). 


Solution Phase shift constant, B — 0.17 
Wavelength, A = a 20m 


p 
2n x10’ 
Velocity of propagation, v — r = aa =2x10° m/s 


*Example 5.19 A lossy dielectric has an intrinsic impedance of 20030° Q at a particular 
frequency. If at that frequency, the plane wave propagating through the dielectric has the magnetic 
field component 


H=10xe** cos{ io — ia A/m 


find E and a. Determine the skin depth and direction of the wave polarisation. 


Solution 


1 
2 2 








Here, H,=10, p n = 200 230? 


E 
T =n = 200 230° > Ey = 2000 230° 
0 


E = Re[2000 230°e!* ] = 2000e7* cos( or e "E + z) 


Since the wave is propagating in the a, direction and the magnetic field is having only a, component, 


the electric field will have only —a, component [.’. direction of wave propagation is given by ag x dy ]. 
Hence, the electric field is given as 

T -ax 1 T \- 

E = —2000e cos{ or Fx 42) a, V/m 


Now, we know that 

















TR 
1 
1 











Propagation, Reflection, Refraction and Polarisation of Electromagnetic Waves 431 











o o 
But m tan 6, tan 60 J5 


a [ Ji+3- | 1 


B [ues] 9 


a= Bx —L=— = 0.2887 Np/m 


43. 243 


The skin depth is given as, ó — Z = 24/3 =3.464 m 








Since the wave has only z-component of the electric field, it is polarised along the z-direction. 


Example 5.20 For sea water with o = 5 mho/m and e, = 80, H = Up, find the distance a radio 
signal can be transmitted at 25 kcps and 25 Mcps, if the range is taken to be the distance at which 90% 
of the wave amplitude is attenuated. 


Solution The wave is attenuated by the factor e ™. In this case, the wave is attenuated to 90%. 


























e%=01 > -ax=mn0.1) = = 
Also, œ = œ HE 1+ o? 1 
MIT 2 we? 
Substituting the given values, we have the following results. 
For 25 keps, 
UT -12 2 
PETROS 4r X10 x 80 x 8.854 x 10 1 SE -_ 
2 (2m x 25 x1)? (8.854 x 10?) 
= 0.7025 
_ 2.302 _ 
X= 7095 ~ 3.278 m 
For 25 Meps, 








4r x 1077 x 80 x 8.854 x 10? 5? 
d 1 
2 (2m x 25 x 105)? (8.854 x 10717)? 





a —2z x 25x 10° 








= 21.969 


x = 21.969 = 0.105 m 


Example 5.21 For a uniform plane wave in fresh lake water o — 10? mho/m, €, = 80, u= Up. 
Calculate œ, D, n and A for two frequencies 100 MHz and 10 kHz. 
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Solution For 100 MHz frequency, 


we _ 2nfe _ 2m x100 x10% x 8.854 x107! x 80 





Oo Oo 
oe 


10° 
>> 1 


So, the lake water acts as a good dielectric. 





4n x107 





= 445 


c Ju _ 10° 
a= = = 0.021 Neper/m 
Ss TT n 


2 

o 
=O, u£ | 1+— > 
p zi a] 





= 22 x 100 x 1054] Az x 1077 x 8.854x 10-2 x80] 14 


= 18.72 radian/m 


H HoH, 1 
Rd e = | =12 dz = 42.13Q 
1 E £96, PS 80 3 


| 2m | 2m 


p 1872 
For 10 kHz frequency, 





= 0.335 m 





we _ 2a fe 2nx10x10* x8.854x10 P? x80 
o o 103 


WE 
*. — <l 
oO 





So, the lake water acts as a good conductor. 


[auc (2 x 10x 103 x 4t x 1077 x 102 
Ao a= 2 = 2 = 


B=a=2n~x 10 radian/m 














1076 





— 0.0445 


8(2z x100x109)? (8.854 x10? x 80)? 


2z x10? Neper/m 





3 7 
n=, P age, Belo XAmnxl0 2450- 20/7 = 8.886245° Q 





10? 
2x 2x 
A= = = 1000 
B  2nx10? i 
Example 5.22 


| 


1. Earth is considered to be a good conductor when = <<1. Determine the highest frequencies 


for which earth can be considered a good conductor if ««1 means less than 0.1. Assume the 


following constants: 
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o=5x 10?mho/m, £= 10&, 


Can a be assumed zero at these frequencies? 5 
2. Ifthe earth is considered to be a perfect dielectric for TE < 0.1; then at what frequencies may 


earth be considered a perfect dielectric? Assume: o= 5 x 10°mho/m and u, = 1, £, = 8. Can a 
be assumed zero at these frequencies? 


Solution 


1. In this case, ~ <0.1 





0.1o 0.1x 5x10 
« 


€ — &85A4x107? x10 
@ « 5.647 x106 


o< 


The highest frequency for which earth can be considered a good conductor is 


6 
= Mc _ 5.64710" 0.899 MHz 
oD 27 











OUO aou x An x107 x 5x 1073 


2 2 = 0.133 Neper/m 


For a good conductor, o = | 
Hence, o cannot be zero. 


2. In this case, ze « 0.1 
(€ 


E: 5x10? 
0.1€  0.1x8.854x10-? x8 
@ > 705.89 x 106 





@ 


The highest frequency for which earth can be considered a good conductor is 
0, _ 705.89x10° 








f on on = 112.35 MHz 
-3 -7 
For a good dielectric, ^ œ = 2 N Boon! an a = 0.333 Neper/m 
2V€ 2 8.854x10 ? x8 


Hence, o is independent of frequency and whatever be the higher frequencies, œ will be about 
0.333 Np/m. 


Example 5.23 For an aluminium wire having a diameter 2.6 mm, 
calculate the ratio of ac to dc resistance at (a) 10 MHz, (b) 2 GHz. This is 
shown in Fig. 5.9 


Solution Let / be the length of the wire 

a be radius of the wire 

For DC supply, the current will flow through the wire uniformly. So, the 
DC resistance is, 





Exe NEED Fig. 5.9 Wire of circular 
cross-section 
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When the supply is AC, the current flows only through the skin of the wire, so that the AC resistance 
is given as, 








R= pl " pl Z pl " pl 

4€ Anc za?-nz(a-óy  m[dà-(a-6y] m[a?-a?-*2aó -6?] 
__ pl 
— 2zaó 











Ric a 
Re 20 
where, 6 = l. 2 _ is the skin depth. 
a QUO 
Rac a 1 
= = a,{ Quo 

Rog a 2 42 

QUO 


For aluminium, 4 = 4g, O = 3.5 x 10’ S/m, so that, 


Rac | 1 0.0026 
Rpc 22 2 








[27x f x 4n x107 x3.5x107 = 0.00764 f 





R 
(a) For f= 10 MHz, e = 0.007644 10x 10$ = 24.16 
DC 





R 
(b) For f=2 GHz, an = 0.007644 2x10? = 341.67 
DC 


Example 5.24 Show that the ratio of very high-frequency resistance to DC resistance of a round 
conductor of radius ry and material with width of penetration ô can be written as 
Rap on 
Ry  2ó 





Solution Let / be the length of the wire 
ro be radius of the wire 
For DC supply, the current will flow through the wire uniformly. So, the DC resistance is, 


pl _ pl 


R = = 
DC 2 
Apc TH 





When the supply is AC of very high-frequency, the current flows only through the skin of the wire, so 
that the ac resistance is given as 





Raz pl _ pl B pl x pl 
^^ Ac mQ-n(n-óy z| -m -8y | n|- -258-8| 
pl 





7 2nnó 
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where, 6 = 1a 2 is the skin depth. 
a \ ouo 


Therefore, the ratio of very high-frequency resistance to DC resistance is 








Rac _ n 
Rpc 26 











5.8 POLARISATION 


The polarisation of a uniform plane wave refers to the time-varying behaviour of the electric field at 
some point in space, i.e., the orientation of the electric field vector at a given instant of time in space. 


5.8.1 Classification of Polarisation 


A plane electromagnetic wave in which electric field vector vibrates harmonically along a fixed straight 
line perpendicular to the direction of wave propagation without changing its orientation is known as 
plane polarised electromagnetic wave. When two orthogonal plane polarised electromagnetic waves 
are superimposed, then the resultant vector rotates under certain conditions, giving rise to different 
polarisations like, linear, circular and elliptical. 


Case (1): When two electric field vectors vibrate along the same axis: We will consider the propaga- 
tion of two linearly polarised electromagnetic waves propagating along the same z-axis with electric 
field vectors vibrating along the x-axis. 

The associated electric fields can be written as 


E = E cos (@t — Bz + à) 
E, = E cos (0t — Pz + ¢,) 


where, £,4, and E, are the amplitudes of the waves, @ is the phase angle, f) is the phase propagation 
constant and $, and @, are the phase angles of the two waves respectively. 
Hence, the resultant wave can be written as 
E = E + E,=E,, cos (at — Bz + Q) + E,, cos (ot — Bz à») 
= E 4[cos (wt — Bz) cos $, — sin (œt — Bz) sin $4] - E, [cos (wt — Bz) cos @, — sin (œt — Bz) sin $4] 
= (E, cos ¢, + E, cos ¢,) cos (wt — Bz) — (E, sin ¢, + E,, sin @,) sin (ct — Bz) 
(E, cos Qj + E, cos @,) = E, cos 2 


= E, cos @ cos (wt — Bz) — E, sin $ sin (ot — Bz) ee sid 


E = E, cos (ot — pz + $) 
This equation represents the resultant of the two waves and is a plane polarised wave vibrating along 
the same axis. 
Case (2): When two electric field vectors vibrate perpendicular to each other: We will consider the 
superposition of two plane polarised electromagnetic waves propagating along the z-axis and vibrating 
along x and y axes respectively. 
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The associated electric fields can be written as 
E, = E „e ** cos (wt — Bz)4, 
y= Eyo€ “ cos (œt — Bz + 9)a, 


where, œ is the frequency of the waves, f is the propagation constant, œ is the attenuation constant, 
Exo and E, are the amplitudes of the x and y oriented electric fields respectively, and @ is the phase 
difference between the two fields. 

In order to obtain the behaviour of the field with the variation of time at a given point in space, we 
shall consider the point z = 0. Then the two fields become, 


E, = Ecos ota, (5.22a) 
E, = E „cos (t + )à, (5.225) 
At any instant of time, the total electric field is the vector sum of the two fields, given as 


E- E,+£,= Eo cos ta, + E, cos (@t + $)a,, 





E o cos (@t + 
= [ El cos? ot -E 2o COS ? (ot +H) Z tan ^ ae) 


Ecos at 


Thus, both the magnitude and the direction of the resultant electric field change with time. The locus of 
the tip of the resultant field 1s obtained by eliminating the time parameter. 


cos Qf = 








Exo Eo 


From Eq. (5.17b), 
































È at in Qf si Es 1 LN $ 
= a = - in 
ES cos Mt cos $ — sin wt sin $ ES cos ó 2, S 
E E, E? 
=> ~ cos $ - jl sin Q 
Exo Eyo E25 
Squaring both sides, 
-— S | Se 
> x cos? ¢+— -2——* cos 9 =| 1 — —— |sin^ Q 
30 Ej E;oEyo 10 
: 2 num E 2 
> ~ cos^ ¢+— sin^ $ + ——— x cos à = sin 
20 2o s EE yo 
E E.E E? 
x —2—*> cos $9 - —-— — sin? $ (5.23) 
E E, Eye E m 


This is the general equation of an ellipse. In general, therefore, the tip of the field vector E draws an 
ellipse with the variation of time. 
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Three cases may appear, for which three different polarisations are represented. 


1. Linear polarisation: A linearly polarised wave is one in which the tip of the electric field vector E 
traces a straight line as time varies. 

Here, E, and E, may or may not have the same amplitude, but the phase difference between them 
is Zero. 


From Eq. (5.23), 














E E, Ey 
X em = 5.24 
ES E or E, | E, E. ( ) 











This represents a linearly polarised wave. The resultant polarisation vector oscillates along a line 





making an angle, 9 = tan! Eyo | : 
x0 
Depending upon the ratio of E, and E,ọ, the slope of the line changes. 
(a) If E= 0, the line becomes vertical and the wave is said to be a vertically polarised wave and the 
wave is said to have vertical polarisation. 
(b) If E, = 0, the line becomes horizontal and the wave is said to be a horizontally polarised wave 
and the wave is said to have horizontal polarisation. 
(c) If E.o = Ep» the wave is said to be linearly polarised with polarisation angle of 45°. 
A plane electromagnetic wave is said to be linearly polarised. The transverse electric field wave is 
accompanied by a magnetic field wave as shown in Fig. 5.10. 








Fig. 5.10  Linearly polarised wave 


2. Circular polarisation: A circularly polarised wave is one in which the tip of the electric field vector 
E traces a circle as time varies. 

Here, the amplitudes of the two vectors are equal, i.e. Ey) = E, = Eo, but, their phases differ by 7/2, 
i.e. @ =+7/2. 
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2 2 
Ey 24 
From Eq. (5.23) E ag z 1 
0 0 
E E; 
Dp ——]L or E+E? =E (5.25) 
Ej Eo 











This is the equation of a circle and thus, the tip of the field vector traces out a circle at frequency c 
such a wave is said to be circularly polarised. 

When E, leads E y by 1/2, i.e. à — —/2, rotation of the vector is counterclockwise, the wave is said 
to have left- circular polarization or positive helicity. 

When E. lags E, by 7/2, i.e. 6 = 7/2, rotation of the vector is clockwise, the wave is said to have 
right-circular polarisation or negative helicity. 

A circularly polarized wave consists of two perpendicular electromagnetic plane waves of equal 
amplitude and 90? difference in phase. The wave shown in Fig. 5.11 is right-circularly polarized. 


Eyo| clockwise rotation 


direction of 
ZApropagation 


z= 0 plane 








Electric z 90? 


fields anti-clockwise rotation 


Z-0 plane 





(a) 


Bac 
"E 





(c) 


Fig. 5.11 Circularly polarized wave (a) Circular polarisation, (b) Right circularly polarised wave, 
(c) Left circularly polarised wave 


3. Elliptical polarisation: An elliptically polarised wave 1s one in which the tip of the electric filed 
vector É traces an ellipse as time varies. 
Here, the two fields neither have the same amplitude nor the phase difference is zero or 7/2, Le. 
o * E, and à z 0 or £z/2. 
Then, from Eq. (5.23), we get an elliptically polarised wave. Similar to a circularly polarised wave, 
the sign of the phase angle $ determines the sense of rotation of the field vector. 

If $ is positive, the wave is said to be /eft-elliptically polarised. 

If @ is negative, the wave is said to be right-elliptically polarised. 

Figure 5.12 shows an elliptically polarised wave. 


E 


x 
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Electric z 
fields 


(a) 


90° 


direction of 
Z propagation 


Eyo| clockwise rotation 


TN z= 0 plane 





ail: n 
aF 


anti-clockwise rotation 





p 





Fig. 5.12 Elliptically polarised wave (a) Elliptical polarisation (b) Right elliptically polarised wave 
(c) Left elliptically polarised wave 


5.9 REFLECTION AND REFRACTION OF PLANE 


ELECTROMAGNETIC WAVES AT THE INTERFACE 
BETWEEN TWO DIELECTRICS 


439 


When a plane wave propagating in a homogeneous medium encounters an interface with a different 
medium, a portion of the wave is reflected from the interface while the remainder of the wave is 
transmitted. The proportion of reflection and transmission depends on the constitutive parameters of 


the media, i.e., €, U, O. 


We consider the reflection and refraction of a plane wave incident on a single boundary separating two 


different dielectric media. Two types of incidence may occur: 


1. Normal Incidence, and 
2. Oblique Incidence. 


5.9.1 Normal Incidence 


When a plane electromagnetic wave is incident normally at the interface between two dielectrics, part 
of the energy is transmitted and part of it is reflected. 


Let E; — Electric field strength of the incident wave striking the interface; 
E, — Electric field strength of the reflected wave leaving the interface; 

E, — Electric field strength of the transmitted wave propagated into the second dielectric; 

Hi, H,, H, — corresponding magnetic field strengths; 


£j, H4 — permittivity and permeability of the first dielectric; 


£5, I — permittivity and permeability of the second dielectric 
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n= 


E intrinsic impedance of the first dielectric 


E,;-nH; 
E= S. 
E,- 1H, 


intrinsic impedance of the second dielectric 


(5.26a) 
(5.265) 


(5.26c) 


According to the continuity of the tangential components of E and H, 


(H,* H,)- H, 


(E; E,) - E, 


From Eq. (5.27a) and Eq. (5.26c), 


Also, 


Similarly, 


E 
H.+H,)=—t 
Ee mM 


1 1 
—(E,;— E,.)=—(£,+ E 
x Ei B= BFE) 


(5.274) 


(5.27b) 


(5.28) 





By BB, OE Pal as 


H E T] — T]; 


F E. 





H, E mtm 


H, mE, 2n 





Hi mE, mtm 


Tb — Th . 2m (5.29) 
T t Th T t Tb 


(5.30) 


(5.31) 


The reflection coefficient on reflectance 1s defined as the ratio of reflected wave to incident wave. 
Similarly, transmission co-efficient or transmittance is defined as the ratio of transmitted wave to 


incident wave. 


So, the reflectances and transmitances for electric and magnetic fields are given as:- 





Reflectance, I' = BH. 
2+ 
n-m. 


^ 


ntn 


for electric field 


for magnetic field 
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2 
Transmittance, T = Th : for electric field 
m+ 
2 
EE ; for magnetic field 
N t T 








For non-magnetic dielectrics, 4; = L = Up 











Thus, 
je- Ho 
E. Y£ &  dJa-Je6 
5 (a 48 *4& 
E2 E€ 
Ej 24 € 
Peele, 
H.- Jerda 
and H, 24 E2 





So, the reflectances and transmittances for non-magnetic dielectrics are 


JA 4€ 
Reflectance, I = INE for electric field 
£j +4 £5 
af Ey — 4€ 
LAXE at for magnetic field 
£j +4 & 


; 24 € . 
Transmittance, T = ——*———; for electric field 
Vf & +f £s 


24€ 
-——— _. for magnetic field 


> 
4& t4 E 


NOTE 
(i) Both I and t are dimensionless and may be complex. 
(ii) (1*1)27 


(i) O«|T|« 1 


(5.32) 


(5.33) 


(5.34) 


(5.35) 
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Example 5.25 An electromagnetic wave impinges on a metallic sheet. Compare the reflection 
coefficients for copper and iron if 


o=5.8x10’mho/m for copper, 


=1x 10° mho/m for iron, 
U, = Uo for copper, 
= 1000o for iron, 
€, =1 for copper and iron. 


Take frequency to be 1 megacycle. 
Solution Reflection coefficient, T = m- 
M + Th 


where, 7], is the intrinsic impedance of air and m, is the intrinsic impedance of metal 


For copper: 
a jou _ jx2n x10°x 42 x 1077 
? No-joe 5.8x107+ 7 x 20 x 10° x 8.854 x 107? 


= 3.68961x 107^ 745? 
= (2.608951 x 1074 + j2.60895 x 1074) 








Hence, reflection coefficient for copper 1s 


3.69 x 107^ 745? — 37770? 
copper — y = z;*l almost perfect reflector 
3.69 x 1074 245° + 37770 


€ jou _ j x2z x106 x 4z x 1000 x 1077 
? ot joe VNIxI06 jx2z x106x8.854 x 10:72 


= 0.0889745? 





For iron: 





Hence, reflection coefficient for iron is 


. 0.0889.245° — 377270? 
iron ^ 0.0889.245° + 37770? 





70.99, very good reflector 


*Example 5.26 E and H waves travelling in free space, are normally incident on the interface 
with a perfect dielectric with €, = 3. Compute the magnitudes of incident, reflected and transmitted E 
and H waves at the interface. Take E; = 1.5 mV/m in medium 1. 


Solution For medium 1 (free space), rj = fo =1202 =377Q 
0 
For medium 2 (perfect dielectric), 


nae | Holt, =1207 x |H -1207x 1 - 211660 
€ EE, E, 3 
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The transmission coefficient is given as 


E | 2m _ 2x 217.66 








fep pene = 3766 en 
The reflection coefficient is given as 
_M-M 217.66-377 - 
Lx M+ 217.66-377 — Dok 


Since the amplitude of the incident electric wave is E; = 1.5 mV/m, we have 


E, q5x102 


Amplitude of the incident magnetic field, H;— "n 377 


Amplitude of the transmitted electric field, E, = 7 x E; = 0.732 x 1.5 = 1.098 mV/m 


— 3.98 wA/m 








Amplitude of the transmitted magnetic field, H, = —-— dir Re 5.04 uA/m 
TM 217.66 
Amplitude of the reflected electric field, E, =T p x E; = — 0268 x 1.5 = —0.402 mV/m 
Amplitude of the reflected magnetic field, H, — Ee ee 1.85 uA/m 
" m 217.66 


Example 5.27 Determine the normal incidence reflection coefficients for seawater, freshwater, 
and ‘good’ earth at frequencies of 60 Hz, 1 MHz and 1 GHz. Use e, = 80, o = 4 mho/m for sea water, 
€,= 80, o= 5 x 10? for fresh water; and &, = 15, o= 10 x 10 ? for good earth. 

Solution The reflection coefficient is given as, [p= e 
2+ Th 


where, n; is the intrinsic impedance of air and n, is the intrinsic impedance of the other medium. 


For air, 7, = |£ - 120 =3770 
0 


For seawater, 


. H . -7 
m= IH- | Jewo J eS = a 
O + J@E O + JOE E, 4+ j27m x 60x 8.854 x 10°“ x 80 











For freshwater, 


n= jou _ JOU 
2 No-joe Vi o+ JOE E, 


. 6 -7 
E : j2n X1x10 Sd - —34.34 724.16 
5x10 7 j2z X1x10?x8.854x10 ^x 80 











For good water, 


iz jou _ juo 
? No joe O + jO€9£, 











; 9 a 
2 R EL md = = 972740 .34° 
V 10x10 + j2z x1x 10’ x 8.854 x 10 ^ x 15 
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So, the reflection coefficients are 


" _ 0.0109245° — 377 
R(sea water) ~ 0.01097459 + 377 





= 0.997180? 


34.34724.16? — 377 


D Retesh water) = 34:34724.1654 377—941 4179.7 





..97.2120.343? — 377 
R(good earth) ~ 9757 70.343? +377 





Tr = 0.742 180° 


Example 5.28 In free-space (z < 0), a plane wave with 


H =10 cos (105; — Bz)a, mA/m 


is incident normally on a lossless medium (€ = 2& U = 819) in region z = 0. Determine the reflected 
wave H,, E, and the transmitted wave H, E,. 


Solution For free space, the intrinsic impedance is, 1] = Pe. =120z 
0 





x8 
For the lossless medium, the intrinsic impedance is, 7]; = Hol, _ | Ho*® . 2n, = 2407 
EE, Ey X 2 


Given that: H,=10 cos (1057 — Bz)a, mA/m 


ii. 106 4 
Forz «0, fj- nosci 


o 4 
> = = = = = 
Forz>0, B,=a,/ ue Os] Lo£o 41,8, zd 4B, 3 
From the given form of the incident magnetic field, we may expect that 


E,= E, cos (105: — Biz)ag, 











where, Ag = Api X Ay = a, X a;——a, 


and, Ep = MH = 120m x 10 = 1200 


E, = -12007 cos [os - 1a, mV/m 


Now, E, _™-™ 2m-"m 1| 
E ntn 2g«m 3 





= - 4007 cos [o + 1:ja, mV/m 
Logis ee 
H, = on = 3 008 10 t+32 a, mA/m 








Similarly, Bix Sip 


= Ed 
Ej mmn 3 
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E,— —16007 cos [os - 4a, mV/m 


; E 20 [o E 
Hom 3 COS 10°¢ 3 7)4,mA/m 





5.9.2 Oblique Incidence 


Any plane wave which is obliquely incident on a planar media interface can be represented by a linear 
combination of two special cases: 

1. Perpendicular or horizontal polarisation, and 

2. Parallel or vertical polarisation. 


1. Perpendicular or Horizontal Polarisation When the electric field vector E is 
perpendicular to the plane of incidence, 1.e., the electric vector is parallel to the boundary surface, it is 
called perpendicular or horizontal polarization. 

Figure 5.13 illustrates a perpendicularly polarised wave. 


no 





I1 





Fig. 5.13 Perpendicular polarisation 


2. Parallel or Vertical Polarisation When the electric field vector E is parallel to the plane 
of incidence, i.e., the magnetic field 1s parallel to the boundary surface, it 1s called parallel or vertical 
polarization. 

Figure 5.14 illustrates a parallel polarised wave. 


Z 


n2 





n 





Fig. 5.14 Parallel polarisation 
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5.9.3 Reflection and Transmission Coefficients for Perpendicular 
and Parallel Polarisation 


We consider Fig. 5.15. 
normal 


Ray 2 E, 
y incident rays , 










Boundary surface of interface A 


- 


transmitted rays 


F 





Fig. 5.15 Reflection and transmission of plane waves 


For Fig. 5.15, the plane of the paper is the plane of incidence. The figure shows two rays of the EM 
wave: 

Ray 1: reflected along AE, transmitted along AD 

Ray 2: reflected along BG, transmitted along BF. 


The directions: 
AE and BG are parallel 
AD and BF are parallel. 


The line AC, which is perpendicular to the incident rays, represents the equi-phase surface in 
medium 1. 


The line DB, which is perpendicular to the transmitted rays, represents the equi-phase surface in 
medium 2. 

Ray 1 travels the distance AD, 

Ray 2 travels the distance CB, and 

Reflected Ray 1 travels the distance AE. 


The time taken is the same for all three distances. 


CB wt v wxyHb£ Ec £5 


AD vt v [Jue Ja £ ( “hs Hy) 





ABsin@, _ | & 
AB sin 0, = £j 
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sin@,  |£, 
sin 0; E 





(5.36) 
This equation is termed as Snell's law. 
Also, AE-CB => ABsi0,-ABsinOj, => 6,=8; 


Perpendicular Polarisation For perpendicular polarisation, from the boundary condition, 
(E;* E,)=E, 








(5.374) 

and 

(H;— H,) cos 0, = H, cos 0, (5.375) 
From Eq. (5.26a,b,c), 

E; Kel -E, sn cos 0 = E, pee cos 0, 
My My My 
> (E, - E J&) cos 6, = E, 4 £, cos 0, C^ 44 = My) 
[€ 

zd (E; — E,) F cos 0, = E, cos 0, 

sin 0, cos 0, 
zs E, - (E,- E,) (by Eq. (5.36)) (5.38) 


sin 0, cos 0, 
From Eq. (5.37a) and Eq. (5.38), we get 


sin 0, cos 0, 
sin 0, cos 0, 





(E;* E,) - (E; E,) 


— E, (sin 0, cos 8, + cos 0, sin 0,) = E; (sin 0, cos 0, — cos 0, sin 0,) 
Hence the reflection coefficient is given as 


E. sin(0,—0) 
E, sin(0,*0)) 





Reflection Coefficient, I = 





It can be also written in the form 





£ ; 
cos 0, — r3 - sin? 8 
1 





Reflection Coefficient, I = E. - 


£ ; 
cos 0, + = — sin? 0, 
1 








The transmission coefficient can be evaluated as follows. 


ZE E) sin (0, — 0,) sin (0, + 0,) + sin (0, — 6,) 


E E r] ee) sin (0, 6) 


1 
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2 sin 0, cos 6, 


Transmittance, T = ————— — — 
sin (05 + 0) 











Parallel Polarisation For parallel polarisation, from the boundary condition that the tangential 
component of vector E is continuous across the boundary, 





(E; — E,) cos 0, — E, cos 0, (5.39a) 
and 
(H;* H,)=H, (5.395) 
From Eq. (5.395), 
Ep Mp | oe 
My My My 
> (EJ & +E, J6) = Ey e C^ ui = Hy) 
= (E; + E. & = E, e 
E sin 0 
=> =(E. 2L (E, baneri 5.40 
E,=(E,+ E,) | E (Ej * E) — 8, (by Eq. (5.35)) (5.40) 


From Eq. (5.39a) and Eq. (5.40), we get 


sin 0, cos 0, 
sin 0, cos 0, 








(E; ES E.) = (E; + E) 


— E, (sin 0, cos 0, + sin 0, cos 0) = E; (sin 8, cos 0, — sin 0, cos 0;) 


E. _ sin @,cos 0, — sin 0, cos 0,  2sin0jcos0;—2sin05cos0, sin 20,—sin 20, 
E; sin @, cos 0, +sin 0,cos@, 2 sin 0, cos 0, + 2 sin 0, cos 0, sin 20, sin 26, 
_ sin (@,— 0) cos (0, +0,) tan(0,—0,) 
~ sin(0j--0,) cos(0,—0,) tan (0, + 0) 


Hence the reflection coefficient is given as 











f i _ E, _ tan (0—0) 
Reflection Coefficient, I = E, > tan (0, * 6,) 














It can be also written in the form 











E £ . 
E = cos 6, - ,| A sin? 6, 
Reflection Coefficient, T =— = : 1 
E e E 
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The transmission coefficient can be evaluated as follows: 


E E+E, (xen sin (0, — 0.) cos (0 + 85) 


BEL. E, E; sin (0, + 0) cos (0; — 0;) 


_ sin (0, + 0,) cos (0, — 05) + sin (0; — 05) cos (0, + 85) 
B sin (0, + 05) cos (0, — 03) 
2 sin 0, cos 6, 
sin (0, + 05) cos (0, — 05) 














2 sin 0, cos 6, 
sin (0, + 0,) cos (0, — 0,) 





Transmittance, 7 — 








NOTE 
1. The plane of incidence is the plane containing the incident wave and the normal to the interfacing 
surface. 


2. The angle of incidence is defined as the angle between the direction of propagation and the 
normal to the boundary. 

3. The terms ‘horizontally’ and ‘vertically’ polarized wave refer to the fact that the waves from 
horizontal and vertical antennas, respectively, would produce these particular orientations of 
electric and magnetic vectors in waves striking the surface of the earth. 


Example 5.29 Given two dielectric mediums: medium 1 is free space and medium 2 has 
E = 4£ and U = Uo. Determine the reflection coefficients for oblique incidence 0, = 30° for 


1. perpendicular polarisation; 
2. parallel polarisation. 


Solution: 


1. For perpendicular polarisation, the reflection coefficient is 


— E2 — gj 2 o 4 AE o 
cos 6, £ sin 6, cos 30? — T — sin^ 30 0.866 —./4— 0.25 
rT,- - Y - 2-082 


cosÓ, + T cos 30° + $- sin2300 0.866: y4— 0.25 
1 


2. For parallel polarisation, the reflection coefficient is 


= cos 0, a sin? 6, 4 cos 30? — z = sin? 30° 3.464 —./4—0.25 
T,=— UN - El == = 0.283 


a coste 2- sina, 400530 + 4 - sint 3.464 + 4— 0.25 
1 














1 


| 450 Electromagnetic Field Theory 





5.9.4 Brewster Angle 


Definition For a plane electromagnetic wave incident on a 
plane boundary between two dielectric media having different 
refractive indices, the angle of incidence at which transmittance 
from one medium to the other is unity, when the wave is linearly 
polarised with its electric vector parallel to the plane of incidence, 
is called Brewster 5 angle. This is demonstrated in Fig. 5.16. 

For angle on incidence, 0, (called 05) equal to Brewster 5 angle 
or polarising angle, the reflectance for parallel polarisation is zero 
and the reflected wave parallel polarisation only and is therefore, 
totally polarised. 


6 


05 
nı 








n2 


02 


v, 


Fig. 5.16 Brewster's angle 


E, _ tan (0,0) 


Mathematical Equation We know, the reflectance, — 
f 
So, it is zero, if 


Ao. T 
(0,* 0) 2 l.e. (05*06:)7- 


From Snell's law, 


E, tan (0,+ 0,) 


n sin 05 = N, sin (z- 6,]- 7]; cos Op 

















(since, 44 = Uy) 


Me, 
Th , 
MoEo 
E ce ne 
m= Hê — we refractive indices 
| Uo€o 
E 
tan 0, = ma 
™ £ 


At this angle, there is no reflected wave when the incident wave is parallel polarised. 


NOTE 


1. Reflected wave is absent only when the incident wave is polarised in the plane of incidence. If 
the wave consisting of both parallel and perpendicular polarizations is incident on the boundary 
at Brewster's angle, the component with parallel polarisation is entirely transmitted into the 
second medium and the reflected wave consists only of the perpendicular polarisation. 


2. Brewster's angle occurs for both n, > Nz and n; < No. 


Brewster's Law The polarisation of an unpolarised wave upon reflection is stated in the form of 


Brewster S law as: 


When unpolarised wave is incident on the surface of a dielectric like gas at Brewster angle (05), the 
reflected wave is plane polarised with the plane of polarisation perpendicular to the plane of incidence, 


and the angle between the reflected and the refracted rays is 90°. 
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5.9.5 Total Internal Reflection 


Let a wave be incident on the interface from the medium of higher refractive index, i.e., 7], > M or, 
£i? &. 
When the angle of refraction 0, is 5 (the largest possible value), the corresponding angle of 


incidence 0; is called the critical angle (8c). 
From Snell’s law, 


. "E: 
m sin 0c =M SUE S 


sin 0. = Ds 
1 


For angles of incidence larger than the critical angle, we have from Snell's law, 


sin 0, = - sin 0, > a sin 6c 
2 2 


As, sin 0, = T , we have, sin 0, > 1 


1 
Which shows that 6, cannot be a real angle. In fact, if sin@, > 1, cos@, will be imaginary, 


cos 0, =4/1-— sin? 0, = jô ; where, dis a real number. 


So, the reflection coefficients become 
E, m,cos0,4 jn,6’ 
_ mcos- jmô | 
m cos 0, + j150' 


for parallel polarisation 


for parallel polarisation 





Thus, the coefficients for both polarisation is complex. The magnitude is 


2 
- (2 . (2 where, the asterisk (*) indicates complex conjugate. 





E, 
I7 rz E 


l 








i i 


[| = 1 for both polarisation; for all 0, 2 Oç. 


Thus, total reflection occurs for all incident angles greater than or equal to the critical angle. 





NOTE 
Brewster's angle: sin 05 — - COS O5 Critical angle: sin 0. = em 
^ ^ 
Sin 05 
= < 
sin Oc cos 05 € 1 


Thus, critical angle is normally greater than Brewster's angle. 
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Example 5.30 A wave is incident at an angle of 40° from air to teflon with relative permittivity 
€. = 2.1. Calculate the angle of transmission, Brewster’s angle. What is the critical angle of the wave 
propagation from teflon to air? 


Solution Since the media are non-magnetic, 44 = 4h 
The angle of transmission is given by the relation given in Eq. (5.36) as 





In this case, 





sin 40°  |21 E $ 
sin 8, = T > 0, = 26.33 


The Brewster's angle is given as 


wny-h- [2 = JF+=J21 = 6,=55.39° 
T] E 


The critical angle for wave propagation from teflon to air (i.e., from the medium of higher refractive 
index to the lower) is given as 


. —m™_/&_ |l = o 
ub cS [z^ 23 => 6.=43.63 


Example 5.31 The dielectric constant of pure water is 80. Determine the Brewster angle for 
parallel polarisation and the corresponding angle of transmission. 
If a plane wave of perpendicular polarisation impinges at this angle, find the reflection and 
transmission coefficients. 











Solution For pure water, ¢, = 80 





Brewster's angle, 0,— wn n - tan! (J 80) = 83.62? 


rl 


Now, by Snell’s law, 


sin 0, 2 [£a „ sin (83.62 ) . Jgo 
sin 0, £ sin 0, 
Hence, the transmission angle is given as 
_ sin (83.62°) — 6.389 
Vv 80 


0, 


Reflection coefficient, 





€ . 
0,- ||| 2 |- sin? 0 
Sosi (2) 7 Y1 cos (83.62°) - J (80) - sin?(83.62°) _ 


cos, + (2 sin2 0 cos (83.62°) + (80) — sin? (83.62) 
1 1 
€ 


Transmission coefficient, t= (1 + I) = (1 — 0.9753) = 0.0247 


T= 0.9753 
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Example 5.32  Findthe critical angle of total internal reflection for glass (€, = 4.0), polyethylene 
(€, = 2.25) and polystyrene (e, = 2.52) to air surfaces. 


Solution The critical angle of total internal reflection is given as 


E 1 
0c — sin ( i 
For glass, (£, = 4), 0c = sin”! i) = 30° 
For polyethylene, (£, = 2.25), 0,= zi zx =41.8° 


For polystyrene, (£, = 2.52), 0c = sin! ( | zu) = 39.1? 


5.10 REFLECTION AND REFRACTION OF PLANE 
ELECTROMAGNETIC WAVES BY PERFECT 
CONDUCTOR 


5.10.1 Normal Incidence 


Let medium 1 be a perfect dielectric and medium 2 a perfect conductor, such that n, = 0. Let a wave be 
incident normally from medium 1 to medium 2. 
The following points may be noted for conducting medium: 


1. When a plane wave incidents normally upon the surface of the conducting medium, the wave is 
entirely reflected. 
2. For field that varies with time, neither E nor H will exist within the conductor. So, no energy 
is transmitted through the conducting medium. 
3. As there is no loss within a perfect conductor, there is no absorption of energy by the conducting 
medium. 
Transmission coefficient, T= 0, and 
Reflection coefficient, Il = —1 


Hence, the amplitudes of E and H of reflected wave are same as those of the incident wave, but they 
differ in the direction of flow. 

Electric field of incident wave = Eje? m 

Electric field of reflected wave = E,e "P 

Boundary is the surface of the conductor given by, x = 0. 


The boundary conditions to be applied are: 


1. The tangential component of the electric field is continuous across the boundary. 
2. Electric field E inside the conductor is zero; i.e. (E; + E) = 0 > E, = —E;. 


The amplitude of the reflected electric field is equal to that of the incident field, with phase reversal on 
reflection. 
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The resultant electric field strength at any point at a distance x from x = 0 plane is 
E, (x)= Eje ]P* + E_e/B* = E (e-JBx — e/B*) = —2 jE, sin Bx 
E, (x, t) = Re[-2 jE, sin Bxe/^']- 2E,sin Bx sin ot 


This expression represents a standing wave. The magnitude of electric field varies sinusoidally with 
distance from the reflecting plane. 


e £,(x,t)=0 when x=0 or multiples of 4/2. 


2m A 
Bx= 1 XU 
e £,(x,t) is maximum of 2E, when x is odd multiples of 4/4. 
mo Ae T 
E T E 


As the electric field is reflected with the phase reversal, then the magnetic field is reflected without the 
phase reversal to satisfy the boundary conditions. 


H,-Hj; 
H,(x) = H;e ^ /P* + H,e/P* = H (e IP" + eJÉ*) = 2H, cos Bx 
H,(x, t) = 2H, cos Bx cos wt 

This also has a standing wave distribution. 


e H,(x,t)=0 when x is odd multiples of 4/4. 


e H; (x, f) is maximum, when x is multiples of A/2. 


Example 5.33 A300 MHz uniform plane wave travelling in free space strikes a large block of 
copper (4. — 1, £&, = 1 and o= 5.8 x 10’ S/m) normal to the surface. If the surface of copper lies in the 
yz plane and the wave is propagating in x-direction, write the complete time domain expressions for 
incident, reflected and transmitted waves in terms of the amplitude of the incident electric wave, £;. 
This is illustrated in Fig. 5.17. 


Solution: Since the wave is propagating in the x-direction, the electric field E willbe in y-direction 
and the magnetic field H will be in z-direction. 
Let the electric field in the incident wave be given as 


E = E; cos (wt — Bz)a, 


where, E, is the amplitude. 
Intrinsic impedance of medium 1 (free space) is 
nı 7120122 377 Q 


Intrinsic impedance of medium 2 (copper, which is a good conductor) is 


6 -7 
m= [OH aso — 2m Xx 300 x 10° x 4 x10 x1 
o 5.8x107 


= 6.39 x 102 745? 
= (4.52x10? 4 j4.52x10?) Q 
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t=0 


(eq t= 04 





Hr 





t= 7/4 


Transmission coefficient is 


E 


t=37/8 t= T/2 
Fig. 5.17 Standing wave distribution of E and H for normal incidence of EM wave at conducting surface 


2m, 2x 6.39 x 107? 245° 











t= 


Amplitude of the transmitted electric wave is 
E,= (3.37 x10? 245°)E, 


Reflection coefficient, 


E, mtm 377+(4.52x10-3+ j452 x10) 


E, m-mn _ 4.52x1073+ j4.52 x 103-377 





r= 


Amplitude of the reflected electric wave is 
E, — (171805) E, =- E; 


Amplitude of the incident magnetic wave 1s 
E, E, 


—. L 


= (2.65 x 107°)E, 





im 377 
Amplitude of the transmitted magnetic wave is 
E, (337x10?Z45?)E, 


H,- : -3 o 
Tb (6.39 x107? Z45*) 





= (5.27 x10?)E, 


Ej; m+ (452x103 + 74.52 x 1073) - 377 


23.37 x 10? 245° 


=12180° 
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Amplitude of the reflected magnetic wave is 


a -E; = -3 
H, =- =- gy = (2.6510 E, 





Now, the electromagnetic wave in free space propagates with the velocity of light, 


v=c=3x 108 


_@_@_ 2zx300x10$ 


me 35 qf = 6.28 rad/m 
x 


p 





Hence, the complete time domain expressions for the waves are given below. 
Incident waves: 

E, = E, cos (2m x 300 x 1057 — 6.28x)a,, V/m 

H, = (2.65 x 10-7 )E, cos (2zt x 300 x 1057 — 6.28x)a, A/m 


Transmitted waves: 
E, = (3.37 x 10 5)E; cos (27 x 300 x 1057 — 6.28x + 45°)a, V/m 
H, = (5.27 x 103)E, cos (2z x 300 x 1057 — 6.28x + 45?)a, A/m 


Reflected waves: 
E, = — E; cos (27 x 300 x 1057 — 6.28x)a, V/m 
H, = (2.65 x 1023)E, cos (2 x 300 x 105: — 6.28x + 45°)a, A/m 


Example 5.34 A IMHz uniform plane wave travelling in free space strikes a large sheet of 
copper (= 1, 6. = 1 and o= 5.8 x 10’ S/m) normal to the surface. If the surface of copper lies in the 
yz plane and the wave is propagating in x-direction, write the complete time domain expressions for 
incident, reflected and transmitted waves in terms of the amplitude of the incident electric wave, E;. 


Solution Since the wave is propagating in the x-direction, the electric field E willbe in y-direction 


and the magnetic field H will be in z-direction. 
Let the electric field in the incident wave be given as 


E = E, cos (at — Bz)a, 


where, E; is the amplitude. 
Intrinsic impedance of medium 1 (free space) is 


n = 120” 2 377 Q 
Intrinsic impedance of medium 2 (copper which is a good conductor) is 


6 -7 
n= Ly» 2z x 300 x 10 SED Xl 3690x1040 
o 5.8x10 
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Transmission coefficient is 


E 2p _ 2x3.69x1074245° 
E, TT» 377+3.69x10-4.245° 





t= =1.96 x 1076 245° 


Amplitude of the transmitted electric wave is 
E,= (1.96 x 10:6 245°)E, 
Reflection coefficient, 


E, m-m _ 3.69x10-* 245° — 377 
Ej; m+ 3.69x1074*245° +377 





r= =14180°=-1 


Amplitude of the reflected electric wave is 
E..=(1Z180°)E,=—E, 

Amplitude of the incident magnetic wave is 

E, E, 


— l 





= (2.65 x 107°)E, 


i, 377 
Amplitude of the transmitted magnetic wave is 


E, _ (1.96 x 107% 245°)E, 
M — (8.69x107^Z45?) 





H= 


t 


= (4.95 x 103) E, 


Amplitude of the reflected magnetic wave is 
= et E i 
o m 37 





= (2.65 x 107°)E, 


Now, the electromagnetic wave in free space propagates with the velocity of light 
v=c=3x108 
p-9.9. 2z x1x 10° 
v C — 3x10 


Hence, the complete time domain expressions for the waves are given below. 
Incident waves: 


= 0.02 rad/m 





E, = E, cos (2 x 101 — 0.02x)a, V/m 

H, = (2.65 x 10° )E, cos (2 x 10°t — 0.02x)a, A/m 
Transmitted waves: 

E, = (1.96 x 10 5)E; cos (27 x 1067 — 0.02x + 45°)a, V/m 

H, = (4.95 x 103) E, cos (27 x 1091 — 0.02x + 45°)a, A/m 
Reflected waves: 

E, =- E, cos (27 x 1051 — 0.02x)a, V/m 

H, = (2.65 x 103)E, cos (2zt x 10°t — 0.02x + 45°)a, A/m 
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5.10.2 Oblique Incidence 


When a wave is incident obliquely at a conducting 
surface, two cases may arise: 


(1) Horizontal Polarisation or 
Perpendicular Polarisation 
In this case, the electric field is parallel to the 











boundary surface or perpendicular to the plane VZZZZ2774 VISTI STII ITY 
of incidence. The plane of incidence is the plane perfect conductor 

containing the incident ray and the normal to the Fig. 5.18 Horizontal polarisation for conducting 
surface. surface 


With the coordinate system chosen as shown in Fig. 5.18, 


p = - jp Aur. — jB(x cos A+ y cos B+ z cos C) 
E reflected = E,e jB = E,e JBK ? 


where, x, y, z are the components of the vector F and cos A, cos B, cos C are the components of the unit 
vector 7 along x, y and z axes; A, D, C are the angles that ñ makes with the positive x, y and z axes. 


Here, A=, a=(%-6), C-0 


n-r =(ysin 0 + z cos 0) 











p = — jB(y sin 0 + z cos 8) 
E reflected a E,e 





For incident wave, A= 2. B- (z - e. C-(z-0) 


n:r —(ysin0—zcosO0) 





p .- — jB(y sin 0 — z cos 0) 
Eincident n Eje 











From the boundary conditions, E, — —E; 
Thus, total electric field, 


E= E, [e7}PO sin 8 -z cos 0) _ gr] BO sine + z cos 8) 
i 





E - 2 jE,e |P" 5^? sin (Bz cos @) = 2jE,e P» sin (B,z) 











where, B= m ; is the phase shift constant of the incident wave 


B. = B cos 0; is the phase shift constant in the z-direction 

B, = B cos 0; is the phase shift constant in the y-direction 
The equation shows a standing wave distribution of electric field strength along the z-axis. The 
2m —— 
cos@  cosÓ 





wavelength along the z-axis, A, = ra = B is greater than the wavelength of the incident 


wave (A). 
The velocity with which the standing wave travels along the y-direction is 


pod c c t 
" p, Bsin@ sin 
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(2) Vertical Polarisation or Parallel Polarisation In this case, the magnetic field is parallel 
to the boundary surface and electric field is parallel to the plane of incidence. 

E; and E, will have the directions as shown in ca 
Fig. 5.19, because the components parallel to the Ei 
perfectly conducting boundary must be equal and 
opposite. 

The magnetic field H will be reflected without 
phase reversal. The magnitudes of E and H are 
related by 


H, 








E E 








i- lg APA ILIA PITTA STI IPED TY 
H; H, perfect conductor 
For incident wave, Fig. 5.19 Vertical polarisation for conducting surface 
H,, et He 180 sin 8 — z cos 0) 
cide: 


For reflected wave, 


ry = — jB(y sin 0 + z cos 0) 
H eflect = H,€ p 


From the boundary conditions, H, = H, 
Total magnetic field is given as 











H -2H,e /*” cos B,z 





where, 8, = B cos0 and B, = p sin6. 
Thus, the magnetic field strength has a standing wave distribution in the z-direction with: 


e H maximum at the conducting surface and multiples of 4/2 
e H=0 at odd multiples of 4 from the surface. 


For electric field, we have to consider separately the components in the y and z directions. 
For the incident wave, 


£,=nH; E,-nsin0H; £,=n cos 0H; 


For the reflected wave, 
E,-nH, E,-nsin0H, £,=—n cos 0H, 


Total z-components of the electric field strength 





E, = 2nH;e |?" sin 0 cos B,z 


Total y-components of the electric field strength 





E,- 2jnH;e | cos 0 sin B,z 











Both components have a standing wave distribution above the reflecting plane. However, 


e E,is maximum at the plane and multiples of A2 from the plane. 
e E, is minimum at the plane and multiples of A,/2 from the plane. 
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5.11 POYNTING THEOREM AND POYNTING VECTOR 





5.11.1 Poynting Vector 
It is defined as 
S-ExH 
where, E is the electric field and H is the magnetic field. 
It represents the energy flux (in W/m?) of an electromagnetic wave. 


It is named after its inventor, British physicist John Henry Poynting. 
This is illustrated in Fig. 5.20. 





Fig. 5.20 Poynting vector for 
a plane wave 


5.11.2 Poynting Theorem 


Statement It states that the vector product, S=ExH at any point is a measure of the rate of 
energy flow per unit area at that point. The direction of power flow is in the direction of the unit vector 
along the product (E x H) and is perpendicular to both E and H . 

This theorem provides a statement about the conservation of energy of an electromagnetic wave. 


Derivation By modified Ampere's circuital law in differential form, 


Vig oae 

ot ot 
> Fo A -eE 
ot 


Multiplying both sides by E, we get 
E-J=E-VxXH-E-e=— (5.41) 
We use the vector identity 
V (Ex H)=H-(VxE)-E-(VxH) 
Thus, from Eq. (5.34), 





E-J =H. (Vx B)-V-(Exfi)- Ë e% 
eee ae es € 
--pH -S-E S V (Ex H) (5.42) 
p. 9B oH 
( Viens ot — n 
Be OH S uu p OF 19 p 
Now, àr Dor! ? and .E ar 23 9 


So, from Eq. (5.42), 
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m 1 93 5 1 9 5 E 
E.J--3uyGD)- 562,07) V- (Ex H) 
BN IN "| D 

9 (Tun *3£E*|- V-(Ex H) 


Integrating over a volume, 





= 7 o0 (1 1 BOB 
[E Jw- j- [pur +508? av Jv (Bx Ha 
= = 9 f1 1 ASI 
=> [E Jw=- [pur + 508? av §(E in ds (5.43) 


where, s is the closed surface bounding the volume v. 
On rearrangement, we get 





[E-Jdv = 3 j( un «1er? Ja $E x A)- ds 


v v S 

















In words, 








Ohmic Power | (Rate of decrease in energy stored) ( Total Power 
Dissipated ~ V in electric and magnetic field leaving the volume 








This is the mathematical form of Poynting theorem. 
Significance of Terms 
1. The term {£-Jdy represents the rate at which the energy is being dissipated (i.e. the 
instantaneous power dissipated) within the total volume v. This is a generalisation of Joule’s law. 
1 


2. The first term in the right hand side, zaji uH?’ + zee ? Jaw represents the time rate at which 


the stored electric field energy and the magnetic field energy is decreasing within the volume v. 
3. The second term in the right-hand side, $(E x H):ds represents the rate at which energy is 


escaping or leaving the volume v through the closed surface s. This follows from the law of 
conservation of energy. 


5.11.3 Poynting Theorem for Insulating Medium 


In an insulating medium, J — ( and total energy density is 
1 1 
u-(ugc uy )= SEE! ^ uH? 
So, from Eq. (5.33), 


oc; [uv - $8 4s (^ S-ExH) 
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= j[V-5+%4Jar=0 
a, Ou _ 
V-S+— =0 











This is the differential form of Poynting theorem. 


5.11.4 Poynting Theorem in Complex Form 
Maxwell’s equations in phasor form can be written as 
VxH=(o+joe)E and VxE--jouH 
V (Ex H)- H*-Vx E- E. Vx H* 2 jouH - H* - (o — jog)E-E* - E-J* 
Integrating over the volume v surrounded by closed surface s, 
$(E x H*):ds 2- joj (uH - H* eE. E*)dv- |oE- E*dv - J|E- J*dv (5.44) 


Now, 


cE. E* = Time-averaged stored electric energy = U E 
uH - Ë * = Time-averaged stored magnetic energy = U M 
ExH- Complex Poynting Vector — Re[S ]+ Im[S ] 


So, from Eq. (5.37), 


Rej di + In$S- di - - jo[Uy—Ug\dv—o] E-E*dv- S Re|E Jv sim] B-T*av 


s s v 


This is the mathematical form of Poynting theorem in complex form. Separating the real and imaginary 
parts, we get 


Re$S d$ «o E- E*dv- T Re[ E-J*dv 


Im$S d$. — jo Uy - U)dv - Tm Ë- J*dv 


The energy may dissipate or may circulate. The circulating energy is represented by the imaginary 
Poynting vector and the dissipative energy is represented by the real Poynting vector. 


5.11.5 Average Power Calculation using Poynting Vector 


For a time-harmonic field, the time-average Poynting vector is found by integrating the instantaneous 
Poynting vector over one period and dividing by the period. 


1 = ms 
Pae = FI (Ex H)dt 
yh 
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Writing the electric and magnetic fields in instantaneous form as 
E=\E|cos(@t+0,)a, H=|H|cos(at+0,,)ay 
The instantaneous Poynting vector is given as, 
S-ExH -|E||H|cos (ot + 05) cos (Of + 0j (Ag X ag) 


- i |El|H| [cos (20t + 0; + 0; ) + cos (05 — Oy) (Gz X à) 


(Using the trigonometric identity, cos x cos y = jleos (x+ y) cos (x - y)]) 
The time-average Poynting vector is then 


_ JEJ|H 
Pave 2T 





(Gp X ame (20 + 0, + Oy )dt + cos (65 - Pn] 
T T 


The time-average Poynting vector reduces to, 


_ |EIIĦ 
Pave 2T 





5 Be 1 iQ. ~ iQ. — 
(ag X Ay) cos (0; — 0y )T = 3 Rel(£i el Gn) x (H| e? a,)] 


1 * 
Pave = z RelEs x Hs] (5.45) 


By Eq. (5.45), the time-average Poynting vector is determined without integration. 
The term in brackets in the above equation is defined as the phasor Poynting vector and is normally 
represented by S. 


S-E,xH; 


1 * 1 
Pave = 5 Re[Es x Hs]=7Re[S] 


All representations of the Poynting vector represent vector energy densities. Thus, to determine the 
total power passing through a surface, we must integrate the Poynting vector over that surface. The 
total time-average power passing through the surface s is 


Po | Pave ds =5 Re JIE x Hj]. ds- T ReJS ds 


Average Power Density for Lossless (Perfect) Dielectric ^ We consider an electric field 
propagating in the z-axis is given by the equation, E, = Ej cos (0t — Bz) and the associated magnetic 


- E 
field by the equation, H, — um cos (wt — Bz), where, E, is the peak value of E, at = 0 and z = 0 and 


1] is the intrinsic impedance of the dielectric. 
The instantaneous Poynting vector is given as 


xË 


^vi 
ty 


M 


Im 


E 
H,- E cos? (wt — Bz) 
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To find the average power, integrating over one cycle and dividing by the period T 
DES 5 
== |— t — Bz)dt 
Pave =F J > cos“ (at — Bz) 


[l + cos (2@t — 2Bz)]at 
T 
0 


L sin ( 282) C cT =2n) 





T 
J 

_1% one ot- 282) 
| 


T. 
T+ 7,5 sin o 2pz)- 0 5 


So, the average power flowing through an area A normal to the z-axis is 


2 
Ba 12A Watt 


ave 2 





Average Power Density for Lossy Dielectric We consider an electric field propagating 


through a lossy dielectric in the z-axis is given by the equation, E, = Ege ^? cos (œt — Bz) and the 


: ; . - E : 
associated magnetic field by the equation, H „= x xn cos (wt — Bz), where, E, is the peak value of 


E at t= 0 and z = 0 and 77 is the intrinsic impedance of the dielectric. 


If =No 26, then the magnetic field can be written as 


VoF 
H,- CE cos (wt — Bz — 0,) 
o 


Instantaneous Poynting vector is given as 


P-ExH 
E 
P-E,H,- moo cos (Qt — Bz) cos (œt — Bz —0,) 
o 
1 Ej -20 
= 2m [cos (20 — Bz — 6,) + cos (6, )] 


So, the time-average value of Poynting vector or average power is 


1 T 1 E 4 T 
Pee | Pdt = Ine ^* [[cos (2@t — Bz — 0,) + cos (6, )]dt 
0 0 














Propagation, Reflection, Refraction and Polarisation of Electromagnetic Waves 465 | 





Average Power Density for Conducting Media For a perfect conducting medium, 6, = 45°. 
Therefore, the average power can be obtained from the earlier section by putting 0, = 45°. 


de cam de 35:324 i VEGO 
Pave = e = e - 
24/2. No 242 d au 4 [ouo 


o 2 
where, ô= 2 is the skin depth. 
V ao 














e7207 TERS ee 








Pave = PL p 











5.12 ENERGY FLUX IN A PLANE ELECTROMAGNETIC 
WAVE 


From average power calculation using Poynting vector, 


es 1 * 
Pave = 25 RelEs x Hgs] 


Now, for a perfect dielectric medium, 











E, A E = 
H, =)= " and if E = E cos (œt — Bx)ag; and H =H), cos (ot — Dx)ay , then 
MEEL aa St ee zcpp es (5.46) 
ave 9 0 m E H 2 0 m n 9 0 u n 
€ 


where, G, is the unit vector in the direction of wave propagation, normal to both E and H. 
Now, the electromagnetic energy density ‘uw’ is given by the sum of the electric energy density 


E = iE : D| and the magnetic energy density [us = iB ; A| : 


Ludum 
u zE Pt 





B.H- sek + SHH? («^ D-eÉ B-uH) 
where, £=E,cos(@t—Bx)a,; and H - Hgcos (ot — Bx)àág 


us se} cos? (at — Bx) + i UH? cos? (wt — Bx) = Jlez? + UH] cos? (@t- Bx) — (847) 


So, the time-averaged energy density in the wave is 
171 
(Ug) = zi 5165 + LH | cos? (ot — Bx)dt 
0 


= Hez? + uHĝ] [- (cos? wr) = 1) 


adha E s SJE) 
-terien H S n= z 
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2 


1 2 0 
| | 
Y € 
1 
——-€ IEP 


From Eq. (5.46) and (5.48), we get 
Pave = Heina, -3€IAf ds —a,= ( Unite a, 


Pave = (Ug) TE’ n= XU), 














where, v is the velocity of the wave in the medium. 


From this expression, we have the following conclusions: 


(5.48) 


(5.49) 


1. The time averaged Poynting vector is the electromagnetic energy density multiplied by the wave 


velocity. 


2. The time-averaged energy flow (Poynting vector) is in the direction of propagation of the wave 


and is equal to the phase velocity of the wave multiplied by the average energy density. 
3. The ratio of Poynting vector to energy density is always less than the velocity of light. 


Pave — € <3 108 m/s 
Wa Tue, 


4. For perfect dielectric, electric energy density is equal to magnetic energy density, as 














pat 


1 1 1 
ug — ^£ |Eo and uy — A HH, € |Eof 








So, time-averaged energy density is shared equally between electric and magnetic fields. 


5. For a conductor, the time-averaged electric energy density is less than the time-averaged 


magnetic energy density, as 








ugz TE|E and uy =>H|HoP = 


2 
P s j^ so IE? 


Example 5.35 Calculate the power flow for a plane wave using Poynting theorem. 
Solution Velocity of a uniform plane wave, v — ud 
LE 


The total energy density due to electric and magnetic fields is given by Zez 2+ uH?) 
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Rate of flow of energy per unit area, 


= ened anc gH E QE |u 
P-(E tuH we Mene [5m EN 


- T EHQ Jeu v 
= vEH | eu 


Since the angle between E and H is 90°, the power flow can be written as 





PSEXH 











*Example 5.36 Show that the power flow along a concentric cable is the product of voltage and 
current. Use Poynting theorem. 





Solution The magnetic field strength will 








be directed in circles about the axis, as shown in 3 l 
Fig. 5.21. By Ampere’s law, 

$H.dl-I i 

1 

y 
or 2nrH =I 
Fig. 5.21 Concentric cable 
|. 1 

MP ~ 2nr 


where, r is the radius of the circle being considered. 
In vector form, 


ox I r 
ET 


The electric field will be radially outward. By Gauss’ law, 
q 





= 2n£r 
Voltage between the conductors is 
b b b 
- z q [dr  q (^) 
Pues E€ ae ne) r 2me \a 
q V 
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In vector form, 





pels 
Gl 
r In|— 
a 
The Poynting vector is given as 
P-ExH 
Taking only the magnitudes, 
P=ExH= y " od. VI 1 





Total power flow along the cable is 














b b 
W = | (Ex Ht) 5 =|—" x nre = m jZ- m xa[5)- vr 
S a27 ln (^) ? In (^) a In (^) 
a a a 
*Example 5.37 A conductor of circular cross- 

. . 6.» 1 . ep : E» 
section of radius ‘a’ is carrying a current ‘P that is E ges 
uniformly distributed as shown in Fig. 5.22. Show that the z Ga 
surface integral of the Poynting vector over the surface 
of the conductor gives the total power dissipation in the l« I 


conductor. Conductivity of the material is (5) i Fig. 5.22 Circular conductor 


Solution From the relation, J=cE => E= J 


qa 


So, the electric field will be parallel to the direction of current (here, z-direction). 
J=J,ā, 


The magnetic field strength H will be in the circular (¢) direction. 











H = H,a, 
The Poynting vector is given as 
O E NE J.H 
PLES Have e en goo 
o gom TEM o ^" 


The Poynting vector is directed radially towards the axis of the conductor. 
Now, magnetic field at any radius r, by Ampere's law is 
H -= x J mr? Jur 
? 2zr nr 2 





Jn. 
= a 
20 " 





P= 
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At the surface of the conductor, r = a. 





So, the surface integral of this vector over the surface of the conductor is 
5 j6 Jd. e (2 28 
ir-- Fe a$- -(- 4, OS 26 
= (41) (J na’) 
=(EDQ) 
=VI 








2 2 
à, |- Qrad y - 22 


This is the total power dissipated in the conductor. 


*Example 5.38 A long straight non-magnetic wire carries a steady current of / ampere. The 
resistance of the wire is R ohm/metre. Use the Poynting theorem to show that the energy flow into the 
wire is PR per metre. 


Solution From Example 5.37, Poynting vector is 


Jia - | Qna? ya ~ D 


a 
20 7 20 " mogo ' 














Using the Poynting theorem at the surface of the conductor of length /, energy flow into the wire is 








pastes ec. gigs eps! 
2n’o a? oma’ oma’ 
-p pl f-o=1l 
za? p 


=I°R 


Example 5.39 An elliptically polarised wave in air has x and y components: 
E,-4sin(ot — pz) Volt/m 
E,,=8 sin (@t — Bz * 75?) Volt/m 
Find the Poynting vector. For air the intrinsic impedance is 367.7 ohm. 


Solution By Maxwell's equation, 








OB — oH 
VES EC M 
9 9 9 
ox oy Oz 
oH, ~ z 
or E, E, £,|= m| r+ UI 
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9 o9 9 

ox Oy OQ 

M RU. dH, > 0H, ~ dH, > 
or E. E, 0|[- Uo àt I+ àt J ot k 

T J k 

9E, EN 9E, Gu EZ ni oH, Es 9H, 1 
or aor ae T E T T 


Comparing both sides, we get 





H,=0 
and 
ƏH, 1 EU. nec due SB. o 
nu pe vag ea yes RAD 
8p 8B. 
H,- ——— cos (at — Bz + 75?)dt = -—— sin (@t — Bz + 75? 
= feos (or - Be + 75°)di =- P sin (ot - Bz +75") 
Similarly, 


AB otai 
S PRU Bz) 


Poynting vector, 


T due 
P=ExH=|E, E, 0|=(E,H,-E,H,)k 
0 





x y 
H, H, 
= E sin (wt — Bz) uU (ot — Bz) + 8 sin (at — Bz + 75°) SÊ sin (ot — Bz + 5f 
QU Ho 
- Ze sin? sin (c — Bz) + 64 sin? (wt — Bz + 75°)]k 


= PAUL sin? sin (@t — Bz) + 64 sin? (ot — Bz + 75°)\k 
0 


= 3d 6 sin? sin (or ~ Bz) 64 sin? (ot — Bz 759) 


P —0.0435[sin? sin (@t — Bz) + 4 sin? (wt — Bz + 759y]k 
Example 5.40 The electric field of a uniform plane wave propagating in the positive z-direction 
is given by 
E = E cos (wt — Bz)i + Ey sin (wt — Bz)j 


where, E, is a constant. Find (i) the corresponding magnetic field H and (ii) the Poynting vector. 
Evaluate the Poynting vector if Ey = 10 V/m. 
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Solution (i) By Maxwell’s equation, 





V =-Ujo 
aaa 
= z A i E 9E, j 
iE | jou|* 9 | jou dz dz 
i j k 
= Fa (— Ep cos (ct — Bz)}i + (Ep sin (ot — Bz)} 7] 
E 


jours (ot — Bz)i + sin (Qt — Bz)j] 


Hence, the magnetic field is given as 




















H= E [cos (wt — Bz)i + sin (ox — Bz)/] 
(11) The Poynting vector, 
i j k 
P=EXxH=|E, E, 0|=(E,H,-E,H,)k 
H, H, 0 
Eb , EB " 
=| E, cos (at z) =- sin (ot z) — E, sin (wt — Bz) — — cos (at — ZI 
j^ (cot - B) A sin (ox ~ Pz) — Eq sin (ot — Bz) cos (t — Bz) 


ESB p TRUE (œt — Bz) + sin? (at — pz)}k (^ j 290?) 














Example 5.41 If E(z,r) - 100 cos (o — Bz)a, V/m and H(z, t) = 2.65 cos (wt — Bz)a, A/m , 
determine the time averaged Poynting vector at any position z. 


Solution  Time-average value of Poynting vector is given as, 





= 1 Ej —20z 
P= 2m e ^"* cos, 
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E, 
Here, @=0, 0,-0*, E)=100, ma 


Substituting these values, we get the time-average Poynting vector at any position as 


E 
p= Te? cos By = 5 x 100 x 2.65 x1 x cos0° = 132.5 Watt/m? 
0 


*Example 5.42 A plane electromagnetic wave having a frequency of 10 MHz has an average 
Poynting vector of 1 W/nm?. If the medium is lossless with relative permeability 2 and relative 
permittivity 3, find: 


1. the velocity of propagation, 

2. the wavelength, 

3. the impedance of the medium, and 
4. the r.m.s. electric field £. 


Solution Given: f= 10 MHz, P = 1 W/m’, u, = 2, e, = 3, 


1. Velocity of wave propagation is 
I 1 |] 1 _ c 3x10 
Vue Jftoltere& A Poo Ve Vie 2x3 
2. Wavelength is 
8 
T — -1225m 


3. Impedance of the medium is 


n- 4 - | ie [ee =1202% [2 = 307.810. 


4. RMS electric field is given as 


= 1.225 x 108 m/s 





v= 











P=EH = pE.f. = E=./Pn= 1 (1200) [2 =17.54 





This is the peak value of the field. Hence the RMS value is 
17.54 


rms ^ wa. 


— 12.406 V/m 


*Example 5.43 A sinusoidal plane wave is transmitted through a medium whose breakdown 
strength is 30 kV/m (rms) and whose relative permittivity is 4. Determine the mean possible power 
flow density and the peak value of the associated magnetic field intensity. 


Solution From section 5.11.5, the mean power density is 
1 E? «Eo 
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Here, n= |= [Hobe = feo |e -127x |1- 60 x Q 
E EE, Eq \ €, 4 


a (30 x 10°)? 


= 2 
m ep = 4774.65 kW/m 


E 
Also, Hms = m = ES 


-. Peak value of the magnetic field is 








= 225 A/m 





4774.65 x 10? 
H= J3 x Py 22x 
i Ems 30 x 10? 


Example 5.44 In a non-magnetic medium, 
E = Asin (2z x 107: — 0.8x)à, V/m 
Find: 
(a) & 
(b) The time-average power carried by the wave. 
(c) The total power crossing 100 cm? of plane 2x + y — 5. 


Solution Since œ= 0 and f + 2 , the medium is not free space, but a lossless medium. 


(a) Here, B= 0.8, 0 — 2z x 107, u= Up (non-magnetic medium) 





eo 
= ow ue = od uu, &.e, =~ VE, 
2 8 
c,=( 2} _( 0.8x3x10 E 514.59 
@ 2z x10’ n 


Ho 120x 2 
n= j£ ae,  I2m 107^ = 98.7 Q 


(b) Time-average power carried by the wave 


p 1E; 1(442y ; 
" 2n 2 10r? 











=8li mW/m? 


(c) On the plane 2x+y=5, f=(2x+y-5) ~. Vf 2 Qi * j) 


Vf _, Qi +) 


EWA V5 


unit vector normal to the plane is, a, = 





Hence, the total power crossing the plane is 


162 x 1075 


V5 








=|P,-d5 =P,,- Sa, = (81x ie?) aox € 2 - 


= 724.5 uW 
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Example 5.45 Find the reflection coefficient and the transmission coefficient of an electric 
field wave travelling in air and incident normally on a boundary between air and a dielectric having 
permeability Uo and permittivity , &,— 4. Also, find the average power, P, P,, P, 


Solution For air, the intrinsic impedance is n = |n 
0 


For the dielectric medium, N, = fe el + : i^ 4 
07r 0 





Th 














E, m-m 2 1 
E, nmn nm 3 
MERI 
T 
E, m*"n m 
MET 
Using the complex Poynting vector, we have 
NN E ED 
Incident Average Power, P=—Re{E, x H; 12 — 
l 2 l 1 2n, 
loose at E E? E, 1 
Reflected A P P.==Re{E,x H, } =-= = 5 t= 
eflected Average Power, P. 2 e(E,x H,) 2n, 8n, E, 5] 





E 
El x 4 R= 8 Vg? 
2m 2 m 9 18 
From the results, it is seen that one-ninth of the incident power is reflected and eight-ninth of it is 
transmitted into the second medium. 


Transmitted Average Power, P = 5 Ref E, x Hh = 


*Example 5.46 A plane wave is incident normally on a large sheet of copper. If the frequency 
and peak electric field of the incident wave is 100 MHz and 1 V/m respectively, find the power absorbed 
per unit area by the copper sheet. 


Solution Given: E;- 1 V/m, f= 100 x 10° Hz 
Assuming that the wave impinges from air, n; = 377 Q 


m jou | j X 2m x100 x 10° x 4z x 1077 
? No-«joe 5.8107 + 7 x 2m x 100 x 10° x 8.854 x 10-2 


= 3.68961 x 107? 745? 








Transmission coefficient is, 


-3 o 
Ey 2. 2X368960x107 24S”. |, ois zas 


E, +m 3.68961x10-? Z45* +377 


E 
1 





=1.96x10°245° = E,=1.96 x107” Z45° V/m 
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Depth of penetration, 








4 2 _ =A --66x105m 
QUO 2z X100 x 10° x 4z x 107" x 5.810 


Power absorbed per unit area by the copper sheet is 


p= E05 z E x 107°)? x 5.8 x 107 x 66x10 $23.67 x 10 5 W/m? 


*Example 5.47 Assume a plane wave with E = 1 V/m and a frequency of 300 x 10° cps moving 
in free space, impinges on a thick copper located perpendicularly to the direction of propagation. Find: 


1. E atthe plane surface. 

. H at the same location. 

. 6, depth of penetration. 

. Conduction current density at the surface. 

. J, the conduction current density, at the depth of 10 ? mm. 
. Surface current density. 

. Surface impedance. 

8. Power loss per square metre of surface area. 


- ON UR Cr 


Assume o= 5.8 x 10’mho/m. € = £  — Up. 
Solution Given: E; - 1 V/m, f= 300 x 10° cps 
1. Here, 1, =377 Q 











n- | ien | 7X 2m x 300 x 105 x 4z x 1077 
= 


O+ joe V 5.8x 10/4 j x 2m x 300 x 10° x 8.854 x 10-72 
= 6.39 x 107? 745? 


Transmission coefficient is 


-3 o 
E 2m _ eD Z1. aoa A 
E, m+ 639x107 245° +377 














E 
= 3.39 x 10° 245° => E,=3.39x10-°245° V/m 
; Hio m - 2x377 E. 
CH; m+ 639x10?745?4377 
E, 2xl 3 
H,=2H, ds 377 733x107 Alm 


3. Depth of penetration, 








ë=] eee — — 7 =3.81x 10-5 m 3.81 um 
LO 2z x 300 X10°x 42 x 107° x 5.810 
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4. Conduction current density at the surface is 
Jy = GE, =5.8 X107 x 3.39 x 107° 245° = 1966.245° A/m? 


5. Ata distance x below the surface, the conduction current density is given as 
J= Joe * 





where y =,/ jouo = 2a x 300 x 10° x 4z x 1077 x 5.8 x 107 245° 2 3.7 x 10°. 245° 


Re[y]= 3.7 x 10° cos 45? = 2.62 x 10? 


So, at a distance, x = 0.01 x 10? m, the conduction current density 1s 


J 21966 262x10x10* 7459 144745? Alm? 


6. According to the boundary condition, the surface current density 1s equal to the tangential 
component of the magnetic field. From the result of (2), we have the surface current density 
given as 


K=53 x 10° A/m 


7. Surface impedance is given as 


6 -7 
zyz | case= [rix X4mxl0 45° = 6.39 KI ZA O 








5.8 x 107 
8. Power loss per square metre of surface area is 


Daye = EPG = 1839x105) x 5.8 107 x 3.81 1076 = 6.35 x 107 W/m? 


Example 5.48 The electric field intensity in radiation field of an antenna located at the origin 
of a spherical coordinate system is given by 


E- Eo = 2 eos B cos (at — Br)ag 





where Ep, c and f are constants. Find: 


1. the magnetic field associated with this electric field. 
2. the Poynting vector, and 
3. the total power radiated over a spherical surface of radius r centered at the origin. 


Solution: 
1. From Maxwell’s equation, 
ƏB 


VANS 
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477 
-i = lg 
r? sin @ F r sin 0 id r 9 
3B | 9 a a 
SE ot Or 00 d$ 
0 rEg = B cos(ot —Dr) 0 
B BE. f a 
or -238 = BEy sin 0 cos 0 sin (œt — Br)a, 
Integrating with respect to f, 
= BE) . A 
B= pr Sit 0 cos 0 cos (wt — Br)a, 
Magnetic field is given as 
-> Ey . A 
H= BE, sin 0 cos 0 cos (at — Br)a, 
Hoor 
2. The Poynting vector is given as 
à, dg ay 
P=ExH=|0 By 286 0059. cos (or — Br) 0 
Eo . 
0 0 BE, sin 0 cos 0 cos (ot — Br) 
Hoor 
5. BES 2 2 2 > 
P= z sin^ 0 cos* 0 cos“ (œt — Br)a, 
Hoor 
3. Total power radiated 


T 


y-$P.d$- | (f= EUR 0 





cos? (at — Br)r? sin 040 dọ 
S 6-09-0 Hor 
_2 
nBE; a? cos? (ct — Br) f sin? 0 cos? 0 d0 
How 6-0 
= 0h cos? (wt — Br) 


How 


Example 5.49  Auniform plane wave of frequency ‘f is normally incident from air onto a thick 


conducting sheet with conductivity o, and €= £, = Up. Show that the proportion of power transmitted 
into the conductor (and then dissipated into heat) 1s given approximately by 


fy - AR = | 80E , R, = surface resistance 
Fy nm o 
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Calculate this quantity for f= 1GHz and copper, o = 5.8 x 10’ Siemens/m. 


. WE 
Solution Fora good conductor, COND 1 





OH 
So Rs 20 = ONO 1 
No Ho 20 
Eo 


So, the complex characteristic impedance for a good conductor is 





n=Rs+ j) 
n ~ Rs 
—= (l+ j) -> <<1 
or Th (1+ j) Th 
Transmission coefficient, 
Tt Mo 
Reflection coefficient, 
2n 
r=(t-1)=—- 
( ) No 


So, the power transmission coefficient is 





t o-]-|[pP2e1-|r-1?-21-1-]|cz? +2 Re{t}=2Re{t} (neglecting higher term as T <<) 


P 
=2Re El 
No 


-— (n= Rs(l+ J) 





P, AR. | 808, 
Pye "No g o 


For copper at 1 GHz, the power transmission coefficient is 


9 -12 
P, _ [8@£o  |8X2mx1x10' x 8.854 x10 =8.76x10-5=8.76x 10? % 
P, Xo 5.8x107 
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5.13 RADIATION PRESSURE 


The electromagnetic wave transports not only energy but also momentum, and hence can exert a 
pressure, known as radiation pressure on a surface due to the absorption and reflection ofthe momentum 
by the surface. 





Radiation Pressure for Perfectly Absorbing Body Radiation pressure is defined as the 
force per unit area exerted by electromagnetic radiation, and is given by, 


P =U) = m [using Eq. (5.49)] 
where, (U,) is the time-averaged electromagnetic energy density, |($)| is the magnitude of time- 
averaged Poynting vector and c is the speed of light. 

We consider a plane electromagnetic wave propagating in free space and incident normally on the 
surface of a perfectly absorbing body. 

Thus, the energy incident per second on a unit area of the surface is the energy contained in a 
cylinder of unity cross-sectional area and height c 


2 W —(U;)c 

where, (U4) is the time-averaged electromagnetic energy density and c is the speed of light. 
Also, the electromagnetic radiation consists of photons, each of which has the energy as given 
Energy of a photon = hv = mc? (By Einstein's relation) 

where / is Planck's constant and u is the frequency of the radiation. 

Thus, the energy of the electromagnetic energy per second W = Y hv 


U 
Therefore, the momentum of all the photons È mc r^ Wade 





(Ua) 


This is the rate of loss of momentum since the photons (or radiation) are completely absorbed by the 
surface. By Newton’s second law of motion, the radiation exerts an equal and opposite force on the unit 
area of the surface; which is the radiation pressure. 

Thus, radiation pressure is given as 








(5.50) 





S 1 1 D n* =. — k 
Paa = (Ua) = KS) 5€ P = GRelE- Di + BH") 





Radiation Pressure for Perfectly Reflecting Body If the surface is a perfectly reflecting 
one, the velocity of the incident radiation changes from +c to —c and thus, the radiation pressure will be 
twice that of a perfectly absorbing surface. Thus, the radiation pressure for perfectly reflecting surface 
is given as 





l 
2 





P 


rad 


Re[E- D' - B. H^] (5.51) 











2(U 4) KS € [Eg 





Example 5.50 A plane electromagnetic wave with the E field amplitude 1 mV travelling in 
vacuum falls normally on a surface and is totally reflected. Calculate the radiation pressure exerted on 
the surface. 

Solution The radiation pressure is given as 


P a= XU) = £ |Ey = 8.854 x 102 x (1 x 1073)? = 8.854 x 1075 Pa 
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Summary 


e Ifa physical phenomenon that occurs at one place at a given time is reproduced at other places at 
later times, the time-delay being proportional to the space separation from the first location, then the 
group of phenomena constitutes a wave. 


e Three dimensional wave equations (Helmholtz equations) in terms of electric and magnetic fields 
are given as 








2p p 2g 7 
2E OE OF — 25 ə% H oH — 
VE Hew uo7--0 and V^H — ue P Lo 3/59 
* For perfect dielectric medium, the wave equations reduce to 
= OE z AH 
V-E=ye— and V?H = ue  — 
ME "PP 
e For free space, the wave equations reduce to 
E 2p E 2g 
V2E = Hs; x: and V?H = UE, ce 
t 


e For time-harmonic fields, the wave equations reduce to 
V?E.—y)E,-0 and V*H,-y?H,=0 


where, yis defined as the propagation constant. 


y = jou(o + joe) —- (o + jp) 


e The real part of the propagation constant (œ) is defined as the attenuation constant (Neper/m). It is 


given as 
g 2 
a=o 5 wie 1 in general 








= T Z for lossy dielectric 
=0 for perfect dielectric 
= for free space 

= a for good conductors 


e The imaginary part (p) is defined as the phase constant (Radian/m). It is given as 


2 
B= t 1+ (=) + | in general 


2 
= o UE ( + 9. 2 for lossy dielectric 
8w E 
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= 0j UE for perfect dielectric 


(Q) 
= Oy Mofo = for free space 


= [T for good conductors 


A wave is said to be a plane wave, if: 


1. The electric field E and magnetic field H lie in a plane perpendicular to the direction of wave 
propagation. 

2. The fields E and H are perpendicular to each other. 

A plane wave is said to be uniform plane wave if 


1. The electric field E and magnetic field H lieina plane perpendicular to the direction of wave 
propagation. 

2. The fields E and H are perpendicular to each other. 

3. E and A are uniform in the plane perpendicular to the direction of propagation (1.e., E and H 
vary only in the direction of propagation) 

Standing waves can be formed by confining the electromagnetic waves within two perfectly 

reflecting conductors. Unlike the travelling electromagnetic wave in which the electric and the 

magnetic fields are always in phase, in standing waves, the two fields are 90? out of phase. 

The phase velocity of a wave is the rate at which the phase of the wave propagates in space. This is 

given as 


1 
yue 


The velocity with which the overall shape ofa wave amplitude, known as the modulation or envelope 
of the wave, propagates through a medium is known as the group velocity or energy velocity of the 
wave. This is given as 








Brae 


y, -A0 _ do 
& AP dB 


The intrinsic impedance of the wave is defined as the ratio of the electric field and magnetic field 
phasors (complex amplitudes). It is given as 


= J OH in general 
y O + joe 


TA 1 1| O ; E 
77) < 2 tan (z) for lossy dielectric 


E 
H 





n= 











= 1E for perfect dielectric 
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Sf e m 1207 = 377 Q for free space 
Lum 
= \ 2E Z45? for good conductors 


e Velocity of electromagnetic wave propagation is given as 





o? 
1 for lossy dielectric 





= for perfect dielectric 





= =c =3 x 108 m/s, speed of light; for free space 


4 Hoo 


= |20 for good conductors 
Y Lo 


e The phenomenon that the alternating fields and hence currents are confined within a small region of 
a conducting medium inside the surface is known as the skin effect and the small distance from the 
surface of the conductor is known as skin depth. It is given as 


2 
a [s | 
2 (€ 
y NES for good conductors 
V OO 


e The surface impedance of a conductor is defined as the ratio of the tangential component of the 
electric field to the tangential component of the magnetic field. The surface impedance for a thick 


conductor is 
5 g o Vo 


e The real part of the intrinsic impedance is known as surface resistance or skin resistance, R, (Q/m”). 
Itis given as 





in general 











1 ou 


Rs = 587 N20 


e The ratio of the imaginary part of the complex permittivity (£”) to the real part of the complex 
permittivity (&) is the ratio of the magnitude of the conduction current density to the magnitude 
of the displacement current density. This ratio is defined as the Joss tangent or loss angle of the 
medium. 
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£g" 2008 s ICE, | = [J conduction | x 
; tan 0 
€ WE loc E s | |J displacement | 


The loss tangent gives a measure of how lossy a medium is. For a good (lossless or perfect) dielectric 
medium (o << qe), loss tangent is very small. For a good conducting medium (o >> qe), loss 
tangent is very large. For lossy dielectric, loss tangent is of the order of unity. 

The polarisation of a uniform plane wave refers to the time-varying behaviour of the electric field at 
some point in space, i.e., the orientation of the electric field vector at a given instant of time in space. 


A plane electromagnetic wave in which electric field vector vibrates harmonically along a fixed 
straight line perpendicular to the direction of wave propagation without changing its orientation 
is known as plane polarised electromagnetic wave. When two orthogonal plane polarised 
electromagnetic waves are superimposed, then the resultant vector rotates under certain conditions, 
giving rise to different polarisations like, /inear, circular and elliptical. 


Ifa plane electromagnetic wave is incident normally from medium 1 to medium 2, the reflection and 
transmission coefficients are given as 














Reflectance, F = Tho = h : for electric field 
To + Th 
= “hth ; for magnetic field 
N +M 
: 2m . 
Transmittance, 7 — ; for electric field 
m+ Tb 
2 
=h ; for magnetic field 
T t T] 


The plane of incidence is the plane containing the incident wave and the normal to the interfacing 
surface. 


The angle of incidence is defined as the angle between the direction of propagation and the normal 
to the boundary. 

Fora plane electromagnetic wave incident obliquely from medium 1 to medium 2, when the electric 
field vector E is perpendicular to the plane of incidence, i.e., the electric vector is parallel to the 
boundary surface, it is called perpendicular or horizontal polarisation. On the other hand, when the 
electric field vector E is parallel to the plane of incidence, i.e., the magnetic field is parallel to the 
boundary surface, it is called parallel or vertical polarisation. 


The reflection and transmission coefficients for perpendicular polarisation are given as 


; cos 0, — fo _ sin? 0, 
E. sin(65-0) _ & 


E, sin(604*0) — 


1 





Reflection coefficient, I = 


£ ; 
cos 0, + zn — sin? 6, 
1 


2 sin 0, cos 6, 


Transmittance, T = ——————— — 
sin (05 + 0) 
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e The reflection and transmission coefficients for perpendicular polarization are given as 


E E 
2 cos 6, 2 
Ei 


tan (06,—0,) _ €i 1 
E, tan (@,+ 8) 
dC. os 0, + | 22. — sin? 0, 
& ^ E 


2 sin 0, cos 6, 
sin (0, + 0, ) cos (0, — 8;) 





sin? 6 
E 





Reflection coefficient, I' = 


Transmittance, 7 — 





e Foraplane electromagnetic wave incident on a plane boundary between two dielectric media having 
a different refractive indices, the angle of incidence at which transmittance from one medium to the 
other is unity, when the wave is linearly polarised with its electric vector parallel to the plane of 
incidence, is called Brewster 5 angle. It is expressed as 

€ 
tan 0, — =- |2 
Th E 
Total transmission or no reflection occurs when the angle of incidence is equal to the Brewster’s 
angle. " 
e When the angle of refraction 0, is pl (the largest possible value), the corresponding angle of 


incidence 6, is called the critical angle (Oc). It is expressed as 


sin c= " 


1 
Total reflection occurs for all incident angles greater than or equal to the critical angle. 
e Ifaplane wave is incident normally upon the surface of the conducting medium, the wave is entirely 
reflected. For field that varies with time, neither E nor H will exist within the conductor. Thus, in 
this case, where medium 1 1s perfect dielectric and medium 2 is perfect conductor 


Transmission coefficient, T= 0, and 
Reflection coefficient, l = —1 
Hence, the amplitudes of E and H of reflected wave are same as those of the incident wave, but 
they differ in the direction of flow. 

e The Poynting vector can be thought of as representing the energy flux (in W/m’) of an electromagnetic 
field. It is given as 


S-ExH 
e The Poynting theorem states that the vector product, S=ExH at any point is a measure of the rate 


of energy flow per unit area at that point. The direction of power flow is in the direction of the unit 
vector along the product (E x Ë) and is perpendicular to both E and H. 


e Radiation pressure is defined as the force per unit area exerted by electromagnetic radiation, and is 
given by 


Faa — -(U,)- Ks) 


where, (U,) is the time-averaged electromagnetic energy density, KSX] is the magnitude of the 
time-averaged Poynting vector and c is the speed of light. 
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Three-Dimensional Wave Equation 


Important Formulae 





oH oH 











2p E 2 
2p Ó E OE Ad d 2r e 
VE He ea, 0 am V^H Hue uoo =? 
Propagation constant A=a+ jB 





Attenuation constant 








Phase constant 

















Phase velocity 









































[n] x 
y, = — = À = 
? p f 4 HE 
Group velocity do 
Vg = d8 
Intrinsic impedance jay 
TV oe jo€ 
Skin depth 1 
Ó = 
» 2 
o,| | ,f14 (s. -4 
2 WE 
Surface impedance jui 
de erg 
Skin resistance 1 au 
Fs 58^ X20 
Poynting vector SCIES 
Exercises 





NOTE: * marked problems are important university problems] 
Pp 


e Easy 


*1 The electric field intensity associated with a plane wave travelling in a perfect dielectric medium 


is given by 


E (z, t) 210 cos (2z x 107 t — 0.1 272) 
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Calculate the velocity of propagation. Write down an expression for the magnetic field intensity 


associated with the wave if U = Up. 2 x 105 m/s, Hy(z,t)- ns cos (2z x10: — 0.1 22] 


*2. Ina lossless medium for which r] = 60 z, u, — 1, and 


H — —0.1cos (wt — z)à, + 0.5 sin (@t — z)à, A/m 


calculate &, c and E. 
[4; 1.5 x 108 rad/s; E = 94.25 sin (1.5 x 1057 — z)@, + 18.85 cos (1.5 x 1057 — z)a, V/m] 
3. Auniform plane wave propagating in a medium has 
E = 2e% sin 105 — Bz)a, V/m 


If the medium is characterised by £, = 1, u4, = 20 and o= 3 mho/m, find o, B and H . 


Ge Np/m; 61.4 rad/m; H = —69.1e79'^' sin |108¢ — 61.422 — “a, maim] 


e Medium 

4. For the copper coaxial cable of inner conductor of radius, a = 2 mm, and outer conductor of inner 
radius b = 6 mm and thickness ¢ = 1 mm, calculate the resistance of 2 m length of the cable at DC 
and at 100 MHz. [3.583 mQ; 0.5484 Q] 

5. What is the polarisation of the electric field vector of a uniform plane wave travelling in the 
z-direction represented by 
(a) E- Ex je" O (b)E- Ey + ye 
Justify your answer. [circular, linear] 

6. What values of A and f) are required if the two fields E =120 z cos (10° at — Bx)a, V/m and 
H = Acos (10° at — Bx)a, A/m satisfy Maxwell's equations in linear, isotropic hiómoganends 
medium where £, = Lu, — 4 and a = 0. [A = 1, B= 0.042] 


e Hard 
7. In free space, 
H =0.2 cos (ot — Bx)a, A/m 
Find the total power passing through (a) a square plate of side 10 cm on the plane x = z = 1; (b) a 
circular disc of radius 5 cm on the plane x = 1. [0; 59.22 mW] 
8. Given a uniform plane wave in air as 


E, = 40 cos (a — Bz)a, + 30 sin (wt — Bz)a, V/m 
(a) Find H,. 
(b) If the wave encounters a perfectly conducting plate normal to the z-axis at z — 0, find the 
reflected wave E, and H,. 

(c) What are the total E and H fields for z < 0? 
(d) Calculate the time-average Poynting vectors for z < 0 and z 2 0. 

=l ae Ba ee — Bnà 
a 4; sit (ot — Bz)a, + zz 095 (ox — Bz)a, mA/m; 
E, — —40 cos (wt + Bz)a, — 30 sin (ot + Bz)a, V/m 


Be u cos (Qt + Bz)a, — = — sin (Qt + Bz)a, mA/m 
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*9 


10. 


11. 


. Auniform plane wave in air with 


E =8 cos (wt — 4x — 3z)à, V/m 








is incident on a dielectric slab (z = 0) with u, = 1.0, €, 
(a) The polarisation of the wave 
(b) The angle of incidence 
(c) The reflected E field 
(d) The transmitted H field. 

[Perpendicular polarisation; 53.13°; E, - -3.112 cos (15 x 105; — 4x + 3z)a, V/m 

H,=(-17.694, + 10.374, ) cos (15 x 1051 — 4x — 6.8192) mA/m ] 

In spherical coordinates, the spherical wave 


Es m sin 9 cos (œt — Br)ag (V/m) Hz 230 sin 0 cos (ot — Br)a, (A/m) 


2.5, o= 0. Find: 


represents the electromagnetic field at large distances r from a certain dipole antenna in free space. 
Find the average power crossing the hemispherical shell r = 1 km, 0 € 0 < 77/2. [55.5 W] 
The electric field intensity in radiation field of an antenna located at the origin of a spherical 
coordinate system is given by 


É- E, sin 0 





„COS (at — Br)dg 

where, Ey, @ and ß are constants. Find: 

(a) the magnetic field associated with this electric field. 

(b) the Poynting vector. 

(c) the total power radiated over a spherical surface of radius r centered at the origin. 





Review Questions 





[N 


* 


OTE: * marked questions are important university questions. ] 
1. Derive the general solution of a wave equation. 
2. Write short notes on the following: 
(a) Phase velocity and group velocity 
(b) Characteristic impedance 
(c) Standing wave ratio. 
3. Discuss the wave propagation in: 
(1) a lossy dielectric, 
(ii) a conductor. 
Derive relevant equations. 


*4 Assuming that there is no accumulated free charge, (i) write Maxwell’s equations in conductors, 


and (ii) write plane wave solutions to obtain an expression for the skin depth. 
5. Derive the basic equations for electromagnetic waves in free space in terms of E and H. 
Or, 
Wrte Maxwell's equations for vacuum, and derive the wave equation for the electric and 
magnetic fields in vacuum. 
(a) What is a wave? Deduce the equation for the propagation of plane electromagnetic waves in 
free space. 
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*6. 


ST 


*(b) What are the properties of a uniform plane wave? Show that the electric and magnetic 
field in the uniform plane wave will not have any component in the direction of the wave 


propagation. 
Or, 
Show that a uniform plane wave is a TEM wave. 
Or, 


Show that for a plane electromagnetic wave in free space, the unit vector in the direction of 
propagation, the electric field vector and the magnetic field vector are mutually perpendicular. 
(c) Define and draw a neat diagram of an electromagnetic plane wave. 
*(d) Show that the plane electromagnetic waves in free space travel with the velocity c. 
*(e) Prove that the ratio of the (real) amplitudes of electric and magnetic fields (plane waves) 1s 
equal to the velocity of light in appropriate units. 
*(f) A plane polarised wave is travelling along z-axis. Show graphically the variation of E and H 
with z. 
(a) A plane electromagnetic wave is incident normally on a metal of electrical conductivity o. 
Show that the electromagnetic wave is damped inside the conductor and find the skin depth. 
Or, 
Prove that in an imperfect dielectric medium of weak electrical conductivity o, the 
electromagnetic wave is damped. Find expressions for the refractive index and the extinction 
coefficient in such a medium. 
(b) Explain ‘Skin effect’ in a conductor. Show that for a good conductor the skin depth is A,,/27, 
where À,, is the wavelength in the medium. 
Or, 
A plane electromagnetic wave is incident on a conductor of conductivity o. Derive an 
expression for the ‘skin depth’. What is its significance? 
Or, 
What is the skin effect? Define skin depth. Show that in case of semi-infinite solid conductor, 


the skin depth dis given by § = 2 , Where o, u and o have usual significance. 
V QUO 





(c) The term ‘good conductor’ and ‘poor conductor’ depend on frequency. Justify the statement. 

(d) Introduce the complex index of refraction and explain the significance of its real and 
imaginary parts. 

What is ‘intrinsic impedance’? Derive an expression for it. A plane polarised wave is travelling 

along z-axis. Show that E,/H, = 377 Q. 


Or, ; 
Show that for a lossy dielectric, the intrinsic impedance is given by, 7 = lex ux 4 


Establish the boundary conditions that must be satisfied by the field vectors when an 
electromagnetic wave is incident at the interface between two dielectric media. 
Obtain the Poynting theorem for the conservation of energy in electromagnetic fields and discuss 
the physical meaning of each term in the resulting equation. Also, bring the Poynting theorem in 
complex form. 

Or, 
What is Poynting vector? Find the expression of Poynting vector. What is the physical 
interpretation of this vector? 
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10. 


11. 


*12. 


13. 


14. 


(a) A current flows down a resistive wire of length / and radius r, subjected to a potential V. 
Calculate the energy per unit time delivered to the wire using Poynting vector and show that 
it is equivalent to Joule’s heat loss. 

(b) Considering a linearly polarised plane harmonic electromagnetic wave propagating in 
vacuum, show that the Poynting vector is given by the product of the phase velocity and the 
electromagnetic energy density. 

Or, 
* Show that the ratio of Poynting's vector to energy density is < 3 x 108 m/s. 

(c) Fora plane monochromatic electromagnetic wave propagating in a homogeneous dielectric, 
show that the time-averaged electric and magnetic energy densities are equal. 

Find the mean value over a period for the product of the real parts of two complex periodic 

quantities A and B. Hence show that the average intensity of the energy flow in a harmonic 

electromagnetic field [when E and H vary as exp(—j@/] can be represented (in SI units) by 


S= T Re(Ë x H^), where H' is the complex conjugate of H. 
Or, 
Show that average energy density in a harmonic electromagnetic field is 


(i) - TRe[E D+ HB] 


where D' and B' are complex conjugates of D and B. 
Show that in a conductor, the electric and the magnetic fields are not in phase and that the energy 
is not shared equally between the electric and the magnetic fields. 

Or, 
Show that for an electromagnetic wave propagating in a conducting medium, the density of 
magnetic energy is greater than that of electric energy. 

Or, 
Show that in a conductor, the magnetic field lags the electric field in time but leads the electric 
field in position. 

Or, 
Show that the magnetic field lags the electric field in time by a phase angle in an electromagnetic 
field propagating in a conductor. Obtain an expression for the phase angle. 
(a) Write Ampere's law of magnetomotive force. What is the deficiency of this law? How is it 

corrected by introducing the concept of displacement current? 

(b) Define electromagnetic energy density and Poynting vector S. What is the dimension of S ? 


3 2E 
(c) Starting from Maxwell’s equations show that in a nonconducting medium, V?E — ue? E. 


2 
where u and € are the permeability and the permittivity of the medium. ot 
(a) (i) Write the two equations of Maxwell which can be obtained from Ampere’s law and 
Faraday’s law of electromagnetic induction. (11) Using these equations show that 


divEx H)--19 E. D B. H)- J-E 


in a linear medium, with B= uH and D -£E . Give physical interpretations of the terms 
on the two sides of the above equation. 

(b) The wave equation in a homogeneous linear medium with zero charge density and 
conductivity o is given by 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 





(1) Obtain the solution for a plane wave with wavefront parallel to the y-z plane. (ii) Explain 
skin depth. 

(c) Deduce an expression for the velocity of propagation of a plane electromagnetic wave 
propagating through a medium of dielectric constant € and relative permeability u. 

Obtain the differential equations for the propagation of an electromagnetic wave in a conducting 

medium. 

Write Maxwell's equations in a non-material medium and discuss the physical law implied by 

each of them. How would these equations be modified if magnetic monopoles existed? 

Write Maxwell's equations in a non-conducting medium. Obtain plane wave solutions for E and 

B. What is the relationship between the refractive index and the propagation constant? 

Write short notes on: 

(a) Poynting's theorem. 

(b) Waves in conducting media. 

(c) Skin effect. 

Express Poynting's theorem in the form 


where S = ra x B) and U is the total energy density. Comparing this with the equation of 
0 


continuity, give an interpretation of 5. 1 

Prove that the average Poynting vector is given by Pyg = 31 m) R.(N). Find the value of P, 
for free space, dielectric medium and conducting medium. 

Define polarisation of electromagnetic waves. What do you mean by linearly polarised, circularly 
polarised, and elliptically polarised waves? Give the expression for the E field in each case. 
Explain what you understand by perpendicular polarisation and parallel polarisation. 

A uniform plane electromagnetic wave is incident at an angle 0, at the surface of discontinuity 
between two homogeneous isotropic dielectrics with permittivity €, and €, €, being the 
permittivity of the dielectric into which the wave gets refracted at an angle 0,. If E, E, and E, are 
the electric intensities respectively of the incident, reflected and transmitted waves, show that 

E. _ tan (@,— 4) 


a) Reflection co-efficient for parallel polarisation is given b ie : 
(a) PAR Sven OY E tan (8, + 0,) 


1 
(b) Reflection co-efficient for perpendicular polarisation is given by LEN = (6; 4) ; 
Or, E, sin(0,*0)) 

(a) A plane polarised electromagnetic wave is incident on an interface of two dielectric media. 

Find the relations between the angles of incidence, reflection and refraction. Also, find the 

reflection and transmission coefficients. 

Assuming the electric vector to lie in the plane of incidence, calculate the reflection 

coefficient. Hence, prove Brewster's law. 

(c) Deduce the laws of refraction for plane waves at the boundary of two dielectrics from 
electromagnetic theory. 


(d) What is Brewster's angle? 


vg 








(b 


wm 
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(e) For refraction of an electromagnetic wave from a denser to a rarer medium, explain the term 
‘critical angle of incidence’. What happens when the angle of incidence exceeds the critical 
value? How do the reflectances for s and p polarisations vary with the angle of incidence? 

(f) Define and distinguish between Brewster’s angle and critical angle with reference to an 
electromagnetic wave incident on a separating surface between two perfect dielectrics. 
Show that critical angle is normally greater than Brewster’s angle. 

(g) Ifan electromagnetic wave is incident on the surface of separation of two media, is it possible 
to have only a reflected wave, or only a refracted wave? Give reasons for your answer. 

23. What is “radiation pressure”? Show that for a plane wave falling on an absorbing surface, the 
radiation pressure is the mean energy density of the electromagnetic radiation. 





Multiple Choice Questions 





1. Poynting vector has the unit of: 


(a) Watt. (b) Watt/metre. (c) Watt/m?. (d) None of the above. 
2. The direction of propagation of electromagnetic waves is given by the direction of 
(a) Vector E. (b) Vector H. (c) Vector (Ex H). (d) None of the above. 


in SI units has the 





3. The quantity l 

y Eolo 
(a) value 330 m/s (b) value 1.73 x 104 (c) dimensions LT! (d) None of the above. 

4. A plane electromagnetic wave in free space is specified by the electric field a, [20 cos(@t — Bz) + 
5 cos(@t + Dz)] V/m. The associated magnetic field is 


(à 2 [20 cos(wt— Bz) + 5 cos(wt + Bz)] A/m 
1207 











(b) 2 [20 cos(wt— Bz) — 5 cos(wt+ Bz)] A/m 
1207 
(c) d. [20 cos (ct — Bz) + 5 cos (œt + Bz)] A/m 
1207 
(d) d. [20 cos (ot — Bz) — 5 cos (œt + Bz)| A/m 
1207 
5. The velocity of the plane wave sin? (ct — Bx) is 
20 a o? o 
(a) B (b) 2B (c) p (d) B 


6. When the load impedance is equal to the characteristic impedance of the transmission lines, then 
the reflection coefficient and standing wave ratio are, respectively 
(a) 0 and 0 (b) 1 and O0 (c) O and 1 (d) land 1 

7. Ifthe frequency of a plane electromagnetic wave increases four times, the depth of penetration, 
when the wave is incident normally on a good conductor will 
(a) increase by factor of two. (b) decrease by a factor of four. 
(c) remain same. (d) decrease by a factor of two. 
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8. 


10. 


11. 


12. 


The intrinsic impedance of a good conducting medium is given by (symbols have the usual 
meaning) 


(a) we L-45° (b) XA (c) HO 445° (d) A ucc Z0* 


. A plane monochromatic electromagnetic wave travels in a perfect conducting medium, which is 


charge-free and external current free. Then, 
(a) E field lags B field by 7/4. (b) E field leads B field by 77/4. 
(c) E and B fields are co-phasal. (d) E and B fields differ in phase by 7/2. 
Which of the following properties pertain to a circularly polarised wave having no component of 
electric field in the x-direction but having components £, and E? 
l. E, and E, are equal in magnitude. 
2. Direction of resultant electric vector varies with time. 
3. Direction of resultant magnetic vector varies with time. 
4. E, and E, have a time phase difference of 90°. 
Select the correct answer from the codes given below. 
(a) 2 and 4. (b) 1 and 3. (c) 1,3 and 4. (d) 1 and 2. 
A uniform plane wave travelling in a perfect dielectric is incident normally on the surface of a 
perfect conductor. Then 
(a) The wave is transmitted into the conductor without attenuation. 
(b) 50% of the incident wave is transmitted and 50% is reflected. 
(c) A standing wave is set up in the conducting medium. 
(d) A standing wave is set up in the dielectric. 
The electric field of a uniform plane wave is given by 


E = 10 cos (32x 105r — zz)a, 


Match List I with List II pertaining to the above wave and select the correct answer using the codes 
given below the lists: 


List I (Parameters) List II (Values in MKS units) 
A. Phase velocity DL. 2 
B. Wavelength 2. 3.14 
C. Frequency 3. 377 
D. Phase constant 4. 1.5x 108 
5. 3.0x 108 


Codes: (a) 


(b) 


(d) 


-wu war wA W 
FOAFANIAYODA 
NUNU-OND 


A 
5 
A 
3 
(c) A 
4 
A 
5 
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13. List II gives the mathematical expression for the variables given in List I. Match List I with List II 
and select the correct answer using the codes given below the lists: 





List I List II 
A. Intrinsic impedance 1 
1 
4 HE 
B. Velocity of wave propagation u 
^ Ne 
C. Skin depth 1 
3. SSS 
A Uf Lo 
D. Attenuation constant i 1 





Codes: (a) A B C D 
1 2 3 4 

(b) A B C D 

2 1 4 5 

()A B C D 

2 1 3 5 

(d A B C D 

1 2 5 3 


14. The ratio of velocity of propagation of EM waves in an overhead transmission line and in a cable 
with a dielectric of permittivity 4, 1s 


(a) 0.25 (b) 0.5 (c) 2.0 (d) 4.0 
15. Match List I with List II and select the correct answer using the codes given below the lists. 
List I List II 
(Medium) (Expression for intrinsic impedance for plane wave propagation) 





A. Loss-less dielectric ; 
1 JOU 
'"N o joe 


B. Good conductor Mg 
2. Jule (org 


C. Poor conductor 
3. y uje 


D. Lossy . [ou 
4. (+j) 2o 
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Codes: (a) A B C D 
4 3 2 1 

(b) A B C D 

4 3 1 2 

() A B C D 

3 4 2 1 

(d A B C D 

3 4 1 2 


16. The intrinsic impedance of free space is 


(a) 3770 (b) 4| Mo€o (c) iy (d) n" 
Ho Ho 


17. In the source free wave equation 
9E dE 
or el ae ee 0 


The term responsible for attenuation of the wave is 





V7E - UE ME 


E 9E 

(a) uouo 9E (b) HofoHE s 7 
= E FE 
(c) WE (d) muo and TA 


18. Three media are characterised by 
1. £&78,u,-2,0-0 
2. £,-1,u,79,0-0 
3. e,74,u,74,0-0 
€, is relative permittivity, LL, is relative permeability and o is conductivity. 
The values of the intrinsic impedances of the media 1, 2 and 3, respectively are 
(a) 1880, 377Q and 11310. (b) 3779, 11310 and 188 
(c) 1880, 11310 and 3770. (d) 11310, 188Q and 3770. 
19. Fora perfect conductor, the field strength at a distance equal to the skin depth is X % of the field 
strength at its surface. The value of ‘X 96 is 
(a) Zero (b) 50% (c) 3696 (d) 2696 
20. Consider the following statements: 
The characteristic impedance of a transmission line can increase with the increase in 
1. resistance per unit length 
2. conductance per unit length 
3. capacitance per unit length 
4. inductance per unit length 
Which of these statements are correct? 


(a) 1 and 2 (b) 2and3 (c) 1 and4 (d) 3 and 4 
21. The equation E = à, sin (at — Bz) + a, sin (ot — Bz) represents 
(a) aleft circularly polarised wave (b) aright circularly polarised wave 


(c) a linearly polarised wave (d) an elliptically polarised wave 
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22. 


23. 


24. 


A monochromatic plane electromagnetic wave travels in vacuum in the positive x direction (x, y, 
z system of coordinates). The electric and magnetic fields can be expressed as 


(a) E(x,r)- Ecos (kx et)à, | H(x, t) 2 Hy cos (kx — ot)à, 


(b) E(x, 1) = Ecos (kx ot)à, F(x, t) = Hy cos (e - ot - z) a, 


(c) E(x, t) = Ey cos (kx — ot), H(x,t)=—H, cos (kx — ot), 


(d) E(x, t) = Ecos (kx — aot)à, H(x,t)=—H) cos Gs - ot — Za, 


The incident wave on a lossless line carries an average power of 1.0 W. The load end reflection 
coefficient is 1/3. The average power absorbed by the load is 

(a) 1/3 W (b) 2/3 W (c) 4/9 W (d) 8/9 W 

Which one of the following is not true for waves in general? 

(a) It may be a function of time only 

(b) It may be sinusoidal or cosinusoidal 

(c) It must be a funcion of time and space 

(d) For practical reasons, it must be finite in extent. 





25. What is the major factor for determining whether a medium is free space, lossless dielectric, 
lossy dielectric or good conductor? 
(a) attenuation constant (b) constitutive parameters (O, €, Li) 
(c) loss tangent (d) reflection coefficient 
26. Ina certain medium, £ — 10 cos (1057 —3 y)a, V/m. The medium is: 
(a) free space (b) perfect dielectric 
(c) lossless dielectric (d) perfect conductor 
Answers 
1. (c) 2. (c) 3. (c) 4. (b) 5. (d) 6. (c) 7. (d) 8. (c) 
9. (d) 10. (c) 11. (d) 12. (d) 13. (c) 14. (c) 15. (c) 16. (a) 
17. (d) 18. (c) 19. (c) 20. (c) 21. (c) 22. (a) 23. (c) 24. (a) 
25. (c) 26. (c) 








TRANSMISSION LINES 


Learning Objectives 





This chapter deals with the following topics: 


Fundamentals of transmission lines 

Mathematics of transmission lines 

Input impedances in different types of transmission lines 
Introduction of Smith chart 

Concept of load matching 





6.1 


INTRODUCTION 


A transmission line is a device used for transmission of electromagnetic energy guided by two 
conductors in a dielectric medium. Transmission lines may consist of a set of conductors, dielectrics 
or combination thereof. 


6.2 


TYPES OF TRANSMISSION LINES 


Depending upon the construction, transmission lines are of various types as given below. 


1. 


QUU Re hs 


7. 


One-wire lines (single conductor over a conducting ground plane), 
Two-wire parallel lines, 

Twisted lines, 

Coaxial lines, 

Parallel plate or Planar lines, 

Microstrip lines, and 

Optical fibres. 


Figure 6.1 shows the configurations of these lines. 


6.3 


TRANSMISSION LINE MODES 


Transmission line mode is the distinct pattern of electric and magnetic field induced on a transmission 
line under source excitation. 
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(d) 


) 
Cladding kL 
Core 
) 


(e) (f) (g 


Fig. 6.1 Configurations of typical transmission lines (a) one-wire lines, (b) two-wire parallel lines, (c) twisted 
lines, (d) coaxial lines, (e) planar lines, (f) microstrip lines, (g) optical fibre lines 








The field components in the direction of wave propagation are defined as longitudinal components 
while those perpendicular to the direction of propagation are defined as transverse components. 

Assuming the transmission line is oriented with its axis along the z-axis (direction of wave 
propagation), transmission line modes may be classified as follows. 


l. Transverse electromagnetic (TEM) mode: In this mode, the electric and magnetic fields are 
transverse to the direction of wave propagation with no longitudinal components [E, = H, = 0]. 
TEM modes cannot exist on single conductor guiding structures. TEM modes are sometimes 
called transmission line modes since they are the dominant modes on transmission lines. Plane 
waves can also be classified as TEM modes. 

2. Quasi-TEM mode: This is the mode which approximates a true TEM mode for sufficiently low 
frequencies. 

lim £, = lim H,=0 
f0 [90 

3. Waveguide mode: In this mode, either E,, H, or both are non-zero. Waveguide modes propagate 

only above certain cutoff frequencies. 


6.4 TRANSMISSION LINE PARAMETERS 


A transmission line can be characterised by four parameters: 


1. Resistance, 

2. Inductance, 

3. Capacitance, and 
4. Conductance. 


1. Resistance The resistance of a transmission line is uniformly distributed throughout the entire 
length of the transmission line. The value of the resistance depends upon the cross-sectional area of the 
line. This resistance is generally expressed as resistance per unit length (Q/m). 
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2. Inductance When the conductors of a transmission line carry some currents, the magnetic flux 
linkages per unit current give the inductance of the line. This inductance is also not a lumped parameter, 
but is uniformly distributed along the entire length of the line. This is also expressed as Henry/m. 


3. Capacitance The capacitance exists between the parallel conductors of a transmission line 
separated by an insulating medium. This capacitance is also not a lumped parameter, but is uniformly 
distributed along the entire length of the line. This is also expressed as Farad/m. 


4. Conductance Because of the lossy nature of the insulating medium, some amount of leakage 
current (displacement current) flows through it and this gives rise to the conductance of a transmission 
line. This conductance is uniformly distributed along the entire length of the length. This 1s also 
expressed as mho/m. 

These four distributed parameters are constant for a particular transmission line and are known as 
primary line constants of a transmission line. The electrical design and performance of the transmission 
line depend on these line constants. 

Apart from these primary line constants, there are few other constants related to a transmission line. 
These include the characteristic impedance (Zp), the propagation constant (y), attenuation constant (œ) 
and phase constant (8). These constants are known as the secondary line constants. This may be noted 
that the secondary constants are fixed when frequency is fixed, but change with the change of frequency. 


65 TRANSMISSION LINE EQUATIONS 
(TELEGRAPHER'S EQUATIONS) 


The telegrapher $ equations (or just telegraph equations) are a pair of linear differential equations 
which describe the voltage and current on an electrical transmission line with distance and time. 

Transmission lines are typically electrically long (several wavelengths) such that we cannot 
accurately describe the voltages and currents along the transmission line using a simple /umped- 
element equivalent circuit. We must use a distributed-element equivalent circuit which describes each 
short segment of the transmission line by a lumped element equivalent circuit. 

The equivalent circuit of a short segment Az of the two-wire transmission line may be represented 
by simple lumped-element equivalent circuit as shown in Fig. 6.2. 





Kz, t) RAz LAz KZ + Az, t) 

o > WW TO , " ——o 

+ us 
V(z, t) GAz z CAZ == V(z * Az, t) 

o * * o 











9 A Y e 
Fig. 6.2 Equivalent circuit of a short segment of a two-wire transmission line 


Here, 
R = series resistance per unit length (S/m) of the transmission line conductors, 
L — series inductance per unit length (H/m) ofthe transmission line conductors (internal plus external 
inductance), 
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G = shunt conductance per unit length (S/m) of the media between the transmission line conductors 
(insulator leakage current), and 
C = shunt capacitance per unit length (F/m) of the transmission line conductors. 


By KVL for the equivalent circuit, we get 


V(z, t) - RAzl(z, t) LAz S Kz, t) 2 V(z Az, f) 








0 V(z + Az, t) -V(z, t) 
- = 6.1 
or RI(z, )- L1 1) is (6.1) 
By KCL for the equivalent circuit, we get 
I(z, t) - GAzV(z + Az, t) Chz Y (z + Az, t) 2 I(z + Az, t) 
or -GV (z + Az, N-CÈV(E+ dz, p- Tet 0a 9 (6.2) 


Taking limit as Az — 0, the terms on the right hand side of the equations Eq. (6.1) and Eq. (6.2) become 
partial derivatives with respect to z as given. 


-RI(z, t) bal t)= ae t) (6.3) 


-GV(z, t) c? VE n- 212, f) (6.4) 


For time-harmonic signals, the instantaneous ne and current may be defined in terms of phasors 
such that 

V(z, t) = Re{V5(z)e/™} 

I(z, t) - Ref{I,(z)e/™} 
The derivatives of the voltage and current with respect to time yield jæ times the respective phasor. 
Therefore, Eq. (6.3) and Eq. (6.4) give 


as) 


-(R + j@L)Iy(z) = (6.5) 


no 





-(G+ joC) Vs (z) = (6.6) 


Now, taking derivative of Eq. (6.5) and using Eq. (6.6), we n 


de) zu z) 
dz? 


d? V, 
or SSS) ymyo)- (6.7) 


where y =œ + jB - 4 (R+ joL)(G + j@C) is the complex propagation constant. 
Similarly, taking derivative of Eq. (6.6) and using Eq. (6.5), we get 
d'lg(z) _ dVs(z) 
dz dz 





- (R+ jal) = (R* joLY(G + j@C) Vs (z) = y?V,(z) 





-(G+ jaC) — — = (R+ joLY(G * j@C)I5(z) = Y^ Ig(z) 
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d^Is(z) 


22 1 y7Is(z)=0 (6.8) 


or 











These two equations are known as telegrapher s equations. 

The real part of the propagation constant (œ) is the attenuation constant while the imaginary part (8) 
is the phase constant. The general equations for œ and f in terms of the per-unit-length transmission 
line parameters are 








a= RG- o? LC +4 (R? «o? PG? eo?) (6.9a) 


pz 7 -RG - o? LC +f (R +0 By? ee? c?) (6.9b) 


The general solutions to the voltage and current wave equations, Eq. (6.7) and Eq. (6.8) are 


V.(z)2 Ve” + Vue” 


+z directed wave — —z directed wave 





and 


Hz) lg ^ + Igoe” 


+z directed wave — —z directed wave 


where, Voo» Vso» I39, [sq are the wave amplitudes and are complex constants (phasors) which can be 
defined as 


Vso = sol e^» Vso = sol e^^- 
Iso = Usol e/?* Iso = sol e/?- 


Thus, the instantaneous voltage and current as a function of position along the transmission line are 
given as 


V(z, t) = Re(Vs(z)e/"') = Re(|Vj,| e/9 7*7 e-JBz Jot +. Ve jei- qz oJBz ojo y 











V(z,t) =V] € ** cos(ct — Bz+,, )+ Vso] e”? cos(cut  Bz - $, ) (6.102) 





and 
I(z, t) = Re(Ig(z)e/?' = Refy] e/** ee IB 7 eI 4 |p— | e-e% ojBz ojot y 





I(z, t) = Idol e ** cos(wt — Bz+ o) + [sg] e^? cos(@t + Bz 4-9, ) (6.10b) 











Given the transmission line propagation constant, the wavelength and velocity of propagation are 
found using the same equations as for unbounded waves. 


2n Oe 
Az T u= B fa 
6.6 CHARACTERISTIC IMPEDANCE OF 
TRANSMISSION LINE 


Characteristic impedance of a transmission line is defined as the ratio of positively travelling voltage 
wave to current wave at any point on the line. 
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The voltage and current wave equations are written as 
Vs(z) = Voe?  Vsge?* 

and 
Ig(z) = Ioe”? + Igoe”? 

Substituting these two equations in Eq. (6.5) and Eq. (6.6), respectively, we get 
dVs(z) _ 








X TR+ joDIsG) 
or, —yVgge 7 + yVgge** =-(R+ fOL) ge "^ + Igoe”) (6.11) 
and, 
dl 
s L (G+ joCYs() 
or, -y Igoe? + y Igge!* =- (G+ joC)(Vsoe ?* +V) (6.12) 
Equating the coefficients of e ^ and e”, we get, 
Wes = (R+ joL)Iso W159 = (G+ jOCW so 
Vso = (R+ JOL)I50 -YIso= (G+ JOC W 55 


Hence, the characteristic impedance of the line is obtained as 
z -Vso _ R+ JO _ y | | [R* joL 
CU YY G+j@C VG+ joc 


Vso — Re joL | -y | |R*joL 
ro -y G-*joC WNG-joC 


z -Vo Vin _ [R+ fol 
ae Iso G + joc M19) 


In general, transmission line characteristic impedance is a complex quantity and can be defined by 
Zo = Rot JXo 


where Rọ is the resistive component of Zo 
Xp is the reactive component of Zo 
The voltage and current wave equations can be written in terms of the voltage coefficients and the 
characteristic impedance (rather than the voltage and current coefficients) using the relationships 





and, 


Zo= 




















I$97 Zo so Zo 


Then, the voltage and current equations become as follows. 


Vo (z) 2 Vgge 17 + Vege"? (6.14a) 
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I,(z) = z, Vive —V5qe"?) (6.14b) 


These equations have unknown coefficients for the forward and reverse voltage waves only since 
the characteristic impedance of the transmission line is typically known. 

In the succeeding sections, we will find out the characteristic impedance of the line for two extreme 
cases, one for a lossless line and the other for a distortionless line. 


*Example 6.1 A 300 m long line has the following constants: R = 4.5 kQ, L = 0.15 mH, G = 60 
mho, C = 12 nF, operated at frequency 6 MHz. Find the propagation constant, characteristic impedance 
and velocity of propagation. 


Solution Here, the line constant per unit length is obtained as follows. 


= 45X10" -150/m 
p= 2110" yg? H/m 
EX 24x10" F/m 
g = 2X10" 02x10 mho/m 


@=2n f -2nx6x106-12z x 10° rad/m 


So, the propagation constant is given as 





y= (R+ joLY(G + jaC) 


= Jas + jl2z x10°x 5x107)(0.2 x 10?  /12z x 10° x 4x 1071!) 
= 0.19766.95?— (0.074 + j0.175) per m 





The characteristic impedance is given as 


à . 6 —7 
Z= R+ jæL = ES MM XRM — =126.712—15.485° Q 
G-*joC W0x10?- j12z x 105x 4x10 


Velocity of propagation 1s 











1 1 


v= = = 2.236 x 108 m/s 
VLC /5x107x 4x10! 








Example 6.2 A lossy cable with R = 2.5 Q/m, L = 10 uH/m, C = 10 pF/m and G = 0 operates 
at f= 1GHz. Find the attenuation constant of the line. 


Solution Here, R = 2.5 O/m, L= 10 uH/m, C= 10 pF/m, G = 0, f= 1 GHz 
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The propagation constant is given as 





y=a+ jB=./(R+ joLY(G + joC) 


= /(2.5+ j2mx1x 10° x 10 x 1075) x (j2z x 1x 10° 10 x 1072) 
= 0.00125 + j0.0628 





Hence, the attenuation constant of the line is 


æ = 0.00125 (m^!) 


6.6.1 Lossless Transmission Line 


A transmission line is said to be lossless if 
— the conductors of the line are perfect, i.e., the conductors have infinite conductivity and zero 
resistance (0 = œ, R = 0), and 
— the dielectric medium between the conductors is ideal, i.e., the medium has zero conductivity and 
infinite resistance (0 = 0, G = 0). 


The equivalent circuit for a segment Az of a lossless transmission line reduces to the circuit as shown 
in Fig. 6.3. 














Kz, t) LAz KZ + Az, t) 
o3 COO * >o 
i t 
V(z, t) GAZ == V(z + Az, t) 
[o * o 
m AZ > 


Fig. 6.3 Equivalent circuit of a segment of a lossless two-conductor transmission line 
The propagation constant of the lossless line (with R = 0 and G = 0) is modified as 


y=a+ jB=./(R+ j@L\G+ joC) = jod LC 


a=0 B=aVLC 


Thus, the characteristic impedance of the lossless transmission line is purely real and given by 


Z- R+joL _ |L 
OV G+ joc C 


The voltage and current equations for the lossless transmission line are given as 








V(z)- Ve iP: + V, eh: 


102) = z- (ie -Vre 
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The velocity of propagation on the lossless line is 


(0) 1 


B JIC 


*Example 6.3 A transmission line with air as dielectric has the characteristic impedance of 60 
Q and phase constant of 4 rad/m at 500 MHz. Calculate the inductance per metre and the capacitance 
per metre of the line. 


Solution Here, Zo = 60 Q; B= 4 rad/m; f= 500 MHz 
An air line is regarded as a lossless line as o= 0. Hence, 


R=0=G and a=0 
ape |e 

sing 
y=B=aVLC 


Z_ X4L/C _ 1 
B owdjrc oC 








So, the capacitance is given as 





B 4 
C= = = 21.2 pF/m 
OZ, 2nx500x10°x 60 B 


The inductance is given as 


L= ZC = (70 x 68.2 x 107? 2334.2 mH/m 


*Example 6.4 In a lossless transmission line, the velocity of propagation is 2.5 x 10° m/s. 
Capacitance of the line is 30 pF/m, find: 

(a) inductance per metre of the line. 

(b) phase constant at 100 MHz. 

(c) characteristic impedance of the line. 


Solution Here, v= 2.5 x 10° m/s; C = 30 x 107? F; f= 100 MHz 











(a) We have, "m > L-z ose = 533 nH/m 
(b) We have, vB => B= anf zai [00x100 = 2.51 rad/m 
(c) Characteristic impedance of the line is given as 

333x107. 133290 





30x 1072 
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6.6.2 Distortionless Transmission Line 


Waveform Distortion When the received signal is not identical with the transmitted signal, the 
signal is said to be distorted. There are two types of waveform distortion: 


1. Frequency Distortion, and 
2. Phase Distortion. 


1. Frequency Distortion During the transmission of a signal on a transmission line, it gets 
attenuated through attenuation constant oc. It is known that œ is a function of frequency. 


a- eV RG -LC «(R3 «o? PG? +0°C?) 


Hence, different frequencies transmitted along the line will then be attenuated to different extent. 
The received waveform will not be identical with the input waveform. This is known as frequency 
distortion. 





2. Phase Distortion The phase constant is given as 








a= 4 -RG - a? LC +| (R+ LG? + a? C?) 


and velocity is given as 


@ 
u =--> 


B 
Since the phase constant of the line, 6 is a complicated function of frequency, all the frequencies 
applied to the transmission line will not have the same time of transmission; some frequencies being 
delayed more than the other. The received waveform will not be identical with the input waveform. 
This is known as delay or phase distortion. 

A distortionless line has no frequency and phase distortions. For a distortionless line, œ (and velocity u) 
should not be a function of frequency and f) should be a direct function of frequency. 

A transmission line can be made distortionless (linear phase constant) by designing the line such that 
the per unit length parameters satisfy the relation given as 








R_G 
L C 
NOTE 
Derivation of Heaviside’s condition for Distortionless Line 
We have, y=a + jB = (R+ joLY(G + joC) 
: Y? - (a + jBY - (R + joL)(G + joC) 
or, a? — B? + j2aB = RG — w°LC + jo(CR+LG) 


Equating the real and imaginary parts, 
a? - ? - RG - a?LC 
2o = o(CR + LG) 
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Solving for a and B, 








2 


p= | a?LC — RG + J (RG — w*LC)*+ œ (CR + LGF 
E 2 


T | RG - a?LC + J (RG - o?LC y. + @(CR + LG} 











Now a will be independent of Q if the term under the second radical be reduced to (RG + œ? LC). 
(RG — w*LC)* + @7(CR+LG)* - (RG * o?LC 





or a? R?C? — 20? RCLG + w*12G? = 0 
or a*(RC-LGY -0 
or (RC -LG)-0 
or RC=LG 
R_G 
EEC 


Similarly, B will be a direct function of œ if the term under second radical be reduced to (RG + a LC). 
This again gives the same result. 
Hence, the condition of a distortionless line is 














The propagation constant of a distortionless line is given as 


17a B= AEF FOIE 700) = dre joi Jer jm] 


2 
a ud LE LC 
- RG 1+ jos] f: L-E] 


= RG(1+ jo )= JRG + jov RG 


R 


=4 RG + joL % =VRG+ jon | €. = V RG jo LC 





a= RG B=a@vV LC 


Although the shape of the signal is not distorted, the signal will suffer attenuation as the wave propagates 
along the line since the distortionless line is a lossy transmission line. 
The characteristic impedance of the distortionless transmission line is given by 


=- {R/£ 
TE 


The velocity of propagation on the distortionless line is 
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For most practical transmission lines, we find that RC > GL. In order to satisfy the distortionless line 
requirement, series loading coils are typically placed periodically along the line to increase L. 


Example 6.5 A distortionless line has Z} = 60 Q, œ= 20 mNp/m, v = 0.6c where c is the speed 
of light in a vacuum. Find R, L, G, C and A at 100 MHz. 


Solution For distortionless line, LO. 


Lu 

Ze. sae RG EUR ee 
L Z 

R=@Z,=20x10°x60=1.2 Q/m 





























1 v 1 Te 
v= z m — x = 
Aka JLC Zo JIC XL L 
Z 
p= =—_© _333 n/m 
v 0.6x3x10 
| o? Q0x10?y _ 
G= = T = 333 umho/m 
1 PON 
Also, vZy= Kal a 
Vic VO C 
1 1 
Ca = 92.59 pF/m 
vZo  0.6x3x105 x 60 p 
8 
The wavelength is, 2 =“ = ESS =1.8m 
f | 100x109 


6.7 INPUT IMPEDANCE OF TRANSMISSION LINE 


Input impedance is the line impedance seen at the beginning ofa transmission line. The input impedance 
at any point on the transmission line is given by the ratio of voltage to current at that point. 
We find the input impedance for the following three types of transmission lines: 


1. Finite Lossy Transmission Line, 
2. Finite Lossless High-frequency Transmission Line, and 
3. Infinite (Lossy and Lossless) Transmission Line. 


6.71 Finite Lossy Transmission Line 
We have the general voltage and current equations given by 


Vs(z) = Vsge 1? + Vege"? 


and 
Is (z) = Ige”? + T5e"* 
T MO Vio Vo 
From the definition of characteristic impedance, Z)= 2° =——2" , we get 


ze 
Io S0 
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1 -yz 2 
Is(z)- z Vse Yz —yso€ 7) 
0 
At the sending end, z — 0, so the voltage and current equations reduce to 
Vs(z) =V50+ Vso 
1 z 
Is(z)- z, "s7 Vso) 


Solving for the voltage coefficients, 


Vs + Zol 
yg, = 18+ Als Vip 


Vs — Zols 
2 


So, the voltage and current at any distance z from the sending end is 
1 do yrs Z_ YZ 
Vs(z)=5Vsle” te? 1-549 sle —-e?*] 
and, 


1 z -yz LV, z -yz 
Ig(z) 2 5 Isle? x I-57, le" Ser] 


yz -yz YZ _ oZ 
But, Gece =coshyz and Cars =sinhyz 


V5 (z) =V, cosh yz— Zyl, sinh yz 
Is(z) =I cosh yz — Ps sinhyz 
0 


At the receiving end, z =/ (/ is the length of the line), the voltage and current are given as 


V. 
Ig= Igcoshyl - sinh yl 
Zo 


Now, if the receiving end is terminated with an impedance Zp, then we have 


Vr=Zplp 
: Vs. 
or, (Vs cosh y/ — Zo, sinh yl) = Zg| Is cosh yl — z sinh yl 
0 
Zp. ; 
or, Vs | cosh yl +> sinh y] | = Iş (Zp cosh yl + Zo sinh y/) 
0 


Hence, the input impedance is given as 


Zu 








Is cosh y/ +S sinh yl Zo cosh yl + Zp sinh y/ 
0 


Vs  Zgcoshyl + Zosinh yl Zp cosh yl + Zo sinh y/ Zg * Zo tanh yl 
E =Z ~ “Ol Z * Zp tanh yl 
ot 4R Y 


| 
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Z= Zg cosh y! * Zosinh y! \_ Zg * Zo tanh yl 
i 0l Zo coshy/ + Zp sinhy/ 9| Zo + Zp tanh y/ 








Three cases may appear. 


Open-circuited Line In this case, the receiving end is kept opened. So, the receiving end current 
is zero. 


Ip= (5 cosh y/ — Zim) =0 
Zo 
Hence, the input impedance is 


cosh y 
sinh y/ 





V. 
gc e =z 


i A coth yl 
Is 











Zoc = Zo coth y/ 





Short-circuited Line In this case, the receiving end terminals are short-circuited by metallic 
strap. So, the receiving end voltage is zero. 


V, = (V; cosh yl — Zl, sinh y/) =0 
Hence, the input impedance is 


Zo zoz 
Ts 


cosh y/ 





= Zo tanh y/ 











Zsc = Zo tanh yl 





NOTE 


Zo 7 4| Zoc X Zsc 


Matched Line  Inthiscase, Zp=Z 
Hence, the input impedance is 











Z,- Z, 


F 





In this case, the whole electromagnetic wave is transmitted without reflection. The incident power is 
fully absorbed by the load. 

6.7.2 Finite Lossless High-frequency Transmission Line 

For lossless transmission line, R = 0 and G = 0. 


a=0 and B=avV LC 





y= (Rt joLY(G & joC) 2 oi jB= jov LC 
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So, the general voltage and current equations reduce to 

Vs (z) = Vje JP? + Ve? 
and 
(Veo e JB2 Vae?) 


Is(z) ==> * 


where, Rọ is the characteristic impedance for a lossless line = Fa ; 
At the sending end, z = 0, so the voltage and current equations reduce to 
Vs — Vo Vso 
1 a 
Ig- R Uso Vso) 


Solving for the voltage coefficients, 


— Ry 
yá- Vs ts yas Vs- Rofs 


So, the voltage and current at any distance z from the sending end is 
Vs) = ZV sle? + eP] -Z Rosle’? — IP] 
and 


-ly pe iBz 4 o-ibz7_ 1 V3 pojbz_ o-jBz 
Ig(z) 2 Isle +e ] ZR e ] 
e/P? + o7 IBZ e/P? — e iBz . 
But [E =cosBz and oo =sin Bz 


V5(z) 2 V; cos Bz — jRgls sin Bz 

j x sin Bz 

At the receiving end, z =/ (/ is the length of the line), the voltage and current are given as 
Vg =V; cos Bl — jRols sin BI 


I;(z)- I5 cos Bz — 


Ij 2 IgcosBl — PS sin Bl 
Ro 


Now, if the receiving end is terminated with an impedance Zp, then we have 
Vp=Zplp 


y 
or (Vs cos BI — jRols sin BT) =Z4{ 1s cos Bl- jg Sin Bi) 


Z 
or Ys [cos B1 + 1^8 sin Br] = 1 cos BI + jfusin BD 
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Hence, the input impedance is given as 


z Vs. Za cos Blt jRysin Bl _ Zpcos Bl + jRysin Bl) _ Zg * jRy tan BI 
yu. Ry cos Bl+ jZpsin BI 9 Ry + jZp tan BT 





Z pt 
cos B1 -- jg sin BI 
0 





Z, cos B1+ {Ry sin B1 





S Zg + jR tan p1 
~ OU Ro jZp tan BI 


dm (FZ cos BI + jZp a 





Three cases may appear. 


Open-circuited Line In this case, the receiving end is kept opened. So, the receiving end current 
is zero. 

Vs. 
Ip= o UI =0 


Hence, the input impedance is 








Short-circuited Line In this case, the receiving end terminals are short-circuited by metallic 
strap. So, the receiving end voltage is zero. 


V, = (Vs cos BI — {Roy sin BI)=0 
Hence, the input impedance is 


os Tur cus Bp. 
Zi T Zsc in = 2 JRo tan BI 


Zsc = jR tan p1 





NOTE 


Ro 7 4 Zoc X Zsc 


Matched Line  Inthiscase, |Z,-R, 
Hence, the input impedance is 


Example 6.6 A transmission line is lossless and is 30 m long. It is terminated in a load 
impedance of Z; = (30 + /20)Q at a frequency of 10 MHz. The inductance and capacitance of the line 
are L = 100 nH/m, C = 20 pF/m. Find the input impedance of the line at the source end and at the mid- 
point of the line. 
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Solution Here, Z; = (30 + j20)Q, L = 100 nH/m, C = 20 pF/m, f= 10 MHz, /= 30m 
The characteristic impedance of the line is 


100 x 107? 
20x107! 





=70.71Q 


The phase constant of the line is 
B=a@VJLC =27 fA LC -22z x10x106x 4100 x 107? x 20 x107! = 0.08886 rad/m 


So, the input impedance at the source end is given as 
Z-z Z; + jZo tan BI | _ 701x 30+ j20 + j70.1 tan [0.08886 x 30] 
[079 7+ jZ; tan l| X^ ^ 70.14 j(30- j20) tan [0.08886 x 30] 
= (48.14 + j52.35) Q 





So, the input impedance at the mid-point (z = 15 m) is given as 








Z, + jZotan [BU -Ð]] ^ ag 4 x 30+ {20 + 70.1 tan [0.08886 x 15] 
Z,*jZ,tn[Bü-z)]| ,, 70.1 jG0- j20) tan [0.08886 x 15] 


= (30.41+ j21.49) Q 


Zin G =15) = Zp 





6.7.3 Infinite (Lossy and Lossless) Transmission Line 
The general voltage equation is 
Vs(z) 2 Vjge 1? + Vege"? 
At the sending end, z = 0 and hence the voltage equation becomes 
Vs — Vs Vso 
At infinity, z = œ, V,(z) must be zero. 
Vine 1° -Vgye*"-0 
— Vso=0 
Vs =V 
Therefore, voltage for infinite transmission line is 


Vs(z)=Vse"* 


dV; (z) z 
N ZN yz 
ow, d yVse 
From the differential equation of transmission line 
1 Volz) -yVge"^  yVge 
R+joL) dz R+joL R+joLl 











I5(z)= | 





E 
oe fey ay (R+ joD(G + joO) 
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So, the current for infinite transmission line is 


V. Y 
Is(2- 7e Y 


At the sending end, z = 0. 














Thus, it is observed that for infinite transmission line, the input impedance is equal to the characteristic 


impedance of the line. 
R+ joL TET 
Z= tee f 
i G+ jaC’ or lossy infinite line 


= Ni E for lossless infinite line 


6.74 Input Impedances in Some Special Cases 
We will consider the input impedances of a lossless transmission line for some important load 


impedances and line lengths. 


Case (1): When | = 2 If the length of the transmission line is exactly half wavelength (i = A) ; 
we have 


=m 


| 2m À 
Bl=—- x 


cos B/ 2 cosz 2-1 and sin B/=sinz=0 


Z= Zpcos Bl+ jRosin BI) _ —Zpt j0 -7 
i ^9| Rocos B1 + jZgsin BI) 9( Ry jO) R 











Zaz, 








Thus, if the transmission line is precisely one-half wavelength long, the input impedance is equal to the 
load impedance, regardless of Z, and f. 


Case (2): When! = 4 If the length of the transmission line is exactly one-quarter wavelength (i = Ay 
we have 


2m A 
4 


ie m 
Bl= 7 x 5 


cos BI = cos 5 =0 and sin Bl = sin -1 





7 = p.{ Zncos Bi + jRosin BI) _ p ( Zax 0+ jRyx1 Ok 
i "UR, cos Bl+ jZgsin BI O| RXO+jZRx1) Ze 
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Thus, if the transmission line is precisely one-quarter wavelength long, the input impedance is inversely 
proportional to the load impedance. 


NOTE 
If Zp = 0, i.e., the receiving end is short-circuited, the input impedance is infinity (Z; = œ); thus, a 
quarter wave transmission line transforms a short-circuit into an open-circuit and vice-versa. 


Case (3): When Z4 =Z, The line is said to be a matched line and the input impedance is Z; = Zo 
= Ro. 
Case (4): When Z, = jX, (Purely Reactive Load) The input impedance is given as 


Z-R Zp cos Bl+ jRysin B1 
"UR, cos BI jZ, sin BI 








jX, cos Bl+ jRysin BI 
= Ro 7 T " 
Ry cos Bl+ j- jXs sin DI 
5, ( Xgcos BI * Rysin DI 
= JX R EE : 
o cos B1 — X, sin BI 





Thus, if the load is purely reactive, then the input impedance will also be purely reactive, regardless of 
the length of the line. 


NOTE 


The opposite is not true. Even if the load is purely resistive, the input impedance will be complex. 


Case (5): When I << À If the transmission line is electrically long, i.e., its wavelength / is very 
small compared to signal wavelength A, we have 


pl=72 x1=2nx+=0 


cos B/~1 and sin B/=0 


B Za cos Bl+ jRysin BI - ZgtjO)| 
Zi aM Fo Rot jO Zn 








ZZ. 











Thus, if the transmission line length is much smaller than a wavelength, the input impedance will 
always be equal to the load impedance, Zp. Such conditions of the line are frequently considered in 
circuit theory where the line is said to be a Jumped circuit. 
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6.8 REFLECTION COEFFICIENTS OF TRANSMISSION 
LINE 


Reflection Coefficient of a transmission line is the ratio of the reflected voltage (or current) to the 
incident voltage (or current), when a transmission line is terminated in an impedance (Zp) not equal to 
the characteristic impedance (Zo) of the line. 

The general transmission line equations for the voltage and current as a function of position along 
the line are 


Vs(z) = Vige 17 + Voe”? 
and 
Ts(z)= z Us e T — Vgge??) 
The voltage and current at the load (z — 7) are given as 
Vs(D) S Vgge "! + Vane”! S V, 
and 


I= se - Vise) Ip 
Zo 
Solving these two equations, we get the voltage coefficients in terms of the load voltage and load 


current as follows. 
Vá- ( Vr m Je: 


V, — Zol 
"a-[ R v B Jerr! 


The voltage reflection coefficient as a function of position along the line [T(z)] is defined as the ratio of 
the reflected wave voltage to the transmitted wave voltage. 


Voe”? Vso 
The current reflection coefficient at any point on the line is the negative of the voltage reflection 
coefficient at that point. 
Inserting the expressions for the voltage coefficients in terms of the load voltage and current, we have 


UE 
2yz 


T(z)- eot". Kio are 





2 qon dos rU hU mL 
Tez M D gr EE 2 girG-nD 
(Yet ula) yl i RE. Rt 40 
PORE Iure 
R 


The reflection coefficient at the load (z = /) is 





Zi 
POSTIS Z EZ 
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Hence, the reflection coefficient as a function of position can be written as 


_2r7 Zo 2yG-D ap 2rG-D 
IO aZ -IDre 


This is observed that the reflection coefficient is zero (T; = 0) when Zp = Zp, i.e., when the transmission 
line 1s perfectly matched. This is the ideal case where no reflections occur from the load and all the 
energy associated with the forward travelling wave is delivered to the load. 

If Zp Zo, a mismatch exists and reflected waves are present on the transmission line. Just as plane 
waves reflected from a dielectric interface produce standing waves in the region containing the incident 
and reflected waves, guided waves on a transmission line reflected from the load produce standing 
waves on the transmission line (the sum of forward and reverse travelling waves). 

The transmission line voltage and current equations can be written in terms of the reflection 
coefficients as follows. 





yz 
Vs(z) = Ve 17 + Vogel 3 Vie * t + oer) Vae "*[L- T (z)] 
S0 


1 + oy-yz — yz Vso -yz Vso 2yz Vso -yz 
I5) 7 Fse =- Voye ma EET RE S4 [1- I (z)] 
SO 





Vs(z) « Vgge "*[1- T (z)] 














1)- enti roy 








Example 6.7 A lossless line is terminated with a load impedance of (20 — j10)Q. Find the 
phase constant and the reflection coefficient of the line of length 50 m. The characteristic impedance of 
the line is 70 Q and the wavelength is 0.5 m. 


Solution Here, Z; = (20 —10)Q, Z, = 700, à= 0.5 m, 7 50m 
The phase constant 1s given as 


BL S 
p- 1^ 05 = 12.566 rad/m 


The reflection coefficient of the line is 


ZF _ 20- j10-70 _ 


M du 20—3005970- 





(0.537 + j0.171) 


Location of Voltage Maxima and Minima from Receiving End From Section 6.7.2, we have 
for a lossless line, the voltage and current given as 


V.(z) = Vise 1B? + V; cP? 
Is(z)- x05 e IP — Vo ei?) 
0 


If we let x be the distance from the receiving end, the above two equations can be expressed in terms 
of x simply by putting z = —. 
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Vs (x) = Vie P + Vee IP 
Ig(z)- x, Vive — Vge 79") 


Now, reflection coefficient is given as 


rarer = Pot n | US eus 
S 





At receiving end, x = 0 and T =T; 2 |T|e/? = | zs | 
80 


Vso= Vio Tle” 
Replacing this value, we get 
Vs(x) =Vsole/* + P| e et] = Vige P+ [D] e eP] Vig e/P D + Pe 0979] 
For voltage to be maximum, two components must be in phase, so that 


(2B xc e 0) -2nnz 














where, n = 0, 1, 2, 3, ... 
The first voltage maximum nearest to the load end will occur when n = 0, i.e., 2x. 
The magnitude of the maximum voltage is given as 


Vs max — Vsoll m [FT] 


For voltage to be minimum, two components must be in phase opposition, so that 


(2B Xmin — 9) = Qn lx 


9. 


max - 

















where, n = 0, 1, 2, 3, ... 
The first voltage minimum nearest to the load end will occur when n = 0, i.e., 2x, — 0) = 7. 
The magnitude of the minimum voltage is given as 





P in = Vsoll x [FT] 











NOTE 
If we take the ratio of maximum and minimum voltages, we get 
Vorne > ia Ir] 
"evt des Ir] 


This expression is known as the voltage standing wave ratio (VSWR) as obtained in the next section. 


69 STANDING WAVES AND STANDING WAVE RATIO 
(S) OF TRANSMISSION LINE 


It has been discussed in Section 6.8 that if the receiving end of a transmission line is not perfectly 
matched, there will be reflection of the voltage and current. As a consequence of reflection, a standing 
wave may be visualised as an interference between the incident signal E; at a given frequency, travelling 
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in the forward direction, and the reflected signal E,, at the same frequency, travelling in the reverse 
direction. At the load, the relationship between the amplitudes of E, and E; and the phase angle between 
them are uniquely determined by the load impedance. The phase angle between £, and E; however, will 
vary along the line as a function of the distance from the load. Since the wave oscillates in amplitude 
but never moves laterally, it is called a standing wave. 

In Fig. 6.4, the incident, reflected and the standing waves can be seen. The dashed lines are the E, 
and the E; while the non-dashed one represents the standing wave. 
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Fig. 6.4 Standing waves in transmission line 


The following points may be noted: 


1. At a position 180° and multiple of that from the load [o Al , the voltage and current must have 


the same values they do at the load. 


2. Ata position 90° and odd multiple of that from the load (a2 , the voltage and current must be 


inverted: if the voltage is lowest and the current is highest at the load, then at 90° from the load 
the voltage reaches its highest value and the current reaches its lowest value at the same point. 


NOTE 
No standing waves will be developed along a matched line. The voltage along the line is constant, so 
the matched line is also said to be a flat line. 


Standing wave ratio is defined as the ratio of the maximum voltage (or current) to the minimum voltage 
(or current) of a line having standing waves. 


Vias ES Lok E IH [E;| 
Po ee I=] 


min min 
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In the case where the load contains no reactance, the SWR is equal to the ratio between the load 
resistance R and the characteristic impedance of the line. 


Example 6.8 The transmission line of characteristic impedance of 50 Q is terminated with a 
load of (100 + /100)Q. Find the reflection coefficient and the standing wave ratio (SWR). 


Solution Here, Z, = 50 Q; Z, = (100 + j100) 
Reflection coefficient 1s given as 
_ Zt— Zo _ 100+ 100 — 50 


Ty Z,+Z, 100+ j100+50 


= 0.62229.77° 





Standing wave ratio is given as 


| l*[[;] 140.62 


Iro ^ pego A 





*Example 6.9 A lossless line has a characteristic impedance of 50 ohm and is terminated in a 
load resistance of 75 ohm. If the length of the line is 4/2, determine (i) input impedance, (ii) reflection 
coefficient and (iii) VSWR. What will be the value of reflection coefficient, if the load impedance is 50 
ohm? 


Solution Here, Z} = 50 Q, Z, = 75 Q, 1 = 4 

(i) The input impedance for a A/2 length line is given as (See Section 6.7.4), 
Zin = Z, = 75 Q 

(ii) The reflection coefficient of the line is, 

_£,-LZ, 75-50 _ 

















TE Ga, 975150 "4 

(iii) VSWR is given as, 
I-[D;| 1-02 1.5 
I-[D;,| 1-08 ` 


If the load impedance is 50 ohm, the load is perfectly matched. Hence in this case, the reflection 
coefficient will be zero. 


*Example 6.10 A line having Z) = 300 ohm, has a VSWR value of 4.48. The first voltage 
minimum occurs at a distance of 0.06 m from the receiving end. If the operating frequency is 200 MHz, 
determine the value of load impedance. 


Solution Here, Zo = 300 Q, VSWR = 448, f= 200 MHz, x, = 0.06 m 
3x105 
Wavelength, 42-2 — 7 ———--1.5m 
f 200x106 


For the first minimum voltage, the condition is 
2BXmin — 9 = 1 
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20 n 
— 215x006-0-7 


=> 0 2 —0.84z =-151.2° 
Now, the reflection coefficient is given as 
VSWR-1 448-1 348 





= VswrR+1 44841 548 05 
Also, 
i E 
JOR 0; 
De 
EN o Za - 300 
E 0.635(c05 151.2* - j sin 151.2°)= 78 so 
a Zp = (71.2 — j73.1) -1020 


So, the value of the load impedance is 102 Q. 


*Example 6.11 A lossless line having Z) = 75 ohm, has a VSWR value of 3.0. The first voltage 
minimum occurs at a distance 20 cm from the receiving end. If the operating frequency is 150 MHz, 
determine the value of load impedance. 


Solution Here, Zo = 75 Q, VSWR = 3.0, f= 150 MHz, x4, = 0.2 m 


min - 
8 
Wavelength, 4 =% = B SU UOS 
f 150x10 
For the first minimum voltage, the condition is 
2BXmin — 9 = 1 
EN 22 x0.2-0=n 
> 6 — —0.6z — —108? 


Now, the reflection coefficient is given as 
VSWR-1 3-1 2 





CYSWTIRTl 3-1 4 "> 
Also, 
0 Z»p—Z 
JO _ R 0 
Pet e ES 
i tse sisi cen. rogis iin 
=> 0.5(cos 108? — j sin 108 = 775 
— IZ,|- 98 Q 


So, the value of the load impedance is 98 Q. 


*Example 6.12 A lossless line in air having a characteristic impedance of 300 ohm is terminated 
by an unknown impedance. The first voltage minimum is located at 15 cm from the load. The standing 
wave ratio 1s 3.3. Calculate the frequency and terminated impedance. 
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Solution Here, Zo = 300 Q, VSWR = 3.3, Xmin = 0.15 m 
Now, the reflection coefficient is given as 


VSWR-1 33-1 23 











U-YSWTRI0 3341 43 05948 
Also, 
_ ZR- Zo 
Li Zn Zo 
BRET 
= 0.5348 = ZT 
5 Zę=990Q 


So, the value of the load impedance is 990 Q. 
Now, the first voltage minimum occurs at x,,;, = 0.15 m. By the condition 





Since, the reflection coefficient is not having any phase angle, i.e. 0 — 0, we have 
2 D Xin =m 

27 
> 2x—-x0.15-2z 

A 
=> A=0.6m 

8 

So, the frequency is givenas f= o: = 2 5 z = 500 MHz 


6.10 INPUT IMPEDANCE AS A FUNCTION OF POSITION 
ALONG A TRANSMISSION LINE 


The input impedance at any point on the transmission line is given by the ratio of voltage to current at 
that point. 

Inserting the expressions for the phasor voltage and current [V,(z)] and [/,(z)] from the original form 
of the transmission line equations gives 


Vs (z) = Vis ev? + Vso el? 
Is(z) ° Vae 17 - Vgge'* 





Zin (Z) = 
Inserting the expressions of voltage coefficients in terms of the load voltage and load current, we have 
Vat Zol I 
vio=( E Jer 5 (Zp + Zo)e" 


V,— Zal I 
"a-[ E 25 E)er- 5 (Zn Ze! 








Z.G)-Z Vioe Veget _ 5 eY -2 (Zp + Zo) + e 1) (Zp — Zo) 
* ° Ve ?^ — Vsoe'* : eYV 9?(Z,  Zy) - e (Zr — Zo) 





Zy[e t? T e 10-2] T Zole? = ee] 
0 Zgler 079 — eV] 4. Zo [eY0-2 + e710-2] 
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; er! — gl er! x gi 
Now, we know that sinh y/ — — and cosh yl = —3— 
Y-2z) 4. g-Y(0-2) Y(-z) __ g-Y (0-2) 
Zple +e ]* Zole e ] 


Ze = e 10-2] E Zole”? ES e 10-2] 





Zia (Z) = Zo 


|.» Zgcosh [y(/ — z)] + Zosinh [y(/ — z)] 
9 Zg sinh [y(/ — z)] + Zo cosh [y(/ — z)] 

Zpt Zo tanh [y(/ — z)] 

Zo + Zp tanh [y(/ — z)] 








=Z 


Thus, the input impedance at any point along a general transmission line is given as 


Zr * Zo tanh [Y(/ — z)] 
Zo + Zp tanh [y(/ — z)] 








Zin (Z) = Zo 











For a lossless line, Zp is purely real, i.e. Zo = Ro, y jp. The hyperbolic tangent function reduces to 
tanh [y(/— z)] = tanh [/B(/ — z)] = j tan [BU - z)] 
So, the input impedance at any point along a lossless transmission line becomes 


aet RS DOS 
Ry + JZ, tan [BU - z)] 





Zin(Z) = Ro 











Two special cases are considered: 
1. Open-circuited Lossless Line Here, 
Zero and T,=1. 


Input impedance becomes 








R 
Lj tan [B — z)] 

= Lim 4 R R 
Zp Ro 
Z 


R 


Lim Z;,(z)= Lim 
Z 


Zp go 


R Zr + JR tan [BU — z)] 
° Rot jZp tan [B( — z)] 


+ j tan [B(! — z)] 





1 ; E 
= fr, 7 tan [BC — ai =- jR cot [B(/ — z)] = Zoc z) 


2. Short-circuited Lossless Line Here, 
Zg—0 and T,=-1. 


Input impedance becomes 





. eT Zg* jRytan[B(/—z)]| p jRogtan[B(/ —z)] i 
Lim Za © = Lim] pm X. tan mat Ro = jRo tan [B z)] 


= Zsc(Z) 
The variations of these impedances with the length of the line are shown in Fig. 6.5. 
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Fig. 6.5 Input impedance of a lossless transmission line (a) when open (b) when short 


The impedance characteristics of a short-circuited or open-circuited transmission line are related to the 
positions of the voltage and current nulls along the transmission line. On a lossless transmission line, 
the magnitude of the voltage and current are given by 


IVs |» soe "P p TCI illr) 


Ve 
= Py roy 


Us(2)I= Ta 





K esez -T(z)] 





The equations for the voltage and current magnitude follow the crank diagram form and the minimum 
and maximum values for voltage and current are 


Vs Olma =PO — Is Chi = [|a - IT COD 
_ sol Vs 


Iss = RUHO) — Mss e SA - IPED 








For a lossless line, the magnitude of the reflection coefficient is constant along the entire line and thus, 
equal to the magnitude of I' at the load. 


|r(2) 2 Ir, e?86-5|z ir, | 
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The standing wave ratio(s) on the lossless line is defined as the ratio of maximum to minimum voltage 
magnitudes (or maximum to minimum current magnitudes). 


— Vs lmas Ms Cha, 14107 | 


Ws lman — MsC2lun 1 - (Pz | 
The standing wave ratio on a lossless transmission line ranges between 1 and ee. 
We now apply the previous equations to the special cases of open-circuited and short-circuited 
lossless transmission lines to determine the positions of the voltage and current nulls. 





Voltage and Current Nulls in Open-Circuited Lossless Transmission Line _ In this case, 
reat 
To determine the voltage null, we have 


|\V;(z)|=0 when 1+ T,e/2BG-) -0 


or. ei?PE-D-=—] 

or, 2B(z-l=nna {n odd only} 
or, 2x2 (s- I)e nm 

or, (z-l= n2 {n odd only} 


(z-l)= z {n odd only} 


To determine the current null, we have 


Hgs(2]20 when 1-T,e/78@-)=9 


ee e2B6-D 2| 
or, 2p(z-l)2nnm {n even only} 
or, 2x 2E -=n 
ee. 
or, (z-l)= ng {n even only} 


(z-l)= n2 {n even only} 
Thus, the nulls are: 


Voltage Nulls (Z;, = 0): At 4 from the load and every 4 from that point. 


Current Nulls (Z,,, = œ): At the load and every 4 from that point. 


Voltage and Current Nulls in Short-Circuited Lossless Transmission Line _ In this case, 
r,=1 
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To determine the voltage null, we have 


|IV;(2)20 when 14+T,e/?8G-)=0 


or, ef2B-)) =] 
or, 2p(z-l)2nmz {n even only} 
27 
or, 2x^-G-D-n 
LÀ 
Or, (z-l)= ng {n even only} 


(z-l)= z {n even only} 


To determine the current null, we have 


[I5(z)|=0 when 1-T,e/?8@-=9 


or, e/?BG-D = 1 
or, 2B(z-D=nn {n odd only} 
or, 2x 2E (s - D) um 
_ À 
or, (z-D= n ín odd only} 
(z-l= n2 {n odd only} 


Thus, the nulls are: 


Voltage Nulls (Z;,, = 0): At the load and every 4 from that point. 


Current Nulls (Z;,, = œ): At 4 from the load and every 4 from that point. 


From the equations for the maximum and minimum transmission line voltage and current, we also find 


Isla — Vs uin 

UsGha slm ^ 
It will be shown that the voltage maximum occurs at the same location as the current minimum on a 
lossless transmission line and vice versa. Using the definition of the standing wave ratio, the maximum 
and minimum impedance values along the lossless transmission line may be written as 














LOMNLAON 1T; 
Zin (Z = max = s m = sZy=Z, 
IZin() Imex = rry s smn? 2 I-JT; 

IG 1. Vel Zo em 
mn ir s Oa s OFT] 


Thus, the impedance along the lossless transmission line must lie within the range of —2 to SZ. 
s 


Example 6.13 A source (Vig = 100 Z0? V, Z, = R, = 50 Q, f= 100 MHz) is connected to a 
lossless transmission line (L = 0.25 uH/m, C = 100 pF/m, /= 10 m). For loads of Z; = R, = 0, 25, 50, 
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100 and œ Q, determine (a) the reflection coefficient at the load (b) the standing wave ratio (c) the input 
impedance at the transmission line input terminals 


Solution Here, 
Vg 710020? V, Z,= R, 2 500, f 2100 MHz, 
L-0.25uH/m, C=100pF/m, /=10m 


-6 
Characteristic impedance is, Z} = z _ e UN e 
V " vr 
27 


B= ex LC = 2m x 100x10% x y 0.25 x10% x 100 10°? =r = 7 
A=2m, 1=5A and Bl=102 


Reflection coefficient is given as 








Z-Z | 


ku qu. R50 





Standing wave ratio is given as 
I*|D;| A; 
S = 


f(s) 30 





The input impedance at z = 0 is given as 
Z,+ jRytan[BU—z)]]} _ , R,+jRotan Bl. R,+ jRytanl0m | 
Ry + jZ; tan [BU — z)] ee Ry Ry + jR, tan Bl ° Ry + jR,tanloxn — 7 


So, for different values of the load, the values of the reflection coefficient, standing wave ratio and the 
input impedance is given in Table 6.1 


Zin(Z = 0) - Ro 


Table 6.1 Different values of the load 




















R, (ohm) () T; (b); (c) Zp (ohm) 
0 -1 0 0 
25 —0.333 0.5 25 
50 0 1 50 
100 +0.333 2 100 
oo +1 oo oo 




















Example 6.14 An open-wire transmission line with characteristic impedance of 600 Q is 
terminated by a load Z; = 900 Q. Find the reflection coefficient, transmission coefficient and the 
standing wave ratio (SWR). 


Solution Here, Zo = 600 Q; Z; = 900 Q 

Reflection coefficient is given as 

|.Zj-Zg 900-600 _ 
»Z,*tZy 900-600 — 





T, 0.2 
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Transmission coefficient is given as 





7,214T, 21-02-12 





Standing wave ratio is given as 


_1+|r;|_1+0.2 
Petr 1=02 








=1.5 


*Example 6.15 A transmission line of characteristic impedance of Z} = 50 Q is terminated by a 
load R; = Z; = 100 Q. Find VSWR, Znin and Z, 


min max’ 
Solution Here, Zo = 50 Q; R, =Z,=100Q 
Reflection coefficient is given as 


pes. 100-50 














PU EUSU Ot. 
Standing wave ratio is given as 
AF 140.32 -15 
~1-\P,) 1-02 ^" 
At the point of voltage maximum, we know that the current is minimum. 
1+|0 
Z max = Z9 | rl- 7,5-50x2-1000 
1-|P;| 


At the point of voltage minimum, the current is maximum. 


_> LW gt gs SOC 
Zu = 2074 1F | 7 pou 





Example 6.16 A lossless transmission line with a characteristic impedance of 75 Q is terminated 
by a load impedance of 120 Q. If the magnitude of the incident wave is 10 V, calculate the minimum 
and maximum values of the voltages on the line. 
Solution Here, Zo = 75 Q, Zp = 120 Q, V, = 10 V 
Reflection coefficient is given as 
_ Zę— Zo _ 120-75 

Zęt Zo 120+75 
So, the minimum and maximum values of the voltages on the line are given as 


Voin = Voll - T; ]- 10[1 — 0.243]= 7.567 V 


ps = 0.243 





Vx = Voll + L7] 100 + 0.243] 212.432 V 


*Example 6.17 A transmission line with characteristic impedance of 300 ohm is terminated in 
a purely resistive load. It is found by measurement that the minimum line voltage upon it is 5 mV and 
maximum 7.5 mV. What is the value of load impedance? 


Solution Here, Z, = 75 Q, Vinin 7 5 mV, Vinay = 7.5 mV 


min max 
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We know that the minimum and maximum values of the voltages on the line are given as 


Vain = WU- T;] 











E s 
Vmin —1-Ty ZntZg Zo 
Vas tT, ZA Ly 
1+ 
Zrt Zo 
5 2 200 
zi 7.5 Z} 
EM FAIS s aei 


5 
So, the value of the load impedance is 450 Q. 


6.11 LOSSES IN TRANSMISSION LINES 


Transmission line losses are of three types: 


1. Copper losses, 
2. Dielectric losses, and 
3. Radiation or induction losses. 


1. Copper Losses These losses occur because of the following reasons: 


(a)PRLoss This is the PR Loss that occurs in a transmission line whenever current flows through the 
conductors. With copper braid, which has a resistance higher than solid tubing, this power loss is higher. 


(b) Skin Effect Loss This is the copper loss that occurs to skin effect associated with alternating 
currents. 


(c) Losses Due to Crystallisation of Conductors This type of copper loss occurs due to ageing 
of the transmission line, due to repeated bending of the line, producing different cracks on the conductor. 
This effect is known as crystallisation of the conductors. The effect is more when the line is subjected 
to high temperature, high winds, moisture, etc. 


(d) Corona Losses Corona loss, caused by the ionisation of air molecules near the transmission 
line conductors, is the other major type of copper loss in transmission lines. Copper losses can be 
minimised and conductivity increased in a transmission line by plating the line with silver. Since silver 
is a better conductor than copper, most of the current will flow through the silver layer. The tubing then 
serves primarily as a mechanical support. Copper losses can also be minimised by terminating the line 
properly so that no standing waves are generated. 


2. Dielectric Losses Dielectric losses result from the heating effect on the dielectric material 
between the conductors due to the distortions of the electron orbits when a potential difference is 
applied between the conductors. 

The atomic structure of rubber is more difficult to distort than the structure of some other dielectric 
materials. The atoms of materials, such as polyethylene, distort easily. Therefore, polyethylene is often 
used as a dielectric because less power 1s consumed when its electron orbits are distorted. 
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3. Radiation or Induction Losses Radiation and induction losses are similar in that both are 
caused by the fields surrounding the conductors. 

Induction losses occur when the electromagnetic field about a conductor cuts through any nearby 
metallic object and a current is induced in that object, resulting loss of power. 

Radiation losses occur because some magnetic lines of force about a conductor do not return to the 
conductor when the cycle alternates. These lines of force are projected into space as radiation and these 
result in power losses. 


6.12 SMITH CHART 


The Smith chart is a useful graphical tool used to calculate the reflection coefficient and impedance at 
various points on a (lossless) transmission line system. 

The Smith chart is actually a polar plot of the complex reflection coefficient I'(z) [ratio of the 
reflected wave voltage to the forward wave voltage] overlaid with the corresponding impedance Z(z) 
[ratio of overall voltage to overall current]. 


Construction of the Smith Chart The construction of the Smith chart is based on the relation 
Zr% 
~ Zgt Zg 
where, T; is the reflection coefficient at the load (z = /) and T, and T}; are the real and imaginary parts 


of I, respectively. 
The corresponding standing wave ratio 1s 


T; =|r;|<0r zT ;, + JT 5; (6.15) 


SWR,s- L (6.16) 





The magnitude of T, is constant on any circle in the complex plane so that the standing wave ratio (s) 
is also constant on the same circle (see Fig. 6.6). 

Once the position of T, is located on the Smith chart, the location of the reflection coefficient as a 
function of position [T (z)] is determined using the reflection coefficient formula. 


T(z)= T ,e/28@-) =|r;| e/&r eJ2B(G-1) = Ir; e/(6r* 92 (6.17) 


This equation shows that to locate I'(z), we start at’, and rotate through an angle of 0, = 2fXz — I) on the 
constant SWR circle. With the load located at z = /, moving from the receiving end towards the sending 
end (z « /) defines a negative angle 0, (clockwise rotation on the constant SWR circle). 

Note that if 0, =—27, we rotate back to the same point. The distance travelled along the transmission 
line is then obtained as 


0, -2f(z -1) 2-2 


x 2x 2 (s - 1) -2n 
À 
— l-z=5 


Thus, one complete rotation around the Smith chart (360°) is equal to one half wavelength. 
Also, in the Smith chart, clockwise rotation represents movement towards the sending end, whereas 
anti-clockwise rotation represents movement towards the receiving end. 
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Instead of constructing separate Smith charts 
for transmission lines with different characteristic 
impedances, only one Smith chart is constructed 
within a circle of unit radius so that the magnitude 
of the complex-valued reflection coefficient ranges 
from 0 to 1 for any value of the load impedance (|I; | 
< 1) as shown in Fig. 6.6. Note that as the reflection 
coefficient is constant on any circle in the complex 




















» 
plane, the standing wave ratio is also constant on 
: Re 
the same circle (s — 1). 
This is achieved by using a normalised chart in 
which all impedances are normalised with respect 
to the characteristic impedance Z, of the line. For 
example, the normalised load impedance is given 
as 
Constant 
Zr . SWR circle 
c Zo =r t JAR (6.18) Fig. 6.6 Unit circle to construct Smith chart 
So, the reflection coefficient is given as 
Zr— Zo  ZriZy—1_ zg-1 ' 
= x - - ; d 
UU CASE Gl 6 (6.19) 
; (Ge g segs 
Or, Zg — Vg jXg—u—RÁÀ—Rw— 6.20 
NC e sft i ee) 
Equating the real and imaginary components and simplifying, we get 
at tie 
PSI 
* q- r) +T; San 
2T ;; 
Xp= ————r (6.21b) 
(A-r) +T 
Rearranging the terms in Eq. (6.21a) and (6.21b), we have 
2 2 
Dac pup (6.222) 
D o]er. Li | Lt rp 
and 
E NM S IN 
= 2 .— — =| — 
T; -1+ |n. A | È | (6.22b) 


These two equations are the equations of circles. 
Equations (6.22a) represents the resistance circle or r-circle with 





Centre at: | TR ej 
ltr, 


Radius = in 
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Equation (6.225) represents the reactance circle or x-circle with 


Center at: (i +) 
XR 


Radius = Et 
XR 


As the normalised resistance rp varies from 0 to œ, we obtain a family of circles completely contained 
inside the domain of the reflection coefficient |L';| € 1. Similarly, as the normalised reactance xp varies 
from —ee to œ, we obtain a family of circles completely contained inside the domain of the reflection 
coefficient |I",| < 1. Figure 6.7 shows typical r-circles and x-circles. 








Im(T) Im(T) 


rz [ES x=1 









































Re(T) 
> 


x=0 > > 
fos re x=0.5 
x=-1 
(a) 


Fig. 6.7 Typical r and x circles (a) r-circles (b) x-circles 



































Applications of Smith Chart Smith chart can be used for the following purposes: 


1. To find the normalised admittance from normalised impedance and vice-versa. 
. To find the parameters of mismatched transmission lines. 

. To find the VSWR for a given load impedance. 

. To find the reflection coefficient. 

. To find the input impedance of a transmission line. 

. To locate a voltage maximum on a transmission line. 

. To design stubs for impedance matching. 


AIAN WN 


Determination of Normalised Impedance from Reflection Coefficient using Smith 
Chart The reflection coefficient as a function of position T(z) along the transmission line can be 
related to the impedance as a function of position Z(z). The general impedance at any point along the 
length of the transmission line is defined by the ratio of the phasor voltage to the phasor current. 


Vs(z) 3 Vp e "P" [1 + T'(z)] 

Tstzye heir -T(z)] 

V2 , roy 
LEO n-rg) 


The normalised value of the impedance z,(z) is 


Z,(2)= T - ; E ro = r(z) + jx(z) (6.23) 


Z(z) 








Note that Eq. (6.16) is simply the above equation [Eq. (6.23)], evaluated at z = /. 
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Thus, as we move from point to point along A 
the transmission line plotting the complex 
reflection coefficient (rotating around the 
constant SWR circle), we are also plotting the 


corresponding impedance. Constant 
SWR circle 






Determination of Admittance from 
Impedance using Smith Chart Once a 
normalised impedance is located on the Smith 
chart for a particular point on the transmission 
line, the normalised admittance at that point 
is found by rotating 180° from the impedance 
point on the constant reflection coefficient 
circle as shown in Fig. 6.8. 








Determination of Maxima and Minima 
for Voltages and Currents using Smith Fig. 6.8 Determination of admittance from impedance 
Chart The locations of maxima and minima in the Smith chart 

for voltages and currents along the transmission 

line can be located using the Smith chart given that these values correspond to specific impedance 
characteristics, e.g., 


Voltage maximum, Current minimum corresponds to Impedance maximum 
Voltage minimum, Current maximum corresponds to Impedance minimum 


These are shown in Fig. 6.9. 


Constant 
SWR circle 
Voltage maximum 
Current minimum 





Voltage minimum 
Current maximum 





Fig. 6.9 Determination of maxima and minima for voltages and currents using Smith chart 


The complete Smith chart is shown in Fig. 6.10. 
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Fig. 6.10 Complete Smith chart 





| 534 Electromagnetic Field Theory 





Example 6.18 Find the input impedance of a 75Q lossless transmission line of length 0.12 
when the receiving end is (a) open-circuited, and (b) short-circuited. Use Smith chart. Compare the 
results with the theoretical results. 


Solution Here, Z, = 75 Q;/=0.1A 
1. When receiving end is open-circuited: In this case, load impedance is, z; = eo + joo. 
Smith Chart Method: 
(a) We start at the point of (ee + jo) on Smith chart which is at the right of the rim of the chart. This 
corresponds to point P. 
(b) We move clockwise from this point P through the perimeter of the chart by 0.14. This corresponds 
to point Q where we get 
r=0, x=-1.38 


Therefore, the normalised input impedance of the line is 
Zin = (0— 1.38) 
(c) So, the actual input impedance is given as 
Zin = Zo X Zin = 75 x (O— j1.38) =- f103.5 Q 
This is shown in Fig. 6.11(a). 


AUS) XO SNO UK 


DE eO 





Fig. 6.11(a) Smith chart to find input impedance of open-circuited line of Example 6.18 


Analytical Method: 
For lossless open-circuited line, the input impedance is given as, 


Zin = Zoc = — jR cot BI 
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For this line, the input impedance is 
Za =- jRcot B1=- j75 cot B1 =— j75 cot (2r x 0.12] =~ j75 cot (0.27) 
=—j75 x 1.3764 =— j103.23 Q 
2. When the receiving end is short-circuited: In this case, load impedance is z; = 0 + jO. 
Smith Chart Method: 
(a) We start at the point of (0 + j0) on Smith chart, which is at the left of the rim of the chart. This 
corresponds to point P. 


(b) We move clockwise from this point P through the perimeter of the chart by 0.1A.This corresponds 
to point Q where we get 


r=0, x=0.73 
Therefore, the normalised input impedance of the line is 

Zin = (0 + j0.73) 
(c) So, the actual input impedance is given as 


Zin = Zo X Zin = 75x (0 + j0.73) = 54.75 Q 





Fig. 6.11(b) Smith chart to find input impedance of shorted line of Example 6.18. 


Analytical Method: 
For lossless short-circuited line, the input impedance is given as 


Zin = Zsc = JRo tan Bl 
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For this line, the input impedance is 


Z,,= jRy tan BI = j75 tan BL j75 tan [AE x 0.12] = j75 tan (0.2m) 
= j75x.0.7265 = j54.5Q 


*Example 6.19 A 75 Q lossless transmission line of length 1.254 is terminated by a load 
impedance of 120 Q. The line is energised by a source of 100 V (rms) with an internal impedance of 
50 Q. Determine (a) the input impedance of the transmission line and (b) the magnitude of the load 
voltage. Use Smith chart. 


Solution Here, Zo = 75 Q; /= 1.25A, Z, = R, 2120 Q 
In order to find the input impedance, the following steps are involved. 
1. We find the normalised load impedance as 


_ Z, _120_ ; 
nun 7735 = (1.64 j0) Q 


2. We start from the point corresponding to (1.6 + j0) (i.e., point P) and move 1.254 (2.5 revolutions) 
clockwise (towards generator) on the s-circle (i.e., point Q) to find the normalised input impedance as, 
Zin = 0.625 

3. So, the actual input impedance is given as 
Zin = Zo X Zin = 75 X 0.625 = 46.9 Q 


Za = (46.9 + j0) Q 


«s 
SS SS 
SSNS 
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Fig. 6.12 Smith chart to find the input impedance of Example 6.19 


In order to find the load voltage, we have the equivalent circuit as shown in Fig. 6.13. 
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= o 469 _ o 502 
V, = 10020° Tag = 48420" (V) ANN, e 


Also, Fel = s| V;0| Y 
Reflection coefficient, 10020? C) Zn Vo = 46.90 


Zj-Zg 120-75 i 
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ic uc WE Sma * 
Fig. 6.13 Equivalent circuit of Example 6.19 
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Standing wave ratio, s = 1.6 





IVl = s|V;g| =1.6 x 48.4 = 77.4 (V) 


Example 6.20 Determine the input impedance of the transmission line of electrical length 28° 


with terminated load of AL = 2.6 + jl. Use Smith chart. 
0 


: Zr ce P 
Solution Here, AC (2.64 jl), l= 360 A=0.078A 


In order to find the input impedance, the following steps are involved. 


1. We find the normalised load impedance as 
Z . 
Hsc (2.6 + jl) 


2. We start from the point corresponding to (2.6 + j1) (i.e. point P) and extend the line so that it cuts the 
rim of the Smith chart at point A. 

3. We move 0.0784 clockwise (towards generator) on the rim to locate the point B. 

4. Then we draw a line from the centre of the Smith chart (point O) to point B. This line intersects the 
constant-s circle at point Q. 

5. The point B gives r = 1.58 and x = —1.3, so that, the normalised input impedance is given as 


Zin = (1.5- j1.3) 
The Smith chart to find input impedance is given in Fig. 6.14. 


*Example 6.21 A transmission line has standing wave ratio s = 2.5 and voltage minima exists at 
0.15 A from the load. Find the load and input impedance for a line of 0.354 length. Use Smith chart. 


Solution Here, s = 2.5, V. at 0.154 from the load, length of the line, / = 0.354. 

In order to find the load impedance, the following steps are involved. 

1. We draw a constant-s circle with centre at the centre of the Smith chart (point O) that cuts the real 
axis of the Smith chart at point 2.5 (point P). 

2. From the property of Smith chart, the voltage minimum occurs at a point on the real axis where the 
constant-s circle cuts the real axis (point Q). This point corresponding to the point of voltage minimum 
; EI 

is at 0.4 |i.e. 797 
3. To locate the load point, we move in the lower half of the Smith chart in the anti-clockwise direction 
by a distance of 0.154. This point is point B. We join this point with the centre O. This line cuts the 
constant-s circle at point L which corresponds to r = 0.88, x = 0.9. This gives the load impedance as 


0.4 |. We extend this line so that it cuts the rim of the Smith chart at point A. 
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Fig. 6.14 Smith chart to find the input impedance of Example 6.20 


Z 
z= Z =(0.88 + j0.9) 


In order to find the input impedance, we follow the following steps after step 2: 
4. To locate the source point, we move from point B in the clockwise direction in the upper half of the 
Smith chart by a distance of 0.354. This point is point C. We join this point with the centre O. This line 
cuts the constant-s circle at point S which corresponds to r = 1.7, x 771. This gives the input impedance 
as, 


Z 
aea ed) 


The Smith chart to find load and input impedance is given in Fig. 6.15. 
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Fig. 6.15 Smith chart to find the load and input impedance of Example 6.21 
*Example 6.22 A transmission line of length 0.44 has a characteristic impedance of 100 Q and 
is terminated in a load impedance of (200 + /180) Q. Find: 


1. reflection coefficient, 
2. standing wave ratio, and 
3. input impedance of the line. 


Use Smith chart. Compare the results with the theoretical results. 


Solution Here, Z,=100Q; /=0.44, Z,=(200+/180) Q 
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200 + j180 
Normalised impedance is, z; = ee ss) =(2+4 j1.8)Q 


(1) To find reflection coefficient: 
(a) We locate the point P in the Smith chart, which is the intersection of the circles r = 2 and x = 1.8. 
(b) We draw a circle with radius equal to OP and centre at O. This OP is the magnitude of the 
reflection coefficient which is measured to be 0.591. 
|r ;|= 0.591 


(c) To find the phase angle of the reflection coefficient, we extend the line OP so that it cuts the 
r = 0 circle at point Q. This point is measured to be 0.207 in wavelength towards the generator. 
This point gives the phase angle of the reflection coefficient as, 


6, = (0.250 — 0.207) x 720° = 31° 
T, 20.591731? 


LOX KOK 935924 
PEOPLE CANSA 


i Ses 
Es [ERES ETTA 
ME CEPE pees. 


E tone 


t 


9^ Se 


So S K 

S 

o Se SOO OX f 

SN AS 7 
^ 


N 
o X 








i l 7 


Fig. 6.16 Use of Smith chart for Example 6.22 
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(2) To find SWR: 
The circle cuts the centre line of the chart at point A; OA gives the standing wave ratio. It is measured 
to be 4. 
ne s=4 
(3) To find input impedance: 
In order to find the input impedance, the following steps are involved. 
(a) We start from the point corresponding to (2 + /1.8) (1.e., point P) and move 0.4 wavelengths 
clockwise (towards generator) on the s-circle (i.e., point B). This line OB cuts the circle at point 
C. This OC gives the input impedance as 
Zin = (0.4 + j0.72) 
(b) So, the actual input impedance is given as 
Zin = Zo X Zin = 100 x (0.4 + j0.72) = (40 + 772) Q 


This use of Smith Chart is shown in Fig. 6.16. 


Example 6.23 A transmission line has a characteristic impedance of 300 Q and is terminated in 
a load Z, = 150 +7150 Q. Find the following using Smith chart. 


1. VSWR, 

2. reflection coefficient, 

3. input impedance at distance 0.14 from the load, 

4. input admittance from 0.14 from load, 

5. position of first voltage minimum and maximum from the load. 


Solution Here, Z; = 150 € /150 Q, Z = 300 Q 


1 : ; Z; 1 al 
Normalised load impedance is, z; = 4 = EAE 0.5 + j0.5 
Zo 300 
The load point is located at the intersection of r = 0.5 and x = 0.5 circles. This point is point A. 
(1) To find VSWR: 
We draw a circle with centre at origin (point O) and radius equal to OA. This circle cuts the real axis at 
2.6. So, the VSWR is given as 


s=2.6 
(2) To find reflection coefficient: 


(a) This magnitude of OA as measured in the scale shown at the bottom of Smith chart is the 
magnitude of the reflection coefficient, which is measured to be 0.42. 


|r |= 0.42 
(b) To find the phase angle of the reflection coefficient, we extend the line OA so that it cuts the 


r = 0 circle at point P. This point is measured to be 0.088 in wavelength towards the generator. 
This point gives the phase angle of the reflection coefficient as 


Or = (0.250 — 0.088) x 720? =116.64° 
D, =0.42116.64° 
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Fig. 6.17 Use of Smith Chart for Example 6.23 


(3) To find input impedance: 
(a) We start from the point 4 and move 0.1 wavelengths clockwise (towards generator) on the s-circle 
(1.e., point B). This line OB cuts the circle at point C which gives the input impedance as 


Zin 7 (1.47 j1.1) 
(b) So, the actual input impedance is given as 
Zin = Zo X Zin = 300 x (1.4 + j1.1) = (420 + 7330) Q 
Zin = (420 + 7330) Q 
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(4) To find input admittance: 
(a) We extend the line OC so that it cuts the constant-s circle at point D. This point corresponds to g 
= 0.44 and b = —0.34 circles. So, the input admittance is given as 


Vin = 0.44 — j0.34 
(b) So, the actual input admittance is given as 


| (0.44 — 70.34) 
300 


Y, = (1.47 — j1.13) x 10? mho 


Yn =Y) X Yin = (1.47 — j1.13)x 10? 


in 








(5) To find position of first voltage minimum and maximum from the load: 
The voltage minimum occurs to the left of the real axis at 0.39 while the voltage maximum occurs to 
the right of the real axis at s = 2.6. 
(a) To locate voltage maximum from load: 
We move through the rim of the chart from load point A to voltage maximum point (point Q). The 
distance between these two points is (0.25 — 0.088)A = 0.1624. 
So, the first voltage maximum occurs at a distance 0.1624 from the load. 
(b) To locate voltage minimum from load: 
We move through the rim of the chart from load point A to voltage minimum point (point R). The 
distance between these two points is (0.25 + 0.162)A = 0.4124. 
So, the first voltage minimum occurs at a distance 0.4124. from the load. The Smith chart for 
this use 1s given in Fig. 6.17. 


6.13 LOAD MATCHING TECHNIQUES IN A 
TRANSMISSION LINE 


We discuss two techniques used for load matching. 


6.13.1 Quarter Wave Transformer 


A transmission line is said to be perfectly matched if the load impedance is exactly equal to the 
characteristic impedance of the line. In a matched transmission line, the power is transferred outward 
from the source until it reaches the load, where it is completely absorbed. Thus, the reflection coefficient 
for a matched line is zero (|T| = 0). However, if the characteristic impedance of the line does not 
match with the load impedance, a mismatch occurs. Quarter wave transformer 1s used as a matching 
technique to match the impedances between the transmission line and the load in order to eliminate the 
reflections on the feeder transmission line. 


For matching, a quarter wavelength (4) section of different transmission line (characteristic impedance 


= Zi) is inserted between the original transmission line and the load. This quarter wave long section of 
the transmission line is called a quarter wave transformer as it is used for impedance matching like an 
ordinary transformer. This is demonstrated in Fig. 6.18(a) and Fig. 5.18(b). 
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Fig. 6.18 (a) If Z+ Z;: mismatched line (b) Matching by quarter wave transformer 


The input impedance looking into the quarter wave transformer is given as 
Z, + jZótan BI 


Z (2) = Z 22o "an PE 
in(2)= Zo Zo+ jZ; tan Bl 


Now, Bl P349 - tan Bl =00 





For the matched line, we require 
Zt A 
Zin(Z) = Zo = or > Z7 ZZ: 


Hence, the required characteristic impedance of the quarter wave transformer is given as 


Z;- ZZ; 


Example 6.24 Design a quarter wave transformer to match a load of 200 Q to a source of 500 
Q. Operating frequency is 200 MHz. 

















Solution Here, Z; = 200 Q, Z, = 500 Q 
For a quarter wave transformer, the input or source impedance is given as 
Gi CY MES Zj- 4 ZZ, = 4500x 200 2316220 
in Z; 0 in^L 


So, the characteristic impedance of the line is 316.22 Q. 
Also, length of the quarter wave transformer is 
| A v 3x108 

4 4f 4x200x10° 





l =0.375 m 


Example 6.25 Determine the length and impedance of a quarter wave transformer that will 
match a load of 150 Q to a line of 75 Q at a frequency of 12 GHz. 


Solution Here, Z,=150Q, Z¢=75Q 
For a quarter wave transformer, the input or source impedance is given as 
EC 
Zin = 150 7^ 37.50 


So, the input impedance of the quarter wave transformer is 37.5 Q. 
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Also, length of the quarter wave transformer is 


A_v 3x10 
4 4f 4x12x10? 





l = 0.0625 m = 6.25 cm 


6.13.2 Stub Tuner 


The limitation of a quarter-wave transformer is that it can perform matching only a resistive load R, to 
a transmission line of characteristic impedance Z, when R; # Zp; but it cannot match a complex load 
impedance. 

The stub tuner is used as a transmission line matching technique to match a complex load. If a 
point can be located on the transmission line where the real part of the input admittance is equal to the 





characteristic admittance (x = of the line (Y,, = Yọ X jB), the susceptance B can be eliminated by 


2 
adding the proper reactive component in parallel at this point. Theoretically, we could add inductors or 
capacitors (lumped elements) in parallel with the transmission line. However, these lumped elements 
usually are too lossy at the radio frequency range. 

Rather than using lumped elements, we can use a short-circuited or open-circuited segment of 
transmission line to achieve any required reactance. Since parallel components are generally used, the 
use of admittances (as opposed to impedances) simplifies the mathematics. 


Single Stub Tuner  Asingle stub tuner is an open or shorted section of transmission line of length 
l connected in parallel at some distance d from the load (Fig. 6.19). 


Mismatic 
load 





Z Yee, !(" 









Shunt stub 





Short-circuit 
or 
open-circuit 


Fig. 6.19 Single stub tuner 


In the figure, 
I— length of the shunt stub, 
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d— distance of the stub connection from the load, 

Y,—input admittance of the stub, 

Y,— input admittance of the terminated transmission line segment of length d, 

Y, — input admittance of the stub in parallel with the transmission line segment, 
The admittance of the terminated transmission line section is 


Y, Yo jB 
The admittance of the stub (short-circuit or open-circuit) 1s 
Y=- jB 
Hence, the admittance of the short-circuited stub is 
Ysc- L.- ; E 
Zsc  jZgtan BI 
Hence, the admittance of the open-circuited stub is 


1 1 
Yoc Zoc JZ, cot DI BOP 








JX cot BI 





Hence, overall input admittance is 
Yn = +Y = 


in 


where, Y= Z and Z, is the characteristic impedance of the transmission line. 
0 


All admittances can be represented in normalised forms, by dividing by Yo, so that we get, 
yg 7l jb Ys=—jb yat 
This is seen that the normalised conductance of the transmission line segment admittance is unity (yq 
=g+jband g=1). 
Short-circuited stub tuners are most commonly used because a shorted segment of transmission 
line radiates less than an open-circuited section. The stub tuner matching technique also works for 


tuners in series with the transmission line. However, series tuners are more difficult to connect since 
the transmission line conductors must be physically separated in order to make the series connection. 


Design of Single Stub using Smith Chart The main objective for designing a single stub is 
to find out the distance of the stub from the length and the length of the stub. The design process of a 
single stub tuner consists of the following steps: 


1. Given the load impedance Z, and the characteristic impedance Z, of the transmission line, we 
find the normalised load impedance as, 


zy =+ JXL 


mes 
Zo 

2. The point of intersection of the r;-circle and x;-circle is marked on the Smith chart. 

3. Acircle is drawn with the radius equal to the distance of this point from the centre of the chart. 

4. Since the stub is connected in parallel with the main line, it is more convenient to deal with 
admittances. In order to locate the normalised admittance, a straight line is drawn from the point 
of intersection (obtained in step 2) through the centre of the chart to the other half of the chart. 
The point where this straight line intersects the circle drawn given the normalised admittance 


Gr - g *jb). 


Transmission Lines 547 | 
T 





5. The point where the circle drawn cuts the centre straight line of the chart to the right side of the 
centre gives the value of VSWR. 

6. The points where the drawn circle intersects the r = 1 circle give the normalised admittance 
(1 x jb). The stub to be designed for + jb component will be placed at these points. 

7. The distance travelled from the points (y; = g + jb) to (1 + jb) round the circumference of the 
chart gives the distance of the stub from the load. 

8. In order to find the length of the stub, we move clockwise round the perimeter of the chart and 
find the point at which the susceptance tunes out the + jb susceptance of the line. For example, if 
the line admittance is (1 + jb), the required susceptance is — jb. The distance in wavelengths from 
(ce, joo) of the chart to the new point (susceptance — jb) gives the length of the stub. 














*Example 6.26 Design a stub to match a transmission line with a load impedance of Z, = (450 — 
1600) Q. The characteristic impedance of the line is 300 Q. 


Solution Here, Z, = (450 — /600) Q, Z, = 300 Q 


. Normalised load impedance is, z; = a = (3 600) =(1.5— j2.0) 
0 
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Fig. 6.20 Use of Smith chart for Example 6.26 
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Steps of Design: 


1. 


The point of intersection of (r = 1.5)-circle and (x = —2.0)-circle is located on the Smith chart. 
This point is point A. 


. With the centre as the centre of Smith chart, point O, a circle is drawn with radius equal to OA. 
. The drawn circle cuts the r = 1 circle at point B which is measured to be (1 =/1.7). 
. The distance between points C and D on the rim of the chart gives the distance of the stub from 


the load. This is measured to be 
CD = (0.181— 0.053)A = 0.1284 


. As the load has a susceptance of +71.7, the stub is required to provide a susceptance of —/1.7. 


Therefore, a point is marked by moving clockwise on the lower half of the chart where x =—1.7. 
This point is point E. The distance of this point from the short-circuit admittance point is the 
length of the stub. This is measured as 
Stub length = (0.3342 — 0.25) A = 0.08422 
Hence, the specifications of the designed stub are: 

Stub Distance = 0.1284 

Stub Length = 0.08424 
This can be seen in Fig. 6.20. 


Example 6.27 Designa single stub match for a load of 150 + j255 ohm for a 75 ohm line at 500 
MHz using Smith chart. 


Solution Here, Z, = (150 + j255) Q, Z,= 75 Q 


-. Normalised load impedance is, z; = 





Z =( 150+ 55). 
Z. ES (2+ j3.4) 


Steps of Design: 


1. 


2. 
3. 
4. 


The point of intersection of (r = 2)-circle and (x = 3.4)-circle is located on the Smith chart. This 
point is point A. 

With the centre as the centre of Smith chart, point O, a circle is drawn with radius equal to OA. 
The drawn circle cuts the r = 1 circle at point B, which is measured to be (1 +/2.5). 

The distance between points C and D on the rim of the chart gives the distance of the stub from 
the load. This is measured to be 


CD =0.196 + (0.5 — 0.465)A = 0.2292 


. As the load has a susceptance of +/2.5, the stub is required to provide a susceptance of 2.5. 


Therefore, a point is marked by moving clockwise on the lower half of the chart where x =—2.5. 
This point is point E. The distance of this point from the short-circuit admittance point is the 
length of the stub. This is measured as 

Stub length = (0.31 — 0.25)A = 0.062 
Hence, the specifications of the designed stub are: 


Stub Distance = 0.2292 
Stub Length = 0.064 
v || 3x10? 


Since the frequency is 500 MHz, the wavelength is, 4 = — = ——7— — —0.6m 
f 500x109 
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Fig. 6.21 Use of Smith chart for Example 6.27 


Hence, the specifications of the designed stub are: 

Stub Distance = 0.229A = 0.229 x 0.6 = 0.1374 m = 13.74 cm 
Stub Length = 0.064 = 0.06 x 0.6 = 0.036 m = 3.6 cm 

This is shown in Fig. 6.21. 


*Example 6.28 A 75 O lossless line is to be matched to a (100 — /80) Q load with a shorted stub. 
Calculate the stub length, its distance from and the necessary stub admittance. 
Solution Here, Z; = (100 — 80) Q, Z) = 75 Q 
-. Normalised load impedance is, z; = nc (I =I 
Z; 75 





) = (1.33 — j1.067) 
Steps of Design: 


1. The point of intersection of (r = 1.33)-circle and (x =—1.067)-circle is located on the Smith chart. 
This point is point A. 
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2. With the centre as the centre of Smith chart, point O, a circle is drawn with radius equal to OA. 

3. The drawn circle cuts the r = 1 circle at point B, which is measured to be (1 + 70.95). 

4. The distance between points C and D on the rim of the chart gives the distance of the stub from 
the load. This is measured to be 


CD = (0.161 — 0.071)A = 0.094 


5. As the load has a susceptance of +j0.95, the stub is required to provide a susceptance of 0.95. 
Therefore, a point is marked by moving clockwise on the lower half of the chart where x = —0.95. 
This point is point E. The distance of this point from the short-circuit admittance point is the 
length of the stub. This is measured as 


Stub length = (0.38 — 0.25) = 0.134 
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Fig. 6.22 Use of Smith chart for Example 6.28 


Transmission Lines 551 
T 





Hence, the specifications of the designed stub are: 


Stub Distance = 0.094 
Stub Length = 0.134 
This can be seen in Fig. 6.22. 


*Example 6.29 An R.F. transmission line with a characteristic impedance of 30070? Q is 
terminated in an impedance 1007—45? Q. The load is to be matched to the transmission line by using 
a short-circuited stub. With the help of Smith chart, determine the length of the stub and the distance 
from the load. 





Solution Here, Z, = 1002 —45? = (70.71 —/70.71) Q, Za = 300 Q 


Ze ( 70.71 = j70.71 
Z, 300 





-. Normalised load impedance is, 2; = ) = (0.2357 — j2357) 
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Fig. 6.23 Use of Smith chart for Example 6.29 
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Steps of Design: 


1. The point of intersection of (r = 0.2357)-circle and (x = —0.2357)-circle is located on the Smith 
chart. This point is point A. 

2. With the centre as the centre of Smith chart, point O, a circle is drawn with radius equal to OA. 

3. The drawn circle cuts the r = 1 circle at point B, which is measured to be (1 + j1.65). 

4. The distance between points C and D on the rim of the chart gives the distance of the stub from 
the load. This is measured to be 


CD = 0.254 + 0.184 + (0.25 — 0.2D)4 = 0.47À 


5. As the load has a susceptance of 471.65, the stub is required to provide a susceptance of —71.65. 
Therefore, a point is marked by moving clockwise on the lower half of the chart where x ^ —1.65. 
This point is point E. The distance of this point from the short-circuit admittance point is the 
length of the stub. This is measured as 


Stub length = (0.338 — 0.25)A = 0.0884 
Hence, the specifications of the designed stub are: 


Stub Distance = 0.474 
Stub Length = 0.0884 


This use of the Smith chart is given in Fig. 6.23. 


Double Stub Tuner In single stub matching, the 











stub is placed on the line at a specified point. Its loca- EE dstub2 PEGET 
tion varies with the load impedance z; and frequency. 

This creates some difficulties in changing the location Z 
of the stub with variation of load and/or frequency. In 

















such cases, double stub matching is used. 

Impedance matching is achieved by inserting two 
stubs at specified locations along transmission line as 
shown in Fig. 6.24. 

In the double stub configuration, the distance 
A À 3A A 3À 
4° 8’ 8°16’ 16 
and so on and the lengths of the stubs are adjusted to 


Lstub2 Lstub1 





between the stubs is fixed, such as 
Fig. 6.24 Double stub tuner 


match the load. In this way, if the load impedance is changed, one simply has to replace the stubs with 
another set of different length, without changing their locations. 
There are two design parameters for double stub matching: 


—The length of the first stub line Li, 
—The length of the second stub line Li; 


The length of the first stub is selected so that the admittance at the location of the second stub 
(before the second stub is inserted) has the real part equal to the characteristic admittance of the line. 
The length of the second stub is selected to eliminate the imaginary part of the admittance at the 
location of insertion. 

At the location where the second stub is to be inserted, the possible normalised admittances required 
for matching are found on the circle of unitary conductance on the Smith chart. This circle is called 
unitary conductance circle. 
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At the location of the first stub, the allowed normalised admittances are found on an auxiliary circle 
which is obtained by rotating the unitary conductance circle counterclockwise, by an angle given as 


4n 
es = g (suo z dapi) 


where, d, and d, are the distances of the first and second stub from the load, respectively. This is 
shown in Fig. 6.25 (a) and (b). 
















This angle of rotation | 
corresponds to a distance 


di; = dstub2 — dstupi 


| Pivot here | 













[The normalized admittance 
that we want at location diui 
is on this auxiliary circle. 








(b) 





Fig. 6.25 (a) Unitary conductance circle (b) Auxiliary circle 


The positions of auxiliary circle will change depending upon the distance between the studs. This is 
shown in Fig. 6.26. 

The main drawback of double stub tuning is that a certain range of load admittances cannot be 
matched once the stub locations are fixed. 


Design of Double Stub Tuner 

The main objective for designing a double stub 1s to find out the lengths of the stubs when the load 
impedance and the distance between the stubs are given. The design process of a double stub tuner 
consists of the following steps: 


1. Given the load impedance Z, and the characteristic impedance Z, of the transmission line, we 

find the normalised load impedance as 
Z= Z =r, + jx 
LULA L 

2. The point of intersection of the r;-circle and x;-circle is marked on the Smith chart. 

3. Acircle is drawn with the radius equal to the distance of this point from the centre of the chart. 
This circle is actually the circle of constant magnitude of the reflection coefficient |I | for the 
given load. 

4. The normalised load admittance (y; = g; + jb;) is found by rotating —180? on the constant |I | 
circle, from the load impedance point. 
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This is the auxiliary circle for JN 
distance between the stubs 


d31738*n22. 


This is the auxiliary circle for 
distance between the stubs 


d; = 4 + n U2. 








This is the auxiliary circle for 
distance between the stubs 


di^ n2. 







This is the auxiliary circle for 
distance between the stubs 


d32328*n272. 


NOTE: this is not a good 
choice for double stub design! 





Fig. 6.26 Position of auxiliary circle for different distances between stubs 


5. The normalised admittance at location d; is found by moving clockwise on the constant |T| 
circle. 


NOTE 


If the distance of the first stub from the load is not mentioned, it is assumed that the first stub is 
located at the load, i.e., ds, = O. 


6. The auxiliary circle is drawn considering the distance between the stubs. 

7. The admittance of the first stub 1s added so that the normalised admittance point on the Smith 
chart reaches the auxiliary circle (two possible solutions). The admittance point will move on the 
corresponding conductance circle, since the stub does not alter the real part of the admittance. 
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8. The normalised admittance obtained on the auxiliary circle is mapped to the location of the 
second stub d... The point must be on the unitary conductance circle. 

9. Finally, the admittance of the second stub is added so that the total parallel admittance equals 
the characteristic admittance of the line to achieve exact matching condition. The design steps of 
double stub turner are shown in Fig. 6.27. 








[(d) Move to the | 
first stub location 

















MR D 

(f) First solution: Add 
admittance of first stub to 
reach auxiliarv circle 






> 





,(b) Draw the 
constant |l'(d)| 
| circle 

————À 





(c) Find the normalized load 
admittance knowing that 

yn 7 z(d7À /4) 

From now on the chart 
represents admittances. 
















(g) Second solution: Map the normalized 
admittance from the auxiliary circle to the location 


of the second stub dus. 








(g) First solution: Map the normalized admittance 
from the auxiliary circle to the location of the 










Second solution: Admittance at |] 
location d,,,,; before insertion 





First solution: Admittance at 


location d,,,52 before insertion 
of second stub 






Fig. 6.27 Design steps of double stub tuner 


*Example 6.30 For a load of zl 
0 


the distance between the stubs 34 . Specify the stub length and distance from the load to the first stub. 


=0.8+ j1.2 = 0.8 + j1.2, design a double stub tuner marking 


The stubs are short-circuited. Use Smith chart. 


Solution The normalised admittance is given as 


1 

Ya Zg Zo 1 i ; 

Tp ae 9E RgDQ 2 eO) 
Zo 
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Design Steps: 


1. We locate the point of load admittance on the chart, say point A. The first stub is located at this 
point. 
3A 


2. Since the distance between the stubs is => or 0.3754, the auxiliary circle is drawn by moving a 


distance of 0.3754 counter-clockwise (towards the load) as shown in Smith chart. 

3. This auxiliary circle intersects the constant conductance circle (with conductance 0.4) at point B. 
This point gives the normalised admittance with first stub. This normalised admittance as read 
from the chart is 


Yo , 
a7 (Q4 j0.2) 
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Fig. 6.28 Use of Smith chart for Example 6.30 
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4. 


The first stub must contribute to a susceptance of 0.6 —j0.2 = 0.4. The +0.4 constant susceptance 
circle intersects the rim of the chart at 0.06A. 

So, the length of the first stub as measured from the short circuit admittance point (extreme left 
hand point on the chart) is given as 


Lui = (0.5 — 0.25)A + 0.064 = 0.314 


. Now, we move from point B a distance of 0.3754 clockwise along the rim of the chart (or 


we move from point B along a circle with constant radius OB). This location cuts the unitary 
conductance circle at point C. Thus, we have moved from the location of stub 1 (point A) to the 
location of stub 2 (point C). The second stub is located at point C. 


. The normalised admittance at point C without the second stub as measured from the chart is 


(1 —j1). For perfect matching, the second stub must eliminate the imaginary component of this 
admittance, i.e., the second stub must provide a susceptance of +71. This [t1] circle cuts the 
rim of the chart at 0.1254. 

So, the length of the second stub as measured from the short-circuit admittance point (extreme 
left hand point on the chart) is given as 


Lag = (0.5 — 0.25)A + 0.1254 =0.375A 


Hence, the lengths of the two stubs are as given: 
Length of first stub located at load, Ley; = 0.314 
Length of second stub, L wub = 0.3752 

This use of the Smith chart is shown in Fig. 6.28. 


*Example 6.31 A50 ohm line feeds an inductive load Z; = 35 + 35 ohm. Design a double stub 
tuner to match this load to the line (make use of a Smith chart). 


Solution The normalised load admittance is given as 





Y, 2, 2 50 _ 1 _ : 
Gk Aegis Wier esae 
Zo 
Design Steps: 
1. Since the distance between the first stub and the load is not given, we assume that the first stub 


2. 


3. 


is located at the load. We locate the point of load admittance on the chart, say point A. 


Also, as the distance between the stubs is not mentioned, we assume it to be 4 Therefore, the 
auxiliary circle is drawn as shown in Smith chart. 

This auxiliary circle intersects the constant conductance circle (with conductance 0.7142) at 
point B. Hence, the first stub is located at point B where the normalised admittance as read from 
the chart is 


Y, 
— = (0.7142 — j0.49) 
Go 


. The first stub must contribute to a susceptance of (70.7142 —70.49) = j0.224. The +0.224 constant 


susceptance circle intersects the rim of the chart at 0.036A. 
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Fig. 6.29 Use of Smith chart for Example 6.31 
So, the length of the first stub as measured from the short circuit admittance point (extreme left 
hand point on the chart) is given as 
Lau (0.5 — 0.25)A + 0.0364 = 0.2860 


5. Now, we draw a circle with centre at O and radius equal to OA. This circle cuts the unitary 
conductance circle at point C. The second stub is located at point C. 
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6. The portion of the line between the stubs changes the admittance at point A to point C. The 
normalised admittance at point C without the second stub as measured from the chart is (1 + 
j0.65). For perfect matching, the second stub must eliminate the imaginary component of this 
admittance, i.e., the second stub must provide a susceptance of -j0.65. This [-j0.65] circle cuts 
the rim of the chart at 0.4084. 

So, the length of the second stub as measured from the short-circuit admittance point (extreme 
left hand point on the chart) is given as 


Lug = (0.408 — 0.25)A = 0.1584 


Hence, the complete specifications of the double stub are as given: 


Length of first stub located at load, L4; = 0.2862 
Length of second stub, Ley. = 0.1582 


Distance between stubs = 4 
This use of the Smith chart is shown in Fig. 6.29. 


Z 
Example 6.32 A load of zm (0.2+ /0.3) is located at the end of a transmission line. At a 
0 


distance of 0.114 from the load, an adjustable stub is placed. Another 0.1754 distance from the first 
stub, a second stub is placed. Using Smith chart, determine the lengths of the two stubs. 


Solution The normalised load admittance is given as 





1 

Y Zi Z% 1 " ; 

Go uw  gxesus A 
Zo 


Design Steps: 


1. We locate the point of load admittance on the chart, say point A. 

2. Since the first stub is located at a distance of 0.114 from the load, we move clockwise a distance 
0.11A along the rim of the chart from point A on a circle of constant radius OA and come to point 
B. The first stub is located at point B. The normalised admittance of this point (point without 
stub) as measured from chart is (0.25 — j0.6). 

3. Also, the distance between the stubs is 0.175A. Therefore, the auxiliary circle is drawn by 
moving a distance of 0.1754 counter-clockwise (towards the load) as shown in the Smith chart. 

4. This auxiliary circle intersects the constant conductance circle (with conductance 0.25) at point 
C. This point gives the normalised admittance with first stub. This normalised admittance as read 
from the chart is 


Y, 
—. = (0.25 + j0.05) 
Go 


5. The first stub must contribute to a susceptance of j0.05 — (— j0.6) = (j0.65). The +0.65 constant 
susceptance circle intersects the rim of the chart at 0.09A. 
So, the length of the first stub as measured from the short-circuit admittance point (extreme left 
hand point on the chart) is given as 
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Fig. 6.30 (a) Location of stubs (b) Use of Smith chart 
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Loup = 0-25A + 0.090 = 0.344 


6. Now, we move a distance of 0.1754 clockwise along the rim of the chart. This location cuts the 
unitary conductance circle at point D. Thus, we have to move from the location of stub 1 (point 
B) to the location of stub 2 (point D). The second stub is located at point D. 

7. The normalised admittance at point D without the second stub as measured from the chart is (1 
+ j1.6). For perfect matching, the second stub must eliminate the imaginary component of this 
admittance, i.e., the second stub must provide a susceptance of 1.6. This [71.6] circle cuts the 
rim of the chart at 0.344. 

So, the length of the second stub as measured from the short-circuit admittance point (extreme 
left hand point on the chart) is given as 


Lag = (0.34 — 0.25)A = 0.092 


Hence, the lengths of the two stubs are as given: 
Length of first stub located at load, L,,,; = 0.344 
Length of second stub, L4, = 0.092 
The location of stubs and use of the Smith chart are shown in Fig. 6.30(a) and Fig. 6.30(b). 


Summary 


A transmission line is a device used for transmission of electromagnetic energy guided by two 
conductors in a dielectric medium. 

Transmission line mode is the distinct pattern of electric and magnetic field induced on a transmission 
line under source excitation. 


Three types of transmission line modes are: 


1. Transverse electromagnetic (TEM) Mode, 
2. Quasi-TEM Mode, and 
3. Waveguide Mode 


A transmission line can be characterised by four distributed parameters: resistance (in Q/m), 
inductance (in H/m), capacitance (in F/m), and conductance (in S/m). These four distributed 
parameters are constant for a particular transmission line and are known as primary line constants 
of a transmission line. 


Apart from these primary line constants, there are a few other constants related to a transmission 
line. These include the characteristic impedance (Zo), the propagation constant (y), attenuation 
constant (œ) and phase constant (8). These constants are known as the secondary line constants. 


Transmission line voltage and current equations, known as Telegrapher 5 equations, are given as 


d'Vs(z) | 


d^l(z 
A -yryz)-0 and S 3 y276(2)=0 





where, y 2o + jf — x (R+ joL)(G + j@C) is the complex propagation constant. 
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Characteristic impedance of a transmission line is defined as the ratio of positively travelling 
voltage wave to current wave at any point on the line. It is given as 


z Vin Vm. [R+ jol 
0 Le Izo G+ jaC 


A transmission line is said to be lossless, if 








— the conductors of the line are perfect, i.e., the conductors have infinite conductivity and zero 
resistance (0 = œ, R = 0), and 


— the dielectric medium between the conductors is ideal, i.e., the medium has zero conductivity 
and infinite resistance (0 = 0, G = 0). 


For a lossless line, a = 0, 8 = od LC, Zo = i= 


A transmission line is said to be distortionless if it has no frequency and phase distortions. 
The condition for a line to be distortionless is written as ae G. 


C 
For a distortionless line, «= VRG, B= ex LC, Z,- /s Z J4 l 


The input impedance at any point on the transmission line is given by the ratio of voltage to current 
at that point. 


Input impedance for different types of transmission lines are given as follows. 
For finite lossy transmission line: 


Z=7 Zpcosh yl + Zosinh y!) _ Zg * Zo tanh y/ 
i "0j Zocosh yl + Zp sinh y! o| Zo Zp tanh y/ 





For finite lossless high-frequency transmission line: 


Z-R Zg cos Bl+ jRysin BI) _ Zat jRy tan BI 
“SUR, cos BI jZp sin BI Ro Ry + jZp tan BI 





For infinite (lossy and lossless) transmission line: 


Reflection Coefficient of a transmission line is the ratio of the reflected voltage (or current) to the 
incident voltage (or current), when a transmission line is terminated in an impedance (Zp) not equal 
to the characteristic impedance (Zo) of the line. The reflection coefficient as a function of position 
can be written as 


— Ze- Zo 2y(-D _ 2y(z-1) 
Re RU -IDre 
The reflection coefficient at the load (z = /) is 


Zr- 


POSEE Z EZ 
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e Standing wave ratio in a transmission line is defined as the ratio of the maximum voltage (or current) 


to the minimum voltage (or current) of a line having standing waves. 


| KV, Imax L] 


max | ^max 


V Uum 


min min 





The input impedance as a function of position at any point along a general transmission line is given 
as 

Zr + Zo tanh [y(/ — z)] 

Zo * Zg tanh [y(/ — z)] 





Zin(Z) = Zo 


Smith chart is a useful graphical tool used to calculate the reflection coefficient and impedance at 
various points on a (lossless) transmission line system. 


Smith chart can be used for different purposes, such as, to find the normalised admittance from 
normalised impedance and vice-versa, to find the parameters of mismatched transmission lines, 
to find the VSWR for a given load impedance, to find the reflection coefficient, to find the input 
impedance of a transmission line, to locate a voltage maximum on a transmission line, and to design 


stubs for impedance matching. 





Important Formulae 





Telegrapher’s equation 


ay. d?I 
TD Y V,(z) 20 and MAD y!s(z)-0 





Propagation constant (y) 





y=a+ jB-4(R- joLY(G + joC) 





Attenuation constant (œ) 








m 2 25 pte paz? 
æ 2 ——4| RG- @° LC * 4 (R°+ o^ L G+ oC 
T KK X ) 





Phase constant (8) 








B= Jv- — a? LC J (R+ oP (G+ ec?) 





Characteristics impedance (Zp) (lossy line) 


Z- R+ joL 
0 XN G+ jac 





Characteristics impedance (Zo) (lossless line) 





Condition for distortionless line 


Input impedance (finite lossy line) 





e Z,+Z, tanh yl 
z-z% Z, tanh yl 





Input impedance (finite lossless line) 








E Z,+ jRytan BI 
z-n[ ars Bl 
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Input impedance (infinite line) paar 
Zj- | SP Lue for lossy infinite line 
G+ joC 


= | 4, for lossless infinite line 





Reflection coefficient Z,- Zg 











Standing wave ratio 1- P; 














Exercises 





NOTE: * marked problems are important university problems] 
Pp 


e Easy 


*]. 


52: 


An open-wire transmission line has the following constants: 
R-5Q/m, L-52x105H/m, C-2.13x10 P F/m, G-62x107? mho/m 


frequency - 4 GHz 
Find the propagation constant, characteristic impedance and velocity of propagation. 

[y = 103.37265.23°; Z = 12.64 724.495; 3 x 105 m/s] 
A transmission line with air as dielectric has Zọ = 50 Q and a phase constant of 3 rad/m at 
10 MHz. Find the inductance and capacitance of the line. [2.39 uH/m, 0.955 nF/m] 


. A transmission line of characteristic impedance 50 Q is terminated by resistor of 100 Q. What 


will be the VSWR in the line? Calculate impedances at the voltage minimum and maximum 
positions. [2, 150 Q, 16.67 Q] 


e Medium 


4. 


*$5. 


A 60 Q lossless line has a maximum impedance Z;, = (180 + j0) Q at a distance of 4/24 from the 
load. If the line is 0.34, determine (a) standing wave ratio, s (b) load impedance, Z, and (c) the 
input impedance of the transmission line. 

[3; (117.2 + 78.1) Q; (20  j2.8) Q] 
A lossless transmission line having a characteristic impedance of 75 ohm is terminated in an 
unknown impedance Z;. The VSWR is 3.0. The nearest minimum from the load is found to be at 
20 cm. Calculate Z, if the frequency is 150 MHz. [98.24 €2] 


e Hard 


6. 


A2 m long lossless transmission line has an impedance of 300 Q. The velocity of propagation is 
2.5 x 108 m/s. The load has an impedance of 300 Q with sending end voltage being 60 V at 100 
MHz. Find: 

(a) The phase constant 

(b) The load voltage 

(c) The load current 
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*8. 


*10. 


*11. 


12. 


(d) The load reflection coefficient 
(e) Standing wave ratio. 


. Design a short-circuited shunt stub tuner to match a load of Z, = (60 -j40)Q to a transmission line 


with characteristic impedance of 50 Q. 
[stub length = 0.1474, stub distance = 0.0764] 
A transmission line of 100 m long is terminated in load of (100 — 7200). Determine the line 
impedance at 25 m from the load end at a frequency of 10 MHz. Assume line impedance Z, = 100 
Q. Determine the input impedance and admittance using Smith chart. 
[(44 + 7120)Q; (0.28 —j0.75) mho] 


. A 50 Q transmission line is terminated in an impedance of Z, = (35 —j47.5)Q. Find the position 


and length of the short-circuited stub to match it. 

[stub length = 0.0594, stub distance = 0.1114] 
A load (50 — 7100)Q is connected across a 50 Q line. Design a short-circuited stub to provide 
matching between the two at a signal frequency of 30 MHz using Smith chart. 

[stub length = 0.0724, stub distance = 0.1264] 
For a load of Zp = (50 — j50) ohm connected to a 50 ohm lossless line at 400 MHz, design a 


double stub tuner making the distance between the stubs 3A . Use Smith chart. 

[stub lengths: 4.5 cm and 4.3 em] 
A 90 ohm line feeds a load Z, = 270 + j0 ohm at 600 MHz. Design a quarter wave double stub 
tuner to match this load to the line (make use of a Smith chart). 

[stub lengths: 9 cm and 4.95 cm] 





Review Questions 





[NOTE: * marked questions are important university questions.] 


1. 


2. 
*3. 


*4. 
*5, 


e 


(a) What are the transmission line parameters? 

(b) Mention the different modes of transmission line. 

What are Telegrapher s equations? Deduce the equations. 

(a) Explain what do you understand by the term ‘Line parameters’ in the context of a transmission 
line. 

(b) Draw the equivalent circuit of a transmission line and hence write the transmission line 
equations for an elemental section of a transmission line. 

Develop the analogy between the uniform plane E.M. Waves and the electric transmission line. 

(a) What is characteristic impedance of a transmission line? Derive its expression. What will be 
the characteristic impedance if the line is: (i) lossless line? (ii) distortionless line? 

(b) What is a distortionless line? How to achieve distortionless condition on the line? Derive the 
necessary conditions (Heaviside condition). 


. Discuss the field analysis to determine the line parameters R, L, G and C for a transmission line. 
. Starting from the equivalent circuit diagram, derive expressions for characteristic impedance and 


input impedance of a transmission line. 


. Deduce an expression for the input impedance of a finite lossy transmission line in terms of the 


line constants. What will be the expression if the transmission line is: 
(a) an open-ended line? 

(b) a short-ended line? 

(c) an infinite line? 
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9. 


10. 


11. 
12. 


13. 


*14. 


*15. 


*16. 


17. 


18. 


19. 
20. 


21. 


22. 


23. 


24. 


25. 


Deduce an expression for the input impedance of an infinite lossy transmission line in terms of 

the line constants. What will be the input impedance if the line is a lossless one? 

(a) Discuss the different losses associated with high-frequency transmission lines. 

(b) Derive expressions for the input impedance of a lossless line of length / when the load 
terminals are (1) short-circuited, and (ii) open-circuited. 

Bring out the differences between lossless and low-loss transmission lines. 

Prove that the input impedance of a lossless radio frequency line of length / of characteristic 

impedance Z, and terminated in an impedance Z; is given by, 


Z; + jZ, tan BI 


Zin = Zo Zo+ jZ; tan BI 


where, is the phase constant of the line. 

(a) Derive the expression of input impedance, Z, of a lossless transmission line in terms of 
relevant parameters, when the line is terminated in a load impedance, Z;. 

(b) Give a neat sketch of variation of Z, as a function of electrical length of the line, when the 
line is terminated in a 

(i) short circuit and 

(ii) open circuit. 

Discuss the significance of the plots. 


Show that for a lossless transmission line the impedance of a line repeats over every 4 distance. 


Show that a short-circuited lossless transmission line can offer reactances of any value by simply 
changing the length of the line. 


Show that an open-circuited transmission line with length less than 4 is capacitive. 


Sketch the input impedance offered by short-circuited and open-circuited transmission lines. 
Derive the expressions used. 
(a) Mention the conditions under which a travelling wave and a standing wave form in a 

transmission line. 
(b) Define, in relation to travelling waves in a transmission line, the followings: 

(i) Reflection co-efficient, 

(ii) Transmission co-efficient, and 

(iii) Standing wave ratio (SWR). 
What is Smith chart? Explain the characteristics of Smith chart. 
Explain the formation of standing wave pattern on transmission line. Deduce the relation between 
the reflection coefficient and VSWR. 
Derive an expression for reflection co-efficient of a transmission line. Prove there is no reflection 
if line is terminated in its characteristic impedance. 
Discuss the principle of any one method for matching a transmission line with characteristic 
impedance z, to a load z;. 
Explain what you understand by the term ‘quarter-wave transformer’. Write one application of 
such a transformer. 
Show how a uniform transmission line can be used as an impedance transformer and explain how 
this property can be made use of in impedance matching. 
Explain the principle of single stub-matching deriving expressions for stub length and stub 
location. 
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10. 


11. 


12. 


Multiple Choice Questions 


. Ina transmission line, electric energy is transported by: 


(a) the flowing electrons (b) the flowing electrons and holes 
(c) the associated electric and magnetic field (d) none of the above. 


. Ina transmission line, the distance between adjacent maxima and minima of a standing wave is 
(a) 1/8 (b) A/4 (©) A/2 (d) À. 
. A transmission line is called a distortionless line, when 
R_G R C L R 
(a) x5 (b) c T (c) RG (d) Gute 
. A transmission line is said to be distortionless if: 
a) -C by Es (c) RG - LC (d) R - 0. 
G L G C 


. A transmission line has R, L, G and C distributed parameters per unit length of the line. yis the 


propagation constant of the lines. Which expression gives the characteristic impedance of the line? 


a Y p Xt Jol e G+ joC d G+ joC 
(a) aL (b) A (c) zr n (d) Re jol 


. At low frequencies, the characteristic impedance of a transmission line is given as, 


R G L C 
(a) {2 (b) uS © (E (d) "IS 


. At high frequencies, the characteristic impedance of a transmission line is given as, 


R G L C 
(a) e (b) E © e (d) E 


. Consider the following statements: 


The characteristic impedance of a transmission line can increase with the increase in 
1. resistance per unit length 
2. conductance per unit length 
3. capacitance per unit length 
4. inductance per unit length 
Which of these statements are correct? 
(a) 1 and 2 (b) 2 and 3 (c) 1 and4 (d) 3 and 4 


. SWR of a transmission line is measured by 


(a) reflectometer (b) voltmeter (c) ammeter (d) power meter 

When the load impedance is equal to the characteristic impedance of the transmission lines, then 
the reflection coefficient and standing wave ratio are respectively 

(a) 0 and 0 (b) 1 and 0 (c) O and 1 (d) 1 and 1. 


A transmission line of length 4 shorted at the far end behaves like 


(a) series resonant circuit (b) parallel resonant circuit 

(c) pure inductor (d) pure capacitor 

The SWR on a lossless transmission line of characteristic impedance 100 ohm is 3. The line is 
terminated by 

(a) aresistance of 300 ohm (b) a reactance of j300 ohm. 

(c) aresistance of 100/3 ohm (d) a reactance of j100/3 ohm. 
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13. A transmission line is terminated by a pure capacitor. The VSWR in the line is 





(a) 1 (b) infinity 
(c) 0 (d) depends on the value of capacitor. 
14. Ifthe reflection coefficient of a transmission line is (0.5 + /0.5) for a given load, VSWR will be 
(a) 1 (b) œ (c) 2 (d) —ee. 
Answers 


1l. (c) 2b) 3.(a 46)  5(b 64 7.() 8 (o 
9. (a) 10. (c) 1L. (à 12. (à 13. (b) 14. (b) 








WAVEGUIDES 


Learning Objectives 





This chapter deals with the following topics: 


W Concepts of waveguides 


m Analysis of three types of waveguides: 


Parallel-plane waveguide, 
Rectangular waveguide, and 


Circular waveguide 


W Power transmission,losses and attenuation in different waveguides 





7.1 INTRODUCTION 


A waveguide is a hollow conducting pipe, of uniform cross-section, used to transport high frequency 
electromagnetic waves (generally, in the microwave band) from one point to another. 


Classification of Waveguides Waveguides can be generally classified as 


1. Metal waveguides These waveguides normally take the form of an enclosed conducting metal 


pipe. The waves propagating inside the metal waveguide may be characterised by reflections 
from the conducting walls. 


2. Dielectric waveguides These waveguides consist of dielectrics only and employ reflections from 


dielectric interfaces to propagate the electromagnetic wave along the waveguide. 


Advantages of waveguide over conventional transmission lines 


1. 


2. 
3. 
4. 


Waveguides are simple and rigid. Uniform cross-section of a guide can be obtained much easily 
compared to uniform spacing between the conductors. 

There are no radiation losses as the field is confined within the guide. 

There is no dielectric loss due to absence of any inner conductor. 

Ohmic power losses are also reduced in waveguides as compared to conventional transmission 
lines due to greater current carrying over waveguide walls and absence of an inner conductor 
with less diameter and higher current density. 


Modes of Wave Propagation When an electromagnetic wave propagates through a hollow 
tube, only one of the fields, either electric or magnetic field, will actually be transverse (perpendicular) 
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Magnetic 























b^. Electric propagation 
TE mode field TM mode 


Fig. 7.1 Waveguides TE and TM modes 


to the direction of wave propagation. The other field will ‘loop’ longitudinally to the direction of 
propagation, but still be perpendicular to the other field. Whichever field remains transverse to the 
direction of travel determines whether the wave propagates in TE mode (Transverse Electric) or TM 
(Transverse Magnetic) mode as shown in Fig. 7.1. It is observed that the electric flux lines appear with 
beginning and end points, whereas, the magnetic flux lines appear as continuous loops. 


7.2 PARALLEL PLANES WAVEGUIDES BETWEEN TWO 
INFINITE PARALLEL CONDUCTING PLANES 


Definition A parallel-plane wave guide is a waveguide formed by two infinite parallel perfectly 
conducting planes. 


Derivation of Field Equations for Parallel-Plane Waveguide We consider two parallel 
perfectly conducting infinite planes separated by a distance d, as shown in Fig. 7.2. 


x 
A 














"n 








e—a 





y 


Fig. 7.2 Wave between two infinite parallel conducting planes 
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In order to determine the electromagnetic field configurations between the planes, Maxwell’s equations 
are solved subject to the following two boundary conditions: 


Boundary conditions: 
1. Since the planes are assumed to be perfectly conducting, the tangential components of the electric 
field must be zero. 
E,-0 
2. Since the planes are assumed to be perfectly conducting, the normal components of the magnetic 
field must be zero. 


H,-0 

By Maxwell’s equations for harmonically varying fields, 

VxE=-u% =- jit (7.1) 
and 

Vx H=(o+ jo£)E (7.2) 
By wave equations, 

WE=a VE (7.3) 
and 

V?H -yH (7.4) 


where, y? - (joou — a?) ug) 


For non-conducting region between the planes (o = 0), these equations reduce to, 


VxE-- jouH (7.5) 
Vx H = jweE (7.6) 
V?E--—o)ueE (7.7) 
ae 
V^H -—o^ueH (7.8) 


From Eq. (7.5), 


D) 
4 


by 


Li 


ge 
ze ge a 
N 


Equating both sides, 





dE 
E I. jouH, (7.92) 
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OE, OE, 
| Oz dx =- jout, 
9E, QE 
GR i ay | rH 
From Eq. (7.6) in the same way, we get 
oH, oH, 
| Tr )- JOs; 
oH, oH, 
oz ox) 7 OEE, 
9H, ƏH 
| ag a -)- jock, 


Similarly, from Eqs. (7.7) and (7.8), we get 
25 YF mpg 
OE x: OE OE 


+ =-@7UeE 








o? dy? az? 
and 

oH à oH i oH 

o dy? o 





--o)ueH 


(7.9b) 


(7.9c) 


(7.102) 


(7.10b) 


(7.10c) 


(7.112) 


(7.11b) 


We assume that the wave is propagating in the positive z-direction so that the variations of the field 
components w. r. t. z is expressed as e "^, where, yis a complex propagation constant (y = a+ jp). 


Therefore, the field equations can be expressed as 











E, F Ee” 
E,= Epe” 
E, = Egg t^ 
H, IT He 
H,- H pe” 
H, = Ae 
OE, OE 
M EN Xx 2 
S yE, and a yE 
9H, 9H, 
ar =-yH, and 55 -—yH 
OE PE 


y 





Oz 


ae gd X n2 
ae eae A E, and 3 =y E, PER 


(7.12) 


(7.13) 
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Also, as the planes are infinitely extended in the y-direction, there is no boundary condition in this 
direction and the fields in that direction can be assumed to be uniform or constant. This means that all 
derivatives w. r. t. y are zero. However, the planes are finite in the x-direction and thus, there are certain 
boundary conditions in that direction. 




















9E, OE, OH, OH, 
oj ay dy dy 0 (7.14) 

2E 9H 
and dm =0 au =0 
Hence, from Eq. (7.9), 

yE,— — jour, (7.152) 

yE, +- joun, (7.15b) 

dE, 

A =— jouH, (7.15c) 
From Eq. (7.10), 

yH,- joek,, (7.162) 

-yH,- on 2 = joeE, (7.16b) 

oH, 

3l JeeE, (7.16c) 
From Eq. (7.11), 
2n = = 
P y!lE--o)ugE (7.172) 
2g B = 
ce +H - -o? ueH (7.17b) 
X 
From Eq. (7.16a), H,= DE, 
Putting this in Eq. (7.155), 
QE, . jØ 
YE, + 545 jou E, 
2 
oue) 3E, 

i 5 E t y ) ~ 0x 











d P | y \e- y 9E, 
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where /? = (Y + œ ue). 


y 9E, 
E,-—1 (7.18) 





Similarly, from Eq. (7.15a) and Eq. (7.165), we get 








oH B jou 
yH, as = juve, = joe( - y Ja, 
M E o^ ue 9H 
t y ox 
oH 
Hee x (7.19) 





| Lo e net 











1 y-mr dH, -œ ue OH, Lc p2 2 2 
| Der (sh = + @7 ue} 


or = ad 








bs (7.20) 


Finally, from Eqs (7.155) and Eq. (7.18), we get 








VOR, ORS 5 
r( L| Qe uw M 








W’-y? \dE, . 
or | a m = jouH , 


or 








1 (h’-y? \dE, oue 9E, ^ joe OE, 
n? ox jouk? ox h2 ox 











iin CAE dx (7.21) 
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Equations (7.18) to (7.21) express the components of the electric and magnetic fields E and H in 
terms of E, and H,, i.e., the component of the fields in the direction of wave propagation. 

It is observed that there must be a z-component of the field either E or H ; otherwise, all the 
components of E and H would be zero and there would be no fields in the region considered. In 
general, both E, and H, are present. 

Depending upon the presence of the components of E and H, the waves within the parallel planes are 
classified into three categories as 


1. Transverse Electric Waves or TE-Waves or H-Waves, 
2. Transverse Magnetic Waves or TM-Waves or E-Waves, and 
3. Transverse Electromagnetic Waves or TEM-Waves 


7.2.1 Field Equations for Transverse Electric (TE) 
Mode in Parallel-Plane Waveguide 


In this case, there is a component of H in the direction of wave propagation, but no component of E is 
present in that direction. In other words, the electric field E lies in a plane transverse or perpendicular 
to the direction of wave propagation and the component of the magnetic field lies along the direction 
of wave propagation. 

This implies that 


E,=0 and H,#0 


Substituting these conditions in Eqs. (7.18) and (7.21), we get 








LE, _ 
f= pmo 
and 
.. Joe ok, — 
yo h2 Ox ~ 


Thus, we get E, = 0, H, = 0; but in general, other components £, H,, and H, will be present. 
From Eq. (7.17), the wave equation can be written in its component form as 





2 
: S ey! E, - o" ueE, (een) 
X 
^E 
Y xt E 
3d *y'E,--o"ueE, (7.22b) 
3E, 2 2 
E +y’ E, --o)u£E, (7.22c) 
X 
Similarly, 
oH 
X+y°H,=-@peH, (7.23a) 
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oH Vg 572 2 
3d Ty'Hj-O"usH, (7.23b) 
x 
3H, 2 2 
3d tY'H,--otugH, (7.23c) 
x 
From Eq. (7.225), we get 
3E 
TA =-(y%°+@°ue)E, =- E, (1.24) 
9E, OE OE, OE 
Now, since E, — Epe”, En P dE et^, 3 > = 5 22 ev? 
From Eq. (7.24), a s 
2 
Ep -yz -RE o€ yz 
x 
3E 
or : 2 -RE (7.25) 
x 
Solution of Eq. (7.25) yields 
E, = A, sin hx + A, cos hx 
Incorporating the z variation, we have 
(7.26) 


E, = (4; sin hx + A, cos hx)e!” 


where A, and A, are arbitrary constants. 
Applying the boundary conditions for the parallel plane guide, that the tangential component of E 
is zero at the surface of the conductor for all values of z and time, we get 


E,=Oat  x-0 
E,=Oat  x-d 


0=(A, sin h0 + A, cos ^0)e 7 


& E, = A, sin Axe * 

Applying the second boundary condition, 
A, sin hde ? 20 
sin hd = 0 


hd — nz NEE it2;5:3,. 





PRIUS (7.27) 
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Since for n = 0, all the field components become zero and there is no propagation of wave, we exclude 
zero value, i.e., n + 0. 





E,- A sin (nr. eT (7.28) 


The other components H, and H, are obtained as follows. 
From Eqs. (7.19) and (7.20), 












































__ 7 9H, _ joe 0H. 
H, — 23 d E= 32-8 
Combining these two equations, we get 
= Y Le JUR -yz 
H, jou E, jou A sin[ d xJe 
H,-- m A, sin (m Jen (7.29) 
dE, 
Also, T =A, - cos (m yer 
From Eq. (7.15c), 
S 1 9E, P n (z | -yz 
» jau ox jaud A, cos ut 
H,- TE cos [nr er (7.30) 











Therefore, we can summarise the components of the electric and magnetic fields for TE waves as 
follows. 

















E,=0 

E,= Asin (22x) e 

E,=0 

H,=-—— Asin (nr yet (7.31) 
H,-0 

H,-- ond | COS (nz corr 





NOTE 
The value of n specifies a particular field configuration or mode. The wave associated with integer n 
is designated as TE, mode or TE, wave. The smallest value of n is unity (n = 1) and the lowest order 
mode is TE}. 
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In Eq. (7.31), the propagation constant, y= (œ + jp) is a complex quantity. For the wave propagation 
between two perfectly conducting planes, yis either purely real or purely imaginary, depending upon 
the frequencies of the wave. For a real value of y, i.e., y= a, or D = 0, there is no phase shift, but the 
wave is attenuated and there 1s no wave propagation. However, in the range of frequencies in which the 
wave propagation will occur and there will be no attenuation, the propagation constant y will be purely 
imaginary, i.e., y= jp and a= 0. Under this condition, the field equations of Eq. (7.31) is written as 








E,-0 

E,= Asin (Zx) 

E,=0 

H,-——— Asin (Zx) 
H,-0 

H,- nul | cos (Zx) 








(7.32) 


A sketch of these field distributions at some particular instant of time is shown in Fig. 7.3 for TE, 


mode. 
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Fig. 7.3 (a) Electric and (b) magnetic field distributions between parallel planes for TE, mode 


7.2.2 Field Equations for Transverse Magnetic (TM) 
Mode in Parallel-Plane Waveguide 


In this case, there is a component of E in the direction of wave propagation, but no component of 


H is present in that direction. In other words, the magnetic field H lies in a plane transverse or 
perpendicular to the direction of wave propagation and the component of the electric field E lies along 


the direction of wave propagation. 
This implies that 


H,=0 and £,40 


Substituting these conditions in Eqs. (7.19) and (7.20), we get 


Lc F208, 
H= F =0 
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and 


| joe 0H, | 


y h2 Ox 





Thus, we get, H, = 0, E, = 0; but in general, other components £,, E. and H, will be present. 
From Eq. (7.17), the wave equation can be written in its component form as 

















2 
E 
2 3 y!E,--o?ueE, (7.222) 
ox 
9E, 2 2 
3d *y"EQ, -—0" HEE, (7.22b) 
OE 
zc ylE, =—@ HEE, (7.22c) 
ox 
Similarly, 
3H 
=+% H, =-0° UEH, (7.23a) 
ox 
oH ay 2 
UAE H,=-@ HEH , (7.23b) 
oH 
= +H, =-o HEH, (7.23c) 
ox 
From Eq. (7.235), we get 
oH, 
x2 -(y’+ @*pe)H, =-17H, (7.33) 
In a similar way as for TE waves, the solution of this equation can be written as 
H= (4 sin hx + A, cos hx)e * (7.34) 


where A, and A, are arbitrary constants. 

In this case, the boundary conditions cannot be applied directly to H, to evaluate the constants 4, 
and A, because, in general, the tangential component of H is not zero at the surface of the conductor. 
However, the expression for E, can be obtained in terms of H, and then the boundary conditions can 
be applied to E,,. 

Using Eq. (7.16c), 

1 9H, 


h ; -— 
E,- Te dc VUE (4 cos hx — A, sin Ax)e 





Applying the boundary conditions, 
E,-0 at x=0 


h -yz 
mpe a y > A= 0 
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E,-0 at x=d 


ae A, sin hd)e-* = 0 


> sin hd=0 

=> hd=nnt 
LAT 

> h= d 


where n is an integer. 








E,=- p A, sin (z jer (7.35) 











The other components £, and H, are obtained as follows. 
From Eq. (7.16c), 








H, E 
em = JWEL, 
H,= joe) E dx = joe|- RT sin (22x) e Vdx=hA 2 cos (Z) prit 
y z joe * d ^ ng d 
= Body J. — E 
= 4; cos (22 x}e [n z| 
H,,= 4 cos (=| eT (7.36) 











From Eq. (7.16a), 


_ X LUE nn | -yz 
E,- son, = 4,005 (Je Y 





"Nd nn -yz 
E.— Fae A, cos | a Je (7.37) 











Therefore, we can summarise the components of the electric and magnetic fields for TM waves as 
follows. 





* (€ d 
E,=0 
2 n sin [nt sr 
7 J (7.38) 
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NOTE 


As in TE waves, the value of n specifies a particular field configuration or mode. The wave associated 
with integer n is designated as TM, mode or TM, wave. Unlike TW waves, there is a possibility of n 
being zero, as for n = 0, some field components (E, and Hy) still exist. Hence, the smallest value of n 
is zero (n = 0) and the lowest order mode is TMo. 


Similar to TE waves, for TM waves too, in the range of frequencies in which the wave propagation 
occurs, the propagation constant is purely imaginary, i.e., y=, and thus, the field equations of Eq. 


(7.38) can be written as 








nt | iz 
H „= A, cos (nt Je iB 
H,=0 








(7.39) 


A sketch of these field distributions at some particular instant of time is shown in Fig. 7.4 for TM, 


mode. 
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Fig. 7.4 (a) Electric and (b) magnetic field distributions between parallel planes for TM, mode 


7.2.3 Characteristics of TE and TM Waves in 


Parallel-Plane Waveguide 


From the summary of the different field components for TE and TM waves, it is seen that for each of 
the components of E or H , there is a sinusoidal or cosinusoidal standing-wave distribution across 
the guide in the x-direction. This means that each of these components varies in magnitude, but not in 
phase, in the x-direction. In the y-direction, by assumption, there is no variation of either magnitude or 
phase of any of the field components. 

Thus, any xy-plane is an equiphase plane for each of the field components. These equiphase surfaces 


propagate along the guide in the z-direction. 


| 582 Electromagnetic Field Theory 





We find the following quantities for the TE and TM mode waves for parallel plane waveguide. 


1. Propagation Constant (y), 

2. Cut-off Frequency (f.) and Cut-off Wavelength (A,), 
3. Guide Wavelength (A), 

4. Velocities of Wave Propagation, and 

5. Wave Impedance (n). 





1. Propagation Constant (y): 
2 
We have, h’=y?+ 7 pe = (27) 
2 
ys ("| - o? ue (7.40) 











The value of y = (œ + jB) depends on the value of the frequency of the wave and the medium through 
which the wave is propagating. 

2. Cut-off Frequency (f.) and Cut-off Wavelength (1,): 

From Eq. (7.31), three conditions can be derived. 


(a) When the term under radical is zero: 


2 
(“| —oc)ue  atany frequency w= a, 








d 
or C0, = l 
zahod] 
i= 2d ue (7.41) 











This frequency is known as the cut-off frequency or critical frequency. 

At this frequency, the wave starts travelling along the guide or the attenuation condition changes. 
This is observed that for each value of n, there is a corresponding cut-off frequency. 
(b) When the frequency is below the cut-off frequency, f < f.: 
The propagation constant y is real, i.e., y = œ, B=0. 
The field amplitudes will decrease very rapidly with distance z according to the exponential decay e ^ 
even though the phase angle will remain constant. 
(c) When the frequency is above the cut-off frequency, f > f.: 
Here, the propagation constant will be imaginary, i.e., y = jB, æ = 0. This implies that the wave 
propagates without any attenuation. However, in a practical situation, owing to the finite conductivity 
of the planes, some attenuation is present at frequencies above the cut-off frequency. 

Now, from Eqs. (7.40) and (7.41), 


2 (mm) -o p-m |, e"ued^ wx |, Qnfyued' nn 
y= d He. d mz? d nen? d 
f? 











2d} ue 
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yale ys Ze. (7.42) 











For f> f., y=/B and using Eq. (7.42), we have 


2 
B=,| ope bay = a (7.43) 


























nun f nuo n o . 
For f> f, B df, do, dn | @ UE 
B=, ue (7.44) 





Thus, from Eqs. (7.41) to (7.44), it is seen that the phase constant varies from zero to @4/ ue as the 
frequency approaches infinity. 

Also, corresponding to the critical frequency (f), there is a critical wavelength or cut-off wavelength 
(À,) defined as that wavelength above which the wave will not be propagated through the region 
between the parallel planes. It is given as 


Ac Ro M He _2d 
c n n 
EE 
where v,— l is the phase velocity in an unbounded medium 
af UE 


id 


^ n 





(7.45) 


Equation (7.45) gives the relation between the plane separation distance and the critical wavelength 


( d- me) Thus, critical wavelength is determined by the spacing between the planes as that at which 


the distance between the planes is exactly times half wavelength. 

Waves having wavelengths greater than the critical wavelength are attenuated and the waves with 
smaller wavelengths are propagated without losses. 

The largest value of the critical wavelength is 


Ama = 2d with n=1 
This means that the largest free-space wavelength a signal may have and still be capable of propagating 
through parallel plane guide is just less than twice the plane separation. When n = 1, the signal is said 
to be propagated in the dominant mode, which yields the longest cut-off wavelength. 
3. Guide Wavelength (A,): 
This is the distance required to produce a phase sift of 360° or 27 radian within the guide. 


Ave 9 (in metre) (7.46) 


| 584 Electromagnetic Field Theory 





From Eq. (7.43), 



























































1 
(22/@) —— 
Aes 27 = 27 = 4 HE 
i nry nn \ nt) 1 
ac a ae) ale ae ae 
d d d 
Q4 Wes) l- o? ie ; HE 
HE o 
yf 
= P z {. @= 27 f} 
"s 
\ 2d f uE 
À 1 
= 'y,2— and v,=fa 
- (28) | ” Jue i | 
\ 2d 
zA =o A => 2 : fi- v, = fA = constant, fei 
1 O: 1 fe 1-4% 
o? f A 
A- A = A A A 
d 2 2 2 2 
i- [2] a i pedes oue 
2d o? f? A2 
From Eq. (7.47), we can also show that 
E SRI hog, UE) 
Y AS A2 











(7.47) 


(7.48) 


From Eq. (7.47), the equation of the critical wavelength can also be derived. As per the definition of 
critical wavelength as that wavelength which is unable to propagate in the waveguide, we derive that 
value of A from Eq. (7.47) for which A, becomes infinite. 





2 
n io E 
1- ( 2d ) =0 > 
This is identical with the result obtained in Eq. (7.45). 
4. Velocities of Wave Propagation: 
We define two types of velocities: 


(a) Phase Velocity, v, and 
(b) Group Velocity, Ve 


ee" 


n 


(a) Phase Velocity, v,: The phase velocity is defined as the velocity at which a point of constant phase 
moves. It is actually the velocity with which the wave travels within the guide. 


For parallel-plane waveguide, it is given as 


_@ [o) 
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where, vj = = is the velocity of the wave in an unbounded medium. 
id v v 
0 0 
= x (7.49) 




















(b) Group Velocity, v,: The group velocity (or energy velocity) is the velocity with which the energy is 


transported down the length of the waveguide. 
For parallel-plane waveguide, it is given as 
































_ do Y) 
Vg dB ^ v, (7.50) 
2 
T 
Now, p= I 
; j -1/2 
dB 1 dlan |f =z 54 (4 ] M n 
do 2ndf | d 2 ~ 2n d 2\ f2 27 2 
fe f fe 2df. 4 
Substituting this value in Eq. (7.50), 
UL. 1 1 DU oo c E E n | 
v 1 Vo, 1- “f= V 
& dB dB/do n n f f 2d 
2 2 
vM ILE 7E (7.51) 





NOTE 
From Eqs. (7.49) and (7.51), it is seen that 


i.e., Vo is the geometric mean of Vp and Vg- 


5. Wave Impedance (n): 
From Eqs. (7.28) and (7.29), the intrinsic impedance of TE or TM wave is obtained as 


E 
" [Substituting the value of y from Eq. (7.40)] 


jou jou 








Nre = "lr 
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u/e No 


2 2 
pt qs 

















_ NHME on 
7 Ps y. 
1-= 1-= 

l f ! f£ 


where To= y Mo/€o is the intrinsic impedance of free space. 








(7.52) 

















7.2.4 Transverse Electromagnetic (TEM) Mode 


A transverse electromagnetic (TEM) wave is a special type of wave in which there are no components 
of electric and magnetic field in the direction of wave propagation. This type of wave is entirely 
transverse. 

We have seen in earlier section that the lowest order mode was 


n=1,i.e., TE, mode for TE wave 
n=0, i.e., TM, mode for TM wave 


This special case with n = 0 in TM wave is known as transverse electromagnetic wave or TEM wave. 
Although this is a special case of guided wave propagation, this is extremely important one, because, 

this is the most common type of wave propagation along all ordinary two-conductor transmission lines 

when operating in their customary (low-frequency) manner. For this reason, this wave is also known 

as the principal waves. 

For n = 0, the field components are obtained from the results of TM wave as 


E = y As e717 
* joe 
E,-0 
= > ] (7.53) 
H, = Ae” 
H,=0 


Equation (7.53) also reveals that for TEM waves between the parallel planes, the fields are not only 
entirely transverse but they are constant in amplitude across a cross section normal to the direction of 
wave propagation and their ratio is also constant. 

Characteristics of TEM Waves: 

We determine the following for TEM waves: 


1. Propagation constant (7), 

2. Intrinsic impedance (n), 

3. Cut-off wavelength (A,), and 
4. Velocity of wave propagation. 
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1. Propagation constant (7): 
When n = 0, the propagation constant for TEM wave is given as 


2 
nm g ] 
d ei - oue = 40— oue = jo. ue = jop 


y = jæ ue = jop (7.54) 














where B=, LE , i.e., the value of f) corresponds to that of free space. 
Equation (7.54) implies that the attenuation constant for TEM wave is zero, o = 0 and the TEM wave 
propagates without attenuation between the two perfectly conducting planes for all frequencies above 
Zero. 

Substituting the value of y from Eq. (7.54) in Eq. (7.53), we have 


Es [£e (7.552) 


H,- Aye )P (7.55b) 


2. Intrinsic impedance (n): 
This is denoted by 77,,,and is given as 














NTEM H, eT jBz È 
Trem = E (Q) (7.56a) 











This is identical with the intrinsic impedance of uniform plane wave propagating through a perfect 
dielectric medium. For free space, this is given as 





Treu = = =1207 =377 (7.56b) 











3. Cut-off frequency (f.) and cut-off wavelength (A,): 
From Eq. (7.37) for n = 0, the cut-off frequency is 


f.=9 or A=% 


This implies that for transverse electromagnetic waves, all frequencies down to zero can propagate 
through parallel plane guide. 

4. Velocity of wave propagation: 

From Eq. (7.45) with zero cut-off frequency, the velocity of wave propagation for TEM wave is given 
as 


=v) =3 X 10 m/s 





| 588 Electromagnetic Field Theory 





This means that unlike TE and TM wave, the velocity of TEM wave is independent of frequency and 
has the free space value. However, this is true only when the planes are perfectly conducting and the 
space between them is a vacuum. The effect of finite conductivity for the conducting planes is to reduce 
Yo 

2 


292 


the velocity by a small amount | v = 
80 


as explained in Section 5.7 in Chapter 5. 


A sketch of the field distributions for TEM waves at some particular instant of time is shown in Fig. 7.5. 


x 












































i —> electric field A —> electric field 
-> magnetic field * or + magnetic field 
+| 
Tx e| | °| o ++ 
ele + 
dii el. e |+ H+ 
CE e Ha 
— e e 
»y > Z 


Fig. 7.5 Electric and magnetic fields between parallel planes for TEM waves 


7.2.5 Manner of Wave Travel for TE and TM Modes 


The velocity of propagation for a TEM wave (plane wave or transmission line wave) is referred to as 
the phase velocity. The phase velocity of a TEM wave is equal to the velocity of energy transport. The 
phase velocity of a TEM wave travelling in a lossless medium is given by 


| 1 
Vo = ue 


The phase velocity of TE or TM mode in a waveguide is defined in the same manner as that of a TEM 
wave. However, the waveguide phase velocity is not equal to the velocity of energy transport along the 
waveguide. The velocity at which energy is transported down the length of the waveguide is defined 
as the group velocity. 

The differences between the waveguide phase velocity and group velocity can be illustrated using 
the field equations of the TE or TM rectangular waveguide modes. It can be shown that the field 
components of general TE and TM waveguide modes can be written as sums and differences of TEM 
waves. 

We consider the field equations of a general TE wave in parallel plane guide. 


E,= A sin (Exeo 
H,- EE sin [27 ocio 
eu d 


Hs mad cos (Z s ocium 


where, the term e/^' has been included to take into account the time variations. 
Taking the real term of the first equation, we get 
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E, = Asin (tt xoci cos wt 


T. BED nu ; nu 
Or E,=54e JB sin [ors 2x) sin (ar-a) (7.57) 


Similarly, taking the real terms of the other two equations, we get 


H= zb. sin (Zx) cos wt 
eu d 
CL PA |e IB? gi 
H, oud A cos| d Je sin ct 
Using the trigonometric formula, 


sin Acos B= S[sin (A+ B) sin (A— B)] 


cos Asin B= S[sin (4+ B) - sin (4— B)] 


The magnetic field components can be written as 








p Lane [es | na | nī | 

=- z 7.58 

H, 2ay Ae sin | Ot + A x|— sin | wr d x ( a) 
= -jBz|gi A i | _ ne | 

H, - Fa 4 ‘sin [ors d x|-4 sin | ot d x (7.58b) 


If the directions of the field components are indicated by unit vectors a, in the x direction and a, in 
the z direction, the total magnetic field can be written as 


H = H,4,+H,4, 


= <B pei P [ox +7 x] sin (or Lt Jj a, 
20 d 








Age JF sin [ox + m +sin [or e n a, 


E d d 


== Ae rl Doo (6a, +a, sin (or +22 x) - (pa, - 27 - a. si on - 4] (7.59) 


The two terms in the TE field equation above represent TEM waves moving in the directions shown in 
Fig. 7.6(a). 

Equations Eq. (7.57) and Eq. (7.59) show that the wave propagation is the resultant of two TEM 
waves at an angle in the region between the planes. Thus, the TE wave in the rectangular waveguide can 
be represented as the superposition of two TEM waves reflecting from the upper and lower waveguide 
walls as they travel down the waveguide as represented in Fig. 7.6(b). 


D Bd 


nnuld nm 





From Fig. (7.6), we have, tan 0 = 
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Al Np -0 





(a) (b) 


Fig. 7.6 (a) Field components contributing to wave propagation and (b) Path of waves between parallel planes 








Replacing the value of f from Eq. (7.43) we get, tan 0 = 2 x E f 1= Ub 1 
p g q. 3 get ^ na d f = f 





tang | -1 (7.60) 











Although the above discussion pertains to TE mode, in general, it can be generalized to both TE and 
TM modes. 

As the frequency is reduced and approach the critical frequency, tan 0 and hence 0 approaches zero. 
At 0 — 0, there is no transmission in the z direction since f = 0 and the waves simply bounce back and 
forth between the upper and lower planes. For frequencies much larger than the critical frequency, the 
angle of incidence 0 becomes large and the wave propagates between the guiding planes by succession 
of glancing reflections. 

For the general TE,,, of TM,,,, waves, the phase velocity of the TEM component is given by 








(a) iz f 
f Vo 
The waveguide phase velocity represents the speed at which EN 
points of constant phase of the component TEM waves travel down Hs 
the waveguide. ES 
The waveguide phase velocity is larger than the TEM wave phase 0 un 
velocity given that the square root in the denominator of the > > 
waveguide phase velocity equation is less than unity. The relationship Vg Vp 
between the waveguide phase velocity, waveguide group velocity, Fig.7.7 Relationship between 
and the TEM component wave velocity is shown in Fig. 7.7. phase and group 


velocity 
Vo = v, cos 0 





2 
cos 9 - 20. = 1- Je 
Yp f 
2 
Also, Vg = Vo COS 0 = vo 1- 
Vf 
VY =V 
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The waveguide group velocity (the velocity of energy transport) is always smaller than the TEM wave 
phase velocity given the square root term in the numerator of the group velocity equation. 


Example 7.1 Determine the maximum number of half cycles of electric field with which it 
may propagate in a waveguide with wall separation of 5 cm at a frequency of 10 GHz. Calculate the 
guide wavelength for this mode of propagation. 


Solution Here, we have to find the largest value of n for which the cut-off wavelength is greater 
than the free space cut-off wavelength. 

















Free space wavelength, A) =< = SAU 0.03 m 23cm 

f 10x10? 
For n = 1, cut-off wavelength, 4. = ža 22 x = 10cm>A, 
For n = 2, cut-off wavelength, A. = a z: ; a 5cm» Ay 
For n = 3, cut-off wavelength, 4.3 = » m : 3 3.33 cm > Ay 
For n = 4, cut-off wavelength, A.4= x a2 i ae 2.5cm < Ay 


Hence, the maximum value of n is, n = 3 
Guide wavelength for n = 3, is 


Ao 3 


A,3= = = 6.88 cm 
9 a  Y1-G/3.33" 











Example 7.2 A parallel plane waveguide consists of two shells of good conductors separated 
by 10 cm. Find the propagation constant at frequencies 100 MHz and 10 GHz when operated in TE, 
mode. Does the wave propagate in each case? 


Solution Here, a= 10 cm = 0.1 m, For TE, mode, n = 1 
Hence, the propagation constant is given as 


rer] ones E] ts 


2623x108 m/s 








1 


4| Ho€o 





Since, 








2 
| = 31.35 nepper per metre 


: 6 
At frequency f= 100 MHz, «e E 


a 3x 108 





2n x10 x10? 
3x 108 





7 2 
At frequency f= 10 GHz, y = je | | = j209.37 radian per metre 
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At frequency f= 100 MHz, the propagation constant is real, i.e., phase shift is zero (œ = 31.35, B= 0). 
So, wave propagation does not take place at this frequency. However, at frequency f= 10 GHz, the 
propagation constant is imaginary, i.e., (æ = 0, B = 209.37). So, wave propagation takes place at this 
frequency. 


Example 7.3 Fora parallel plane waveguide, infinite in extent and a spacing of 20 cm between 
the plates, calculate the 
(a) phase velocity for TEM mode at all wavelengths 
(b) cut-off wavelength for dominant TE mode 
(c) phase velocity for dominant mode at 80% of cut-off wavelength 
(d) reflection angle for the above frequency of operation. 


Solution Here, d - 20 cm 
1 | 1] 
NI HE y MoE 
Cut-off wavelength for dominant mode is A, = 2d = 40 cm 
Phase velocity for dominant mode at 8096 of cut-off wavelength 1s given as 


Phase velocity for TEM mode is given as, v) = =3 x108 m/s 








Vo Vo Vo _ 3x 108 


p^ 7 7 2 0.6 
Ji- : m 41-08 
f 


3 2 2 
. - 95002 E (4) n | 1 13 
Reflection angle is given as, tan 0 — | | f l= y p 0.8 i 4 


0 = 36.87? 


=5 x108 m/s 

















*Example 7.4 A pair of perfectly conducting planes separated by 8 cm in air guides 5 GHz 
wave in 7M,, mode. Find 

(a) Cut-off frequency 

(b) Characteristic impedance 

(c) Phase constant 

(d) Attenuation constant 

(e) Phase velocity 

(f) Group velocity 

(g) Guide wavelength. 


Solution Here, d= 8 cm, f= 5 GHz 
n _1x3x108 


= = 1.875 GHz 
2d Up€o 2x 0.08 





(a) The cut-off frequency, f, = 


No E 1207 


A e 








(b) Characteristic impedance, 7] = = 349.48 Q 
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(c 


æ 


Phase constant, B = a ERAI " T = j = 97.08 rad/m 


(d) Since the guide is A J the cut-off frequency, the attenuation constant is zero, i.e., œ 
=0. 








8 
(e) Phase velocity, v, = = = 3.236 x 108 m/s 


2, 2 
(f Group velocity, s-wi-[4) =3x108% i- [H5] = 2.781 x 108 m/s 


2x 


B gg 0.0647 m= 6.47 cm 


(g) Guide wavelength, = 


*Example 7.5 A parallel plane waveguide consists of two parallel perfectly conducting infinite 
planes separated by 10 cm. Determine the propagating 7E, modes for an electromagnetic wave of 5000 
MHz assuming free space between the planes. For the propagating modes, find the following: 

(a) cut-off frequency, 

(b) guide wavelength, 

(c) phase and group velocities, 

(d) Intrinsic impedance. 


Solution Here,a=10cm 











Hence, the cut-off wavelength is A,= x - 2 cm 
3x10 

Also, Am m = 0.06 m = 6 cm 

V Vf 5x10 
Forn=1, A=? em= 20 cm > Ay 
For n= 2, Agg= 5) em 210 cm » Ay 

E 20 
For n = 3, A.3= em- 6.67 cm » A, 
For n — 4, A, 7) em =5.0m < Ay 
Therefore, the propagating modes are: TE;, TE, and TE;. 
For TE, Mode: 
c _ 3x10 
Cut-off frequency, fax hs HET 1.5 GHz 
. Ao 6 

Guide wavelength, AQ = = = 6.29 cm 





TENAS — J1- (6/20)? 
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Phase velocity, 


Group velocity, 


Intrinsic impedance, 
For TE, Mode: 


Cut-off frequency, 


Guide wavelength, 


Phase velocity, 


Group velocity, 


Intrinsic impedance, 


For TE, Mode: 


Cut-off frequency, 


Guide wavelength, 


Phase velocity, 


Group velocity, 


Intrinsic impedance, 



























































8 
E Less dU. s oa 1 tae 
aan IAA — f1- (6/207 
2 842 
vg == XI.) 86x10 m/s 
và 3.15x10 
Tlo MIT 22305490 
ix 1- (agi J1 (6/20) 
foc A -3GHz 
PEN NERONE, EDS 
" AM-QGVASY 41-107 
e 3x10  — 5 75x 10 m/s 
M Heise ~ Ji—@noy 
5. 842 
vg = f= XO) . 2 Ax10 m/s 
v2 3.75x10 
max Te ATO 
J1- AG — 41- (6/10? 
jue ae 
o= Aa 00667 ^ 
"— —  — B M I 
J1-QV/ASY — 41- (6/6.67y 
8 
vy C= ST = 6.88108 mis 
ESQ) J 1-(6/6.67) 
2 842 
was c-- L 1 51x 10 m/s 
v3  6.88x10 
Tlo 377 864.88 Q 





J JAA 7 J1- (6/6.67)? 
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7.3 RECTANGULAR WAVEGUIDES 


Definition A rectangular waveguide is a hollow y 
conducting device with four sides closed and two sides 
open. 


In such a waveguide, the electric field varies with 
distance having a maximum at the centre. Magnetic field 
lines curve round and pass through the guide, tangential 
to the walls. 


Derivation of Field Equations for Rectangular a 
Waveguide In order to determine the electromagnetic - 

field configurations within a rectangular waveguide, Fig.7.8 Rectangular waveguides 
Maxwell's equations are solved subject to the appropriate 

boundary conditions at the walls of the guide. Again, assuming perfectly conducting guide walls, these 
boundary conditions are as follows. 


Boundary Conditions 
1. The tangential components of the electric field must be zero. 


E,=0 


2. The normal components of the magnetic field must be zero. 
H,-0 


For the rectangular waveguide shown in Fig. 7.8, the boundary conditions are: 
E,=E,=0 at y=Oandy=b 
E,-E,-0 at x=Oandx=a 


Assuming that the field variations in the z-direction may be expressed as e ^, where yis a complex 
propagation constant (y= œ + jp), from Eqs. (7.9) and (7.10), we have Maxwell’s equations for 
rectangular waveguides given as 











E + 23 =- jouH, (7.612) 
(v. + 8E.) = jouH, (7.61b) 
9E, dE, 
EZ = 7 )- — jou, (7.61c) 
and 
oH, : 
| By + 1H, |= joe, (7.62a) 





H 
(v Hs 2H. } =- joeE, (7.62b) 
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9H, ƏH 
(Se - D ) = joeE, (7.62c) 
Similarly, from wave equations 
V?E-y?;E-0 (7.632) 
VH+yH=0 (7.63b) 


where Y? = (0 = jwe) j@u = -a ue for non-conducting medium. 


From Eq. (7.62a), H,= 4 jone X 


Putting this in Eq. (7.615), 











QE, \_. jou oH, 
ox )= jeu, - 2 Y I jock, oy =) 








a J y +œ ue\_ jæuðH, dE, 
x y UT. gy ux 

i E || jeuoH, OE, 
Ay) y a% & 


where 7? = (Y + @ ue). 
jou 9H, y 0E, wy 9E, Pius oH, 


z k oy fe ox x “Ox — iru y 



































E,= 10: | oy (7.64) 
Similarly, from Eq. (7.61a) and Eq. (7.625), we get 
ps TYE, )- - jouH,— al jo€E, i) 
205.9 
y +o ue) E, oH, 
OF E, | y | LT oy ob JOU ox 
P dE, . OH 
or E,|—|--—— ed 
: Y dy 
_ Y 9E, 2t oH, 
E, 2 |y 3x (7.65) 











Putting this value in Eq. (7.625), 
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(- 





y 9E. 
h? oy 


ou oH, 
h? dx 





8 ) 




















Finally, from Eq. (7.62a), 


c ðH, 
* ax 


we OE, 
TP oy 








(7.66) 





1 .Qu 9H, \ OH, 





H,= (joer, 


oH, 


| 


oH, i y 9E, 
we 


h? dx 
a? UE wey OE, 


| 


y Tg oy oy 





oy 
9H. 
| oy 
| oH, 


| 


hı 


h^— oue 


| 


| ,0€y ðE, 
J he ox 





h? h2 ox | 





oy 
y 9H. 


r 1 





| 


h2 

yl) wey ðE, 
pg) ^g Ox 
œe OE, 





h? oy 


UI ox 


__ ¥ 9H, 
Y KP oy 


œe OE, 


K T ox 


(7.67) 











Equations (7.64) to (7.67) express the components of the electric and magnetic fields E and H in 
terms of E, and H,, i.e., the component of the fields in the direction of wave propagation. 


It is observed that there must 


be a z-component of the field either E or H ; otherwise, all the 


components of E and H would be zero and there would be no fields within the waveguide. 


Also from Eq. (7.63), if we let 


E z (E,, E,, E,) 


and H=(H,,H,,H,) 


then each of Eq. (7.63a) and Eq. (7.635) will consist of three scalar Helmholtz equations. This 
implies that we have to solve six scalar equations to obtain the fields E and H . For the z-component 


Eq. (7.63a) is written as 


9?^E, 
ox? 


FE, 
oy? 


FE, 
oz? 





=o" UEE, (7.68) 


| 598 Electromagnetic Field Theory 





This partial differential equation can be solved by using separation of variables method. Let 


E(x, y, 2) = X()¥(y)Z(Z) 


(7.69) 


where X(x), Y(y), Z(z) are functions of x, y and z respectively. Substituting this in Eq. (7.68), we get 





2 2 2 
yz2 A” ae ag Z = oue XYZ 
ox oy oz 
18X 18Y 1əZ_ və 
or + = Ø UE 





Xa? Yə? Z dz’ 


Since the solution of the three terms in Eq. (7.70) is constant, each term should be constant. 


Lox. gp jose gp Lo. 





Xa V Yg ” gar 
PX e KIX -0 
P + KY =0 
97 + KIZ=0 


Hence, from Eq. (7.70) and Eq. (7.71), 


(K+ K?* K2)- o pe 


(7.70) 


(7.71) 


(7.722) 


(772b) 


(7.72€) 


(7.73) 


When the wave is propagating in the positive z-direction, the z-variation can be expressed as e ^^, so 


that 
Z 2 
[rd 
a 
and hence, iE: 


From Eq. (7.73), 


Ki-Ki-o)ugcy!-W 


2:472 2 ILES 2 
h'-y'reo'ug-KrtK; 





So, Eq. (7.72) can be written as 


2 

9X Kx =0 
X 

^» ee ee 
Y TEAJY-O 


(7.74) 


(7.752) 


(775b) 
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FZ .» 
9^ .2720 (7.75c) 
oz? i 
Solutions of these equations can be written as 
X = C cos K,x+C,sin K,x (7.76a) 
Y = ©; cos K,y + C,sin K,y (7.76b) 
Z = Ce” + Coe” (7.76c) 


where C,, C», C3, Cy, Cs, C, are arbitrary constants. 
Again, as the wave is propagating in the positive z-direction, for the wave to be finite at infinity, we 
must have 
C;=0 
Thus, the electric field can be written as 


E,(x, y, z) = (Cy cos K,x + C; sin K,x)(C; cos K, y+ Cysin K,y)Cge-” 
E(x, y, z) = (A, cos K,x + A, sin K,x)(4 cos K,y + A, sin K,y)e 7 (7.77) 


where A, = CC; A,= C, Cs, A; = C3Ce, Ay= C4Cg x 
Following similar steps, we can find the magnetic field as 


H, (x, y, z) = (B, cos K,x + B, sin K,x)(B, cos K „y + B4 sin K,y)e ^ (7.78) 


Therefore, Eqs. (7.77) and (7.78) in conjunction with Eqs. (7.64) to (7.67) can be used to obtain the 
field configurations. It is seen from these equations that similar to a parallel plane guide, there are 
different field configurations or modes. Four different modes are: 


1. Transverse Electric Waves or TE-Waves or H-Waves (E, = 0, H, + 0), 
2. Transverse Magnetic Waves or TM-Waves or E-Waves (E, + 0, H, = 0), 
3. Transverse Electromagnetic Waves or TEM-Waves (E, = 0, H, = 0), and 
4. Hybrid Waves or HE-Waves (E, + 0, H, + 0). 


7.3.1 Field Equations for Transverse Electric (TE) Mode in 
Rectangular Waveguide 


In this mode, the electric field is entirely transverse (perpendicular) to the direction of wave propagation, 
i.e., E, = 0. The other components, E,, E,, H,, H, and H, are determined using Eqs. (7.64) to (7.67), 
Eq. (7.78) and the boundary conditions. 

The boundary conditions for this case are: 


E,-0 at y=0 (7.792) 
E,-0 at y=b (7.79b) 
E,=0 at x=0 (7.79¢) 


E,-0 at x=a (7.79d) 
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Hence, from Eqs. (7.64) to (7.67), 














aH, £ 

ay =0 at y=0 
oH, i 

dp =0 at yzb 
9H, -0 at x=0 
Ox 

oH, - 

sx =0 at x=a 


(7.80a) 


(7.80b) 


(7.80c) 


(7.80d) 


Applying the boundary conditions of Eq. (7.80a) and Eq. (7.80c) to Eq. (7.78), we require that B, = 0 


— B, and hence the magnetic field can be written as 
H, (x, y, z) = (B; cos K,x)(B; cos K,y)e '* = Hy cos K,x cos K,ye 7 


where Hy = B4B,. 
Also, applying boundary conditions of Eqs. (7.805) and (7.804) in Eq. (7.81), we get 


sinK,b=0 and sin K,a=0 


This implies that 
K,a=mn, m-0,12,3,... 


and K,b - nn, n=0,1,2,3,... 





or K,=—, K = — 











Substituting this in Eq. (7.81), 








H, (x, y, z) = Hy cos [ms cos (5t y e? 








The other field components are obtained from Eqs. (7.64) to (7.67) as follows. 
From Eq. (7.64), 


_ Y OE, @uðH, | paia [mr (== Jer 
B= "ENDE UY, y ^g p | Ho cos 4 "sni »Je 








x= IE SC ADA cos (22 sin (22y) 











From Eq. (7.65), 


|y 9E, @uðH, | paua . (mr. us Jen 
E, pay Le Jx Ip 4 Zosin a *e98|-, Je 














—.o 0H ( mm y sin (MH x) cos (2% |: 
E= jE A |1ysin| a x} cos| b y)e 











(7.81) 


(7.82) 


(7.83) 


(7.84a) 


(7.84b) 
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From Eq. (7.66), 


wf ER Hil aor 
H, „2 0x tg à» miu Hy sin eed bd eed 














- Y (mmy gin (mE ns 
A= | = |itysin| x} cos| b y)e (7.84c) 






































|. y 9H, .oe9oE, y (nn [nt \ -yz 
D Wow plo Ho cos x}sin|>—yJe y 
zo ME n snl 7 yer: 
a,- Li b Ju c0s| - x} sin b y)e (7.84d) 
where 
may , (nn\ 
2_ 2 2 
h -xiag- (nt) «(m (7.85) 
NOTE 


Here, m and n are integers where m denotes the number of half cycle variations of the fields in 
the x-direction and n denotes the number of half cycle variations of the fields in the y-direction. It 
is understood from Eqs. (7.83) and (7.84) that there will be different field configurations or modes 
depending upon the values of m and n, known as TE,,, modes. For TE mode, both m and n cannot be 
zero as this will vanish all the field components. Therefore, the lowest value of (m, n) may be either 
(0, 1) or (1, 0) and subsequently the lowest order mode may be either TEg, or TE. 


Some field configurations for TE modes are shown in Fig. 7.9. The solid lines represent the electric 
field lines whereas the dotted lines represent the magnetic field lines. 


7.9.2 Field Equations for Transverse Magnetic (TM) 
Mode in Rectangular Waveguide 


In this mode, the magnetic field is entirely transverse (perpendicular) to the direction of wave 
propagation, i.e., H, = 0. The other components, £,, E,, Ez, H, and H, are determined using Eqs. (7.64) 


to (7.67), Eq. (7.77) and the boundary conditions. ” 

The boundary conditions for this case are given by Eq. (7.79). 

Applying the boundary conditions of Eqs. (7.79a) and (7.79c) to Eq. (7.77), we require that 4, = 0 = 44 
and hence the electric field can be written as 


E,(x, y, z) = (45 sin K,x)(Aysin K,y)e '* = Ey sin K,x sin K,ye ?* (7.86) 
where Ey = 454,. 
Also, applying boundary conditions of Eqs. (7.795) and (7.79d) in Eq. (7.86), we get 
sinK,a=0 and sink,b=0 
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Fig. 7.9 Field configurations for TE mode waves 
This implies that 
K.a-mnz, m=1,2,3,... 
and K,b-nn, n-1,2,3,... 
This follows the same result as obtained for TE waves, i.e., 
ma nu 
ML LN 7.87 
K,- Um, K,-7 (7.87) 
Substituting this in Eq. (7.86), 
E. (x, y, z) = Esin (mr. sin ("= yet (7.88) 


The other field components are obtained from Eqs. (7.64) to (7.67) as follows. 
From Eq. (7.64), 


E,- y E j Po ov = 7 (mt) gy cos (22) sin [22y] 
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22 [mm mn dual. 
E = | 7 | cos| a x| sin| » ye (7.89a) 











From Eq. (7.65), 


Piet 9E, 4 9H 9H- __ 7 [22] Ensin (22 x} cos [^ y)e= 














y A? oy 772 ox Jb b 
n Hle ee [rs jen id 











H E i 
H =- 9H, , j 289 z = ("| sin (2E x] cos ("£y 





* py? ox he oy hb b 
, ee [ nz . [mm nu | -yz 
Hus je ("El sin (22) cos (5t y). y (7.89c) 











From Eq. (7.67), 








»UM Oy TR ox he b 
. WE | MT mui à nu —yz 
H, = ~ 7% ("x cos Ux sin uor ^ (7.89d) 











NOTE 
Here too, m and n are integers where m denotes the number of half cycle variations of the fields in 
the x-direction and n denotes the number of half cycle variations of the fields in the y-direction. It 
is understood from Eqs. (7.88) and (7.89) that there will be different field configurations or modes 
depending upon the values of m and n, known as TM,,, modes. For TM mode, neither m nor n can 
be zero. This is because of the fact that the field expressions are identically zero if either m or n is 
zero. Therefore, the lowest mode for rectangular waveguide TM mode is TM. 


Some field configurations for TM modes are shown in Fig. 7.10. Here too, the solid lines represent the 
electric field lines whereas the dotted lines represent the magnetic field lines. 


7.9.3 Properties of TE and TM Waves in Rectangular Waveguide 
We find the following quantities for TE and TM mode waves in rectangular waveguides: 


. Propagation constant (7) 
Cut-off frequency (f) 
Cut-off wavelength (A,) 
. Phase constant (D) 

. Phase velocity (v,) 


AhWwWN e 
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Fig. 7.10 Field configurations for TM mode waves 


6. Guide Wavelength (A,) 
7. Intrinsic wave impedance (1]) 


1. Propagation constant (y): From Eqs. (7.74) and (7.82), 








(7.90) 











Three cases may appear: 


mmi 
a 


2 2 
Case 1: When one - «(uu (Cut-off Mode) 


There will be no wave propagation under this condition. This is called cut-off region. The corresponding 
frequency is called the cut-off frequency and corresponding wavelength is the cut-off wavelength. 
In this case, y= 0, i.e.,  — B 0. 


2 2 
Case 2: When oue < ua + ("=| (Evanescent Mode) 


The wave will be attenuated and there will be no wave propagation. This is called evanescent mode. 
In this case, y = o and B=0. 


2 2 
Case 3: When oue > (==) + (=) (Propagation Mode) 


Only under this condition, there will be wave propagation. Therefore, this mode is called the propagation 
mode. 

In this case, y = jp and «7 0. 

From the three cases, it is understood that there will be no wave propagation in a rectangular waveguide 
for low frequencies. As the frequency is increased, at frequency equal to the cut-off frequency, the 
wave propagation takes place and for all frequencies above the cut-off frequency the wave propagates 
without any attenuation. Thus, a rectangular waveguide behaves as a high pass filter. 
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2. Cut-off frequency (f,): The cut-off frequency of a waveguide is that operating frequency below 
which the wave is attenuated and above which the wave is propagated through the guide. This is given 











as 
1 many , (nV many . (n\ 
o Tees) CE) nez] n) 
where v = ae is the phase velocity of uniform plane waves in a lossless dielectric medium inside 
ME 


the waveguide. 





f= See VE) +E) NES «G) 
NE lah em 


From Eq. (7.91), it is seen that the wavelength is the smallest for TE,, mode of all TE mode waves and 
for TM;, modes of all TM mode waves. 














For TE}, mode, f.— x 


G 


For TM;, mode, fog P+? 


3. Cut-off wavelength (A,): Corresponding to every cut-off frequency, there will be a cut-off wavelength 
given as 








À,--- (7.92) 











From Eq. (7.92), it is seen that the wavelength is the longest for TE}, mode of all TE mode waves and 
for TM,, modes of all TM mode waves. 
For TE,, mode, A, = 2a 


2ab 


For TM,, mode, 4, = -=== 
aj a? +b? 


4. Phase constant (f): From Eq. (7.90), the phase constant in the propagation mode may be written as 


B= | ^ue - n] + (2) (793) 


In terms of the cut-off frequency, it can be written as 


1 m n ? B : B 
hee i tae) ee i-e iE 
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where fjj,— o ue is the phase constant of uniform plane wave in a lossless medium. 


2 
B 7 Bo, | pes 5 (7.94) 


5. Phase velocity (v,): The phase velocity of the wave propagation is given by 




















[o o v, 
p Ot _ 0 


is Joue- +(e) [-4 (7.95) 


w= Ja is the phase velocity of uniform plane waves in a lossless dielectric medium inside the 
€ 

















waveguide. 

Equation (7.95) indicates that the phase velocity of wave propagation in the rectangular waveguide 
is greater than the phase velocity of uniform plane wave. As the frequency is increased above the cut- 
off frequency, the phase velocity decreases from an infinitely large value and approaches vo. 

6. Guide wavelength (49: The wavelength in the rectangular waveguide 1s given as 





























2n — 2x = Xo 
A, B ia i (7.96) 
2 _ |A AN 1- 2€ 
sur quA 
where A, = ER 1s the wavelength ofthe uniform plane wave in the lossless dielectric medium 
cue Bo 


inside the guide. 

7. Intrinsic wave impedance (7): The intrinsic wave impedance will be different for TE and TM 
modes. 

Intrinsic wave impedance for TE Modes: For TE waves, from Eq. (7.84), it is given as 























E, E, œu u ] — hh 
Ne= gr à H, BP £ 2 2 
pec [oc 
f J 
where 7]; — E is the intrinsic impedance of uniform plane wave in a lossless dielectric medium. 
jee (7.97) 

I 
1- 7 


























E, E, p H 4 — 
"ru H, H, WE E 1 fi = E 
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where 1) — 4| E is the intrinsic impedance of uniform plane wave in a lossless dielectric medium. 


| 2 
Nru = o4] 1- " (7.98) 


From Eqs. (7.97) and (7.98), it is observed that the intrinsic wave impedance is purely resistive both 
for TE and TM waves. The variation of these impedances with frequency is shown in Fig. 7.11. Also, 


























2 
Nre “ru = No (7.99) 
A 
Intrinsic 
impedance 
NO E----------------4 
> 
0 Critical Frequency 


frequency 


Fig. 7.11 Variation of intrinsic wave impedance both for TE and TM modes 

Dominant Mode Dominant mode is that mode which has the lowest cut-off frequency or highest 
cut-off wavelength. 

For TE modes, the lowest order mode can be either TE,, or TEy, depending upon the dimensions of the 


guide, i.e., the values of a and b. 
For TE,, mode, the cut-off frequency is obtained [from Eq. (7.91)] as 


Yo 
Fer, Tog 


For TE), mode, the cut-off frequency is obtained [from Eq. (7.91)] as 


Therefore, if a > b, then TE, mode is the dominant mode and if b > a, then TE , is the dominant mode. 
This may be noted that for the lowest order 7M,, mode, the cut-off frequency is 


Voy a? +b? 


Ser, x 2ab 


which is greater than the cut-off frequency of TE), mode. Therefore, 7M;, mode cannot be considered 
as the dominant mode. 
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Degenerate Modes Two or more modes having the same cut-off frequency are known as 
degenerate modes. 
For example, TE „n and TM,,,, modes are always degenerate. 


7.3.4 Field Equations for Transverse Electromagnetic (TEM) 
Mode in Rectangular Waveguide 


For TEM mode, both the electric and magnetic fields are transverse to the direction of wave propagation. 
This implies that E, = 0 = H, and hence from Eq. (7.64) to Eq. (7.67), we see that all field components 
will be zero. Thus, we conclude that a TEM wave cannot exist in a rectangular waveguide. 

In Chapter 5, Section 5.6, we have derived different relations for uniform plane wave propagation 
through a lossless dielectric medium. This may be noted that those relations are valid for TEM wave, 


i.e., 2=0, B— o4 ue, which implies that for TEM waves, h = 0. 


Impossibility of Transverse Electromagnetic (TEM) Mode in Single-Conductor 
Waveg uides This can be easily shown that a TEM wave, for which there is no axial component of 
either E or H, cannot propagate within a single-conductor waveguide. 

In order to prove this, we initially assume that a TEM wave exists within a hollow waveguide of 


any shape. Then the lines of magnetic field H lie entirely in the transverse plane. Also, in a non- 
conducting medium, 


V.H-0 


which requires that the lines of H be closed loops. Therefore, if a TEM wave exists inside a wave, the 
lines of H must be closed loops in a plane perpendicular to the axis. 

However, by modified Ampere's circuital law, the magnetomotive force around each of these closed 
loops must be equal to the axial current (conduction or displacement) through the loop ($8 di = las) 

L 

In the case of a guide with an inner conductor, such as a coaxial transmission line, this axial current 
is the conduction current in the inner conductor. However, for a hollow waveguide having no inner 
conductor, this axial current is the displacement current. But, an axial displacement current requires an 
axial component of E, which is not present in a TEM wave. 

Hence, the TEM wave cannot exist in a single-conductor waveguide. 


7.3.5 Hybrid (HE) Mode 


In this mode, neither E nor H is transverse to the direction of wave propagation. 


Example 7.6  Arectangular waveguide has a broad wall dimension of 2.29 cm and is fed by 10 
GHz carrier from a coaxial cable to generate TE), wave propagation. Find its guide wavelength, phase 
and group velocities. 


Solution Here, a= 2.29 cm, f= 10 GHz, For TE,, mode, m= 1, n- 0 


8 
Free space wavelength, A, = F = a = 0.03 m=3cm 
x 


Waveguides 609 





Cut-off frequency is 


fone: 2 s | 2 
| ve |{m n| _ 3x10 1 = Oat 
f. 2 ul «(2 2 Em 6.55 x 10’ Hz = 6.55 GHz 


Guide wavelength is given as 





= 0.0397 m = 3.97 cm 








A, = 





Phase velocity is given as 


3x 108 


ee E 
ee p(y 


The group velocity is obtained as 





= 3.97 x 108 m/s 





DS 
VpVg = V0 


2 842 
v=% = GRY .) 267 x 10 m/s 
v? 397x10 





Example 7.7 If the dimensions of a rectangular waveguide are 3.5 cm x 2.0 cm, and the 
frequency of operation is 10 GHz, determine all the possible TE and TM modes that can be propagated 
in this waveguide. 


Solution Here, a= 3.5 cm = 0.035 m, b = 2.0 cm = 0.02 m, f= 10 GHz 





vy _ 3x10 
Wavelength of the supply is 4 = = = 0.03 m 
* id f 10x10? 
The cut-off wavelength for any TE,,, or TM,,,, wave is given as 
ja 


For a particular mode to propagate, the cut-off wavelength must be greater than the supply wavelength 
0.03 m. 

We calculate the cut-off wavelength for different values of m and n. 

For TE ọ mode, m=1,n=0 








=0.07 m 
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For TE), mode, m=0,n=1 














For TE; mode, m —2, n - 0 








For TE), mode, m — 0, n -2 








For TE,, mode, m=2,n=1 








"ses n) 


EET, 


Hence, the possible TE/TM modes which can propagate through the guide are: 
TE o TE, TE}; and TM,, and TE; modes 


For TE,, mode, m= 1,n=2 








À,- =0.0192m<A 


*Example 7.8 Inan air-filled rectangular waveguide with a = 2.286 cm and b = 1.016 cm, the 
y-component of the TE mode is given by 


E,-sin (2s) cos (3r) sin (10z x 10/9; — Bz) V/m 


Find: (a) the operating mode, (b) the propagation constant yand (c) the intrinsic impedance n. 


Solution From the expression of E, it is seen that, m = 2, n = 3, i.e., the guide is operating at TE,, 
mode. 
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Cut-off frequency is 


2 2 8 2 2 
f=” (2) «(z) _ 3x10 2 5 ae 3 ; 
2 a b 2 2.286 x 107 1.016 x10 


= 46.19 x 10° Hz = 46.19 GHz 


| f _ 10m 10" 4619 Y l 
-o4 ue, | 1- = = 1 = 400.7 radian/s 
p d f? 3x108 10x x 1019/27 


Hence, the propagation constant is, y= 8 = j400.7/m 
Intrinsic impedance is 














Ho 120% = 985.20 


NTE, = 
ae: : 4619 Y 
f? 10z x 101/27 


*Example 7.9 An air-filled hollow rectangular conducting waveguide has a cross section of 
8 x 10 cm. How many TE modes will this waveguide transmit at frequencies below 4 GHz? How are 
these waves designated and what are the cut-off frequencies? 


Solution Here, a= 10 cm = 0.1 m, b = 8 cm = 0.08 m, f= 4 GHz 
For a general TE mode, the cut-off frequency is given as 


2 2 8 2: 2 
s= (2) «(2 s] «(2 - 15 0.015 + 0.01567? GHz 
x 


For a particular mode to propagate, the cut-off frequency must be less than 4 GHz. 
We calculate the cut-off frequency for different values of m and n. 
For TE ọ mode, m= 1,n=0 




















f.=15,/0.01 GHz = 1.5 GHz 

For TE), mode, m=0,n= 1 
f, -154/0.0156 GHz =1.875 GHz 
For TE,, modes, m= 1, n- 1 
f, =15,/ 0.01 + 0.0156 GHz = 2.4 GHz 

For TE; mode, m= 2, n- 0 

f= 15,/0.01 x 4 GHz = 3 GHz 
For TE, mode, m = 0, n = 2, 


f= 15,/ 0.0156 x 4 GHz = 3.75 GHz 
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For TE,, mode, m= 2, n - 1, 





f, 7154/0.01 x 4+ 0.0156 GHz = 3.54 GHz 


For TE,, mode, m= 1, n - 2, 





f,=15,/0.01 + 0.0156 x 4 GHz = 4.04 GHz 
For TE,, mode, m —3, n — 1, 
f, 1540.01 x 9 + 0.0156 GHz = 4.875 GHz 


Hence, the possible TE modes which can propagate through the guide with respective cut-off frequencies 
are given in Table 7.1. 


Table 7.1 TE modes 


























Mode Cut-off frequency (GHz) 
TES 1.5 
TE, 1.875 
TE, 24 
TE 3 
TE, 3.75 
TE»; 3.54 








Example 7.10 A rectangular waveguide with dimensions a = 2 cm and b = 1 cm filled with 
deionized water (u, = 1, &, = 81) operates at 3 GHz. Determine all the propagating modes and the 
corresponding cut-off frequencies. 


Solution Fora general TE or TM mode, the cut-off frequency is given as 


2 2 8 
_ Vo m (2) Mu 
f= 2 (nj +(2 + aa aa * 1.661 [255 t n^ GHz 


The cut-off frequencies as calculated from the above equation for different values of m and n are given 
in the table below. 


























Cut-off Frequency (in GHz) for TM modes Cut-off Frequency (in GHz) for TE modes 
n-i n-2 n n-0 n=1 n=2 
m=1 1.863 3.436 m=0 x 1.667 3.333 
m=2 2.357 3.727 m-i 0.833 1.863 3.436 
m-3 3.005 i m=2 1.667 2.357 3.727 
: m-3 2.500 3.005 s 
m=4 3.333 : 
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Since the operating frequency is 3 GHz, all the propagating modes and their cut-off frequencies are 
given in the table below. 























Mode Cut-off Frequency (GHz) 
TE 19 0.833 
TE PES 1.667 
TE, TM, 1.863 
TE>,, TM), 2.357 
TE 39 2.500 








*Example 7.11 A tunnel is modelled as an air-filled metallic rectangular waveguide with 
dimensions a= 8 m and b= 16 m. Determine whether the tunnel will pass: (a) a 1.5 MHz AM broadcast 
signal, (b) a 120 MHz FM broadcast signal. 


Solution Here,a- 8mand b - 16m 
Since, b > a, TE), mode will have the lowest cut-off frequency. 
The cut-off frequency is given as 


[8 d 8 2 
vo |m n 3x10 Faos 
Te 2 gd y mS J0*ig 79375 MHz 


(a) For operating frequency, f= 1.5 MHz, f< f, and so, the tunnel will not pass the signal. 
(b) For operating frequency, f= 120 MHz, f> f. and so, the tunnel will pass the signal. 





Example 7.12 Calculate the cut-off frequency for the dominant mode in a rectangular 
waveguide of dimensions 4 cm x 2 cm. 


Solution Here, a= 4 cm, b = 2 cm, as a > b, TE,, mode is the dominant mode. 
m=1,n=0 


The cut-off frequency is given as 
2 2 8 
Vo |m n Vo 3x10 
= tS = = 3.75 GHz 
fe 2Va b 2a 2x4x107 


*Example 7.13 Calculate the phase velocity and group velocity for the dominant mode in a 
rectangular waveguide (1D: 2.3 cm x 1.0 cm) at 10 GHz. 


Solution Here, f= 10 GHz, a= 2.3 cm, b= 1.0 cm 
Since a > b, TE,, mode is the dominant mode. 





m=1,n=0 


The cut-off frequency is given as 


2 2 8 
Vo m n Vo 3x10 
= | +7 =0 = = 6.52 GHz 
fe 2Va b 2a 2x23x107 
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The phase velocity is given as 











v = = == 3.957 x 108 m/s 





2 842 
y, 22 OXY 24x10 mis 
Vp 3.957x10 





Example 7.14 Design a rectangular waveguide to carry only the TE,) mode at a frequency of 
5000 MHz. 


Solution Here, f= 5000 MHz, m= 1,n — 0. 
The dimensions of the waveguide should be such that the operating frequency is equal to 5000 MHz. 
The cut-off frequency is given as 


2 2 8 
fm i sten = 5000 x 10° 
a 


a=3cm 





For standard waveguide, the aspect ratio is generally 2 : 1, so that we can write 
b=2=1.5cm 
2 
Hence, the dimensions of the waveguide are 3 cm x 1.5 cm. 


*Example 7.15 A rectangular waveguide with dimensions 2.42 cm x 1.12 cm supporting TE, 
mode at 6 GHz is filled with a dielectric of relative permittivity ¢,. What are the limits on e, if only the 
dominant mode propagates? 


Solution Here, a= 2.42 cm, b = 1.12 cm, m = 1, n = 0, f= 6 GHz 
If only dominant mode is to propagate, the cut-off frequency should be equal to the operating frequency. 





hp 2 Hy 
SRR 
i aii ay 1 ELUS 1 |. 6.198 x 10? 
Juge. 2x2.42x10? „fe, . 2x242x10* Je, 
2 
E e, = [$28] -1.0672 


Also, the cut-off frequency can be given as 


f-h-3 
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8 9 
= 6x10°= 1 " 1 EE y 1 dee 
af UpE€, 2X 1.12 x107 J£ 2x1.12x10^ JE, 
2 
> e,=(339| = 4.9824 
So, the limits are: 1.0672 < £, < 4.9824 


*Example 7.16 Design a rectangular waveguide which at 10 GHz, will operate in TE,) mode 
with 25% safety factor (f= 1.25 f.) when the interior of guide is filled with air. It is required that the 
mode with the next higher cut-off will operate at 25% below its cut-off frequency. 


Solution Since the operating frequeny is 10 GHz, the cut-off frequency is given as 
ud) = 
i= 125^ 8 GHz 


For dominant mode, the cut-off frequency is given as 


2 2 
-Vo [[m| |2| -Yo 
J= (n) «(2 2a 
| .3x105 
^ 2a 


a = 0.01875 m 21.875 cm 


or 8x10? 


The next higher mode will be either TE,, or TE ,. 
For TE), mode, the operating frequency is 25% below the cut-off frequency. Hence, we can write 


f _ v 


Je= O75 = 2b 


10x10? 3x10? 
075 2b 


b=0.01125 mz 1.125 cm 


or 





For TE,, mode, the operating frequency is 25% below the cut-off frequency. Hence, we can write 


gout tS 
© 0.75 2 \\0.01875 b? 





Dr | 1 ES 
075 — 2 W(001875 "p 


b = 0.0140625 m = 1.40625 cm 


Hence, the dimensions of the guide may be 1.875 cm x 1.125 cm or 1.875 cm x 1.406 cm. 


| 616 Electromagnetic Field Theory 





Example 7.17 Anair-filled rectangular waveguide has cross-sectional dimensions x = 8 cm and 
y = 4 em. Find the cut-off frequencies for the following modes: TE,), TE,), TE,, and the ratio of the 


guide velocity, v, to the velocity in free space for each of these modes if f = N fa 


Solution Here, x= 8 cm, y=4cm, f= Sf. 


The cut-off frequency is given as 
2 2 8 
fom m- a p n= 15/0 0156m? + 0.06257? GHz 
2Va b 2x107? 


For TE,, mode, f, =15,/0.0156 + 0 GHz - 1.875 GHz 





For TE, mode, fe =15,/4 x 0.0156 + 0 GHz = 3.75 GHz 


For TE,, mode, f. =15,/ 0.0156 + 0.0625 GHz = 4.192 GHz 


The ratio of the guide velocity to the velocity in free space is given as 








=1.34 





Example 7.18 The wavelength measured in an air-filled rectangular waveguide, 20 cm x 5.0 
cm in cross-section, is 12 cm. Calculate the frequency of the wave. Assume TE, mode and c = 3 x 108 
m/s. 


Solution Here, a= 20cm, b=5.0cm, A= 12 cm, m=0,n=1. 


8 
For a wavelength of 12 cm, the frequency is, f = £ EL = 2.5 GHz 
À 12x10 
Also, for TE), mode, the cut-off frequency is 
Vo m? n? M Vo _ 3x 108 





= + =3 GHz 
fe 2Ngq b 2b 2x5x107 


Therefore, the operating frequency is 3 GHz or mode for the wave propagation to occur. 


*Example 7.19 A TE,, mode of 10 GHz is propagated in an air filled rectangular waveguide. The 


T 
magnetic field in the z-direction is given by H, = Hy cos | ^ cos | zz) A/m , The phase constant 


B= 1.0475 rad/m, the quantities x and y are expressed in cm and a = b = V6 . Determine the following 
(a) cut-off frequency, (b) phase velocity, and (c) guide wavelength. 


Solution Here, f= 10 GHz, B = 1.0475 rad/m, a2 b - 46 cm,m=n=1, 
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(a) The cut-off frequency is 


2 2 8 
|. Vo m n 3x10 
2 (e «(2 = 2x107? (z d 
© vW 2 3x10 
p 
jode m ay 
ee 10 
(c) Guide wavelength is 


2 Uf 8 
eee == E == Z zo v = x = 0.06 m= 6cm 
1 fe 1 fe a & 10x10? i- [885] 
f f f f 10 


Example 7.20 An air-filled rectangular waveguide has cross-sectional dimensions a = 6 cm and 
b —3 cm. Given that 





=6x10° m/s 











(b) Phase velocity, v 





À 


























E,=5sin (27. sin E cos (10? ; — Bz) V/m 


Calculate the intrinsic impedance of this mode. 


Solution Since, E, = #0, it is understood that the wave is operating in 7M,, mode, for which m = 
2,n=3. 
The cut-off frequency is 


2 2 8 
Vo m n 3x10 
- + [2 cds. 81GHz 
fe 2Va B8 2x10? p 


Operating frequency is, f = 3-5 E =159.15 GHz 





Hence, the wave intrinsic most is given as 
2 2 
ide We re. - (384) - 
Nru, = T4] (4 -120z x4|1l 159.15 =373.27Q 


Example 7.21 A rectangular waveguide measures 3 x 4.5 cm internally and has a 10 GHz 
signal propagated in it. Calculate the cut-off wavelength, the guide wavelength and the characteristic 
impedance for the 7E,, mode. 

Solution Here, a= 4.5cm, b=3 cm, f= 10 GHz, m= 1, n - 0. 
The cut-off wavelength is given as 











A= 
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8 
Then wavelength of the impressed signal is, 2 = T En z 70.03m-3cm 
The guide wavelength 1s given as 10x10 
À m T MÀ ———7À - 3 - -318em 


iG) e A 


The characteristic impedance is given as 


No _ 120x — 3607 _ 309 960 


"M J-i 48 


Example 7.22 Calculate the cut-off frequencies for the TE ,, TE,, and TM, modes in a 
rectangular metal waveguide of dimensions 2 cm x 1 cm. 








Solution Here,a=2cm,b=1 cm. 


2 2 
The cut-off frequency is given as f, = 2 (z) d (2) 
For TE), mode, m=0,n= 1, 





2 8 
ovo ifn Vv | 3x10 _ 
fon= 5 (5) 2b 2x1x10? TOH 


For TE,,; mode, m = 


) 2 2 8 
fas [ie «| g (1) (+) 2an x15 = 16.77 GHz 
a Ge - 2x1x10?x2 


For TE), mode, m — 0, n — 1, 





Vo _ VW _ 3x 108 


fa 7 75 (7) 2b 3qedgm ew 





Example 7.23  Inanair-filled rectangular waveguide, the cut-off frequency of a TE}, mode is 5 
GHz, whereas that of TE), mode is 2 GHz. Calculate 
(a) The dimension of the guide 
(b) The cut-off frequencies of the next three higher TE modes 
(c) The cut-off frequency for TE}; mode if the guide is filled with a lossless material having €, = 
2.225 and Li, = 1. 


Solution Here, ferz, 25 GHz, ferg, = 2 GHz 


(a) Since the cut-off frequency is lowest in TE), mode, this is the dominant mode.This implies that for 
the rectangular waveguide, b > a. 
Now, for TE), mode, the cut-off frequency is given as 
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Vp vo 3x108 
220 = p= = = 0.075 m = 7.5 cm 
fers, 2b 2 forg, 2x2x10? 
Also, for TE) mode, the cut-off frequency is given as 
Vo Vo 3x108 
=— => a= = = 0.03 m = 3 cm 
feri, Za 2 fore, 2x5x10 


So, the dimension of the rectangular waveguide is 3 cm x 7.5 cm. 
(b) The cut-off frequency for TE „„ mode is given as 


«Ng «e 4e +(e} 


f:3X19 z K n J «is 011121 0.017780? GHz 
c7—5 0.03) 10.075 l i 


The next higher order modes will be TE), TE,,, and TE 3. 
The corresponding cut-off frequencies are given as follows. 


ogy = 15x) 9.01778 x 4 = 4 GHz 
Jaa = 15a 0-111 x 1 =5 GHz 

Ja, = 154 0.111 + 0.01778 = 5.385 GHz 
f4, 7154/0.01778 x 9 = 6 GHz 

















(c) If the guide is filled with a lossless material having €, = 2.25 and u, = 1, the cut-off frequency for 


TE,, mode is 
y e (2) V mY ny 
= = 0 
2 (2 ) «(3 24 e, (2 «(6 
0.1114 0.01778 GHz = 


f= 15 
s E 4225 











0.111 + 0.01778 GHz = 3.59 GHz 


Example 7.24 The larger dimension of the cross section of a rectangular waveguide is 2 cm. 
Find the cut-off frequency and wavelength for the dominant TE mode. 


Solution Let, a - 2 cm (a> b); then the dominant mode is TE,, mode. Hence, m = 1, n = 0. 
For this dominant mode, the cut-off frequency is given as 


2 2 8 
_ Vo m n _ Vv _ 3x10 = 
Japp (2) +(2] Oe Sige? 9e 





The wavelength of this dominant mode is 
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Example 7.25 When the dominant H mode is propagated in an air-filled rectangular waveguide, 
the guide wavelength for a frequency of 9 GHz is 4.0 cm. Calculate the breadth of the guide. Deduce 
the formula used. 


Solution Here, for dominant H mode, m = 1, n = 0. 
Given that, f= 9 GHz, 1, =4 cm 














8 
The wavelength of the impressed signal is, 2 = 7 = : z " = 0.033 m = 3.33 cm 
x 
We have the relation, 
A 
Ag = > 
(A 
A. 
of 4= 3.33 
2 
E (33 
A. 
2 
3.33 
1- — 0.694 
Or à; 0.6 
2 
3.33 
or = 
| a ) 0.3055 
or À, = 6.03 cm 


Also, for dominant H mode, the cut-off wavelength is given as 








h= 2 CLE e Dy 
mY. 2 m 1 
(7) «(5) 

a — 3.015 cm 


Hence, the breadth of the waveguide is given as a = 3.015 cm. 


Example 7.26  Arectangular waveguide carries an electromagnetic wave having a frequency of 
4000 MHz. A standing wave indicator shows that the wavelength of the wave in the guide is 11.4 cm. 
What is the cut-off wavelength of the waveguide and the velocity at which energy is propagated along 
the guide? 

Solution Here, f= 4000 MHz, 4, = 11.4 cm 
c_ 3x10 


Wavelength of the impressed signal is 4 = — = ——————- = 0.075 m = 7.5 cm 
: p S f 4000 x 10° 
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We have the relation, 











ia 4 
2 
es A- 
Ae 
or 11.4= i 3 
7.5 
b 
2 
pay. 
or - (3 = 0.433 
2 
15N 
or (E = 0.567 
or À, — 9.96 cm 


So, the cut-off wavelength 1s 9.96 cm. 
The velocity with which the energy travels within the guide 1s the group velocity. 
The group velocity is given as 


2 2 2 
v, wl i = vy 1-4, =3x108 [D 1.298 x 10* m/s 


*Example 7.27 The cross section of a rectangular waveguide is 20 cm x 5 cm. If it is filled with 
air, find the first six lowest-order modes which will propagate through the waveguide and their cut-off 
frequencies. 





Solution Here, a - 20 cm, b= 5 cm. 
The cut-off frequency is given as 


o ERST 
f= Eu o 














2 2 
n E. 2 2 
«(sss =15,/ 0.0025m? + 0.04n? GHz 


We know that for TE „np modes, any two indices have to be non-zero; whereas for 7'M,,,,, modes, all the 
indices have to be non-zero. Since, a > b, the lowest order mode will be TE. 

The next higher order modes will be TE», TE39, TE49, TEo,, TE,, and TM. 

The corresponding cut-off frequencies are given as follows. 


So = 15.0.0025 = 0.75 GHz 
Ja = 154 0.0025 x 4 21.5 GHz 
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Ja = 154/0.0025 x 9 = 2.25 GHz 
og, = 154 0.0025 x 16 = 3 GHz 
Soy, = 15x) 0 + 0.04 = 3 GHz 

Ja = 154 0.0025 + 0.04 = 3.092 GHz 


Hence, the first six lowest order modes with their cut-off frequencies are given in the table below. 


























Mode Resonant Frequency (GHz) 
TE, 0.75 
TE, 1.5 
TE39 2.25 
TE 49 3 
TE 3 
TE, & TM 3.092 











*Example 7.28 A 6 GHz signal is to be propagated in the dominant mode in a rectangular 
waveguide. If its group velocity is 90% of the free space velocity of light, what must be the breadth of 
the waveguide? 


Solution Free space wavelength is, A) =~ = 3x10 =0.05m 
eh n eub" T 
From Eqs. (7.125) and (7.126), we know that 
te 4o = 0.9 (given) 
Vo Ng 
Ay = Ao = 9.95 9.055 m 


Hence, the wavelength within the guide is 5.55 cm. 


The cut-off wavelength is given as 
1 1 1 1 1 
2 | 42. 42 |7 ( 2 2 =76 
Az Ay Ag 0.05^ 0.055 


= A,= 0.1147 m 








So, the breadth of the guide is given as a= a = aa 4 


a=5.735cm 


= 0.05735 m 
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7.4 CYLINDRICAL OR CIRCULAR WAVEGUIDES 


Definition Cylindrical or circular waveguides are those 
that maintain a uniform circular cross-section along their 
length. 


Derivation of Field Equations for Circular 
Waveguide The method of solution of the electromagnetic 
field equations for circular waveguides is similar to that for 
rectangular waveguides. However, in order to simplify the 
application of the boundary conditions that the tangential 
component of the electric field be zero, we convert all field 
equations in cylindrical coordinate systems. Cylindrical or Fig. 7.42 Cylindrical or circular 
circular waveguide is shown in Fig. 7.12. waveguide 
By Maxwell’s equations for time harmonic fields in non- 
conducting medium (o = 0), we have 





VxE -- jouH (7.100) 
VxH = jocE (7.101) 
By wave equations, 
VE-y!E-O0 (7.632) 
VH+yH=0 (7.63b) 


where Y? = (o + joe)jau = -aue for non-conducting medium. 
Expanding Eq. (7.100) in cylindrical coordinate system, 














a, ay à, 
ılə 23 ə mE i : ; 
i) or or) Oz 3 jouH =- jou(H,a, + Hya,+ H,a,) 
E, rE, E, 
Equating both sides, 
1| 9E, ð 
al oo -Zez |=- jouH, (7.1022) 
OE, OE 
3A oR coupe (7.102b) 








1| d E, S 
Zez A jouH (7.102c) 
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Expanding Eq. (7.101) in cylindrical coordinate system, 


a rag a 





iə ə o "EO i i g 
| Ja: "Paci joeE =- joe(E,a,* Esa, Ea.) 











r do 
H, rH, E, 
Equating both sides, 
1| 9H, ; 
E 25 Zeny- jacE, (7.1032) 
ote Hh jeg, (7.103b) 
1| a oH, . 
Be (rH) J = jo£E, (7.103c) 


If we assume that the wave is propagating in the positive z-direction with the variation expressed as 
e 7, then we have 









































dE, 9E; dE, V. 
oz YE, oz YE, dz vE, 
9H, 9H, e oH. = 
d "Un Ux» --YH,, Oz Ts 
Substituting these in Eq. (7.102), we get 
1| 9E, ð : 
Al w Zon] =- jouH, 
19E, 1 9E, m" 
v rod r QE ru jenH, 
19E, Uv 
or r 06 "E yE = jouH, 
1 9E, emi 
DES *yE,-- jouH, (7.1042) 
Similarly, 
OE, dE, t 
Oz or Duas 
dE : 
or ~YE,— ec -jeuH, 
yE,- 9E. = jauH, (7.104b) 
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and 
al 2 (rE,) L | =~ jouH, (7.104c) 
Similarly, from Eq. (7.103) we will have the following equations: 
1 s o7 JO€E, (7.1052) 
-yH,- = jo€E, (7.105b) 
: i 2 (rH,) i Ó x JOEL, | (7.105c) 





From Eq. (7.104) and Eq. (7.105), the components E,, Ey, H, and H, can expressed in terms of the 
components £, and H, as follows. 
Combining Eq. (7.1045) and (7.1054), 






































10H, , 
CETT o^ Ja€E, 
10H, 7y ( a. 
or ET. ro yE.* 3e jock, 
2 
NE _ y 3E, apud. 
e n ic Jo ve] jou or r o@ 
2 2 
ót gir tenus Y QE, 10H, 
j jou jou or r ð 
k ^y 9E, 10H, 
i E. jou jou or r od 
where l="? + 7 ue 
. A[,9E,, ou oH, 
DET (r T ae : (7.1062) 











Combining Eqs. (7.104a) and (7.1055), 


oH, . 
—yH.———- joek; 





or 
y (19E, oH, —. 
or o J +E) 3 JO€E, 





2 
" z,{2 we) = y 19E, OH. 


jeu 1”) jour 06 
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hk? \_ y (198, p 
T &[A)- jour ð$ 
l1( y9E, oH, 
&- (-2 aes jou =) 











Combining Eqs. (7.104a) and (7.1055), 


19E, 
r oo 








- jouH, 





19E, e 2n. 
or EY +— YH, ser jouH, 


jE 





2 
Ns >. \_ y 3H, T9E; 
or A Ls jou) or rod 





h \_ y 9H, 19E, 
5 «| )- joe or r ð$ 

















Combining Eq. (7.1045) and (7.1052), 





19H, de 9E, 
"ens *yH,- jaeE,— ES JauH,— are 
@’ue) joe dE, 10H, 
or ay 3719 a 


|^ _ jwedE, 10H, 











i Ho y y o? roo 
Hu yoH, . OE, 
y= Hz J + JME ae x 











Now from wave equations of Eq. (7.63), 
V?^E - o? ueE =0 


V?H + o? ueH =0 


(7.632) 


(7.63b) 


Expanding the Laplacian of the electric field E in cylindrical coordinates, we have 





1 of 9E LUE 2E 


ror or r? 0d? oz 


+ + @*UEeE =0 


(7.106b) 


(7.106c) 


(7.106d) 
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2 2 2 = 
T Lo^E 5. 1 OE OE LOE, ayer =0 
ror? rod? oz ror 





Since the wave is propagating in the positive z-direction, we have 


QE 25 
oe 


Hence, the wave equation for E, component in cylindrical co-ordinates is reduced to 


Pa cg 1 9E, 


-YE, Pc 
rog? r dp r 








(7.107) 


Proceeding in the similar way as for rectangular waveguides, let the solution of Eq. (7.107) be 
E,- P(r)Q($)e = Eye” (7.108) 
where P(r) is a function of r alone and Q(@) is a function of $ alone. Substituting this in Eq. (7.107), 


2 

PLU. y!pQ« 2S +o? uePQ =0 
1°P.10O ə 1 0P 
Po oap) T "Pror 


or 





- o?ue -0 


19P, 1 XQ, 1 oP 
P or? Or? 99? Pr or 


or 2.0 (7.109) 





As have been done for Eqs. (7.70), Eq. (7.109) too can be split into two ordinary differential equations 
written as 





d? 
at =-n'Q (7.110a) 
PP 1aP [io m \p_o (7.110b) 
dr? M" d r? 
where n is a constant. 
Solution of Eq. (7.110a) is given as 
Q = (4, cos nó + B, sin nọ) (7.111) 


Reducing Eq. (7.1105) to the form of Bessel's equation, we have 


dP 1 dP 
d(rh rh rou ( P= 0 (7.112) 





Solution of Eq. (7.112) is given as 
P(rh) = J,,(rh) (7.113) 
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where J,,(rh) is Bessel's function of first kind of order n. 
Substituting the solutions of Eq. (7.111) and Eq. (7.113) in Eq. (7.108) 








E,=J,(rh\(A, cos nó + B, sin nó)e ^ (7.1142) 








Similarly, the solution for the magnetic field can be written as 








H,- J, (rhY(C, cos nó + D, sin nó)e (7.114b) 








For TE and TM waves, the solution for other components of E and H are obtained by substituting 
Eq. (7.114) in Eq. (7.106). 

As for the rectangular waveguides, the solutions for the circular waveguides are also divided into 
two modes: 


1. Transverse Electric (TE) Mode and 
2. Transverse Magnetic (7M) Mode 


It must be noted here that the relative amplitudes of the arbitrary constants A,, B, and C, and D, 
determine the orientation of the electric and magnetic fields inside the guide for 7M and TE waves, 
respectively. It is known that for any value of n, the @= 0 axis can always be oriented to make either 4, 
and C, or B, and D, equal to zero. Here, we assume that $ = 0 axis is so oriented that 

B,-0 and D,-0 


Thus, the field equations of Eq. (7.114) can be written as 











E, = J (rh)A, cos nóe 7 (7.1152) 














H,=J,(rh)C,, cos nóe 1 (7.115b) 





We will now determine the different characteristics of circular waveguides for TE and TM modes. 


7.4.1 Field Equations for Transverse Electric (TE) 
Mode (E, = 0, H, + 0) in Circular Waveguide 


In this case, E, component is identically zero and H, is given by Eq. (7.1155). The other field components 
for TE waves can be found by inserting Eq. (7.1155) in Eq. (7.106). 


H,=J,(rh)C,, cos ne 7 


utl 9E, .ouoH.) if Ou l 2 
SUE al or Tg r m= "? 0] 7 J„(rh)C,n sin noe 





=j nee J, (rh) sin npe” 
rh 





oH, 
or 





+ jou = -10 + jouhI. (rh)C, cos nóe 7] 


C, 
= jens, (rh) cos npe” 
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where J; (rh) = SU, (rh)] 





q 0H, ge 5- 3 [y hJ/ (rh)C, cos nóe-** — 0] 












































H = 
r h? Yzy Jr dQ 
C 
=- : £ J^ (rh) cos nóe ?* 
AY oH, . 9E, | 1] y ; Lx 
Hy y E T + joe P J, (rh)C,n sin npe” +0 
ny C, : < 
= 7. J, (rh) sin npe” 
d n rh) sin nó 
Thus, the expressions for different field components for TE waves are written as 
H,- J,(rh)C, cos noe” 
C, - 
H,-- L ^. J’ (rh) cos npe” 
nyC, : ye 
H,= 1 J, (rh) sin noe y (7.116) 
.nouC : c . OU 
E= z J (rh) sin npe” = j — H, 
r J r2 n ) nó J y (o 
29uC, y -yz__ ; OU 
Ej7J I J, (rh) cos noe! =- j y H, 
The boundary condition to be satisfied for TE waves is that 
E70. at r=a 
where a is the radius of the circular waveguide (see Fig. 7.9). 
Therefore, from Eq. (7.116), we have 
J; (ah) =0 (7.117) 


Equation (7.117) shows that for a particular value of n, there is infinite number of roots of the equation 
and accordingly, there is infinite number of possible TE waves. However, as for rectangular waveguides, 
in the propagation range of frequencies, for circular guide too, the value of h (h? = y? + @? ug) is very 
small (h? << a? ue). This implies that the first few roots of Eq. (7.117) will be of practical interest. The 
first few roots of Eq. (7.117) are given in Table 7.2. 


Table 7.2 Roots of J, (ah) - 0 


























n 0 1 2 3 
m 
3.83 1.84 3.05 4.20 
2 7.02 5.33 6.70 8.01 
3 10.17 8.53 9.97 11.34 
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The waves corresponding to different values of h,,,, are obtained from Table 7.1 and are referred as 
TE, TE,,, TE, TE,,, and so on. 


NOTE 


Here, the first subscript refers to the value of n and the second refers to the roots in their order of 
magnitude. 


7.4.2 Field Equations for Transverse Magnetic (TM) 

Mode (E, 40, H, = 0) in Circular Waveguide 
In this case, H, component is identically zero and £, is given by Eq. (7.115a). The other field components 
for TM waves can be found by inserting Eq. (7.115a) in Eq. (7.106). 


E,=J,(rh)A, cos nọ e? 





E.= 


1( OE, œu ðH, 
r h2 


cg stated zi 
y y o ae T )- y [yhJ, (rh) A, cos nde" + 0] 





A 
=- a J; (rh) cos nóe ** 


where J’ (rh) = ou, (rh)] 





_ 1 y 9E, ; oH, = lt l mM | 
Ey al r og + JOU E p y Jn (rh)na, sin nge +0 


ny A . z 
2 J (rh) sin npe” 
NW n (rh) (o 














| 1( 3H, œeðE,\_ A WE . r] 
H, H aye. iy =| 72 0+j 7 J, (rh)nA, sin ng e 


A . 
=-j E ” J (rh) sin npe”? 
r 








e Li ORs . ðE \_ 1l l , " 
y= "E 00 + joe- |= j [0+ joe hJ , (rh) A, cos nóe **] 


A 
--j -= "- J (rh) cos nóe ?* 





Thus, the expressions for different field components for TM waves are written as 
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E,=J,(rh)A, cos nọ e 1? 
H, o c j As J (rh) sin ne” 
rh 
Aa y i 

H,- -jJ (rh) cos noe ?* 

2o YA, y -yz__¥ 
E,= 7, J, (rh) cos ne ^^ = jac Hs 

= ny A, s YZ Y 
E= EY J, (rh) sin noe"? = Fae H, 





The boundary condition to be satisfied for TM waves is that 


E,=0 at r=a 


where a is the radius of the circular waveguide (see Fig. 7.11). 
Therefore, from Eq. (7.118), we have 


J,(ah)=0 


The first few roots of Eq. (7.119) are given in Table 7.3. 


Table 7.3 Roots of J,(ah) = 0 


(7.118) 


(7.119) 





























n 0 1 2 3 
m 
1 2.40 3.83 6.38 7.59 
2 5.52 7.02 9.76 11.06 
3 8.63 10.17 13.01 14.37 





The waves corresponding to different values of ^, are obtained from Table 7.2 and are referred as 
TM, TMj,, TMo, TM», and so on. 


NOTE 


As there is no roots of (ah)g9, TEgg or TMgg waves do not exist. 


7.4.3 Properties of TE and TM Waves in Circular Waveguide 


We find the following quantities for TE and TM mode waves in circular waveguides: 


. Propagation constant ( y), 

. Phase constant (8), 

. Cut-off frequency (f), 
Cut-off wavelength (A,), 

. Phase velocity (v,), 

. Group Velocity (v,), 

Guide wavelength (A,), and 

. Intrinsic wave impedance (n). 
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1. Propagation constant (y): It is given as 


Ynm = N n. "d c? ue (7.120) 


where, the value of A,n is obtained from Tables 7.1 and 7.2 for TE and TM waves, respectively. 


Here too, wave propagation will occur only when he, 


imaginary. 
2. Phase constant (B): From Eq. (7.120), the phase constant in the propagation mode is obtained as 


Yam = I Bam = | ham- O° HE 
or Bim - 4 0 LE- h2, 


3. Cut-off frequency (f,): The cut-off frequency below which the wave is attenuated and above which 
the wave is propagated through the guide is obtained as 


Yam = Minn - © HE = 0 


or Q.— 





< o) ue in which case the propagation is entirely 











(7.121) 








Pam _ Yo 


27) UE m id 





or = 





where v— Jue is the phase velocity of uniform plane wave in a lossless dielectric medium. 
HE 





fo LR (7.122) 











From Eq. (7.122) and from Tables 7.1 and 7.2, we see that the lowest cut-off frequency is with TE,, 
mode, the next higher modes being TMo;, TE,,, TE. 

4. Cut-off wavelength (A,): Corresponding to every cut-off frequency, there will be a cut-off wavelength 
given as 








À,-2-- (7.123) 














where, vy— ae is the phase velocity of uniform plane wave in a lossless dielectric medium inside 
HE 


the guide. 
5. Phase velocity (v,): The phase velocity of the wave propagation is given by 





v= 9 =) (7.124) 


Bove Joue- h, "ms 
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is the phase velocity of uniform plane waves in a lossless dielectric medium inside the 





1 
Y= 
A HE 
waveguide. 

Equation (7.124) indicates that the phase velocity of wave propagation in the circular waveguide is 
greater than the phase velocity of uniform plane wave. 


6. Group Velocity (v,): From the relation that v, =,/v,,v, , the group velocity is obtained as 


LN Js 

















2 
ys 7 vg, 1— ^. (7.125) 


This shows that the group velocity in the guide is less than that in the free space. 
7. Guide wavelength (49: The wavelength in the circular waveguide 1s given as 











2x 2x Xo Xo 


Bum Joue- n, s m 


f£ 








A= (7.126) 














Bie ole is the wavelength of the uniform plane wave in the lossless dielectric medium 


where Ay 5 ie ; 
inside the guide. 

8. Intrinsic wave impedance (7): As for rectangular waveguides, for circular waveguides too, the 
intrinsic wave impedance will be different for TE and TM modes. 

(a) Intrinsic wave impedance for TE Modes in circular waveguides: For TE waves, from Eq. 
(7.116), it is given as 





" E, E, œu u 1 fh 
Œ Hy H, B E 2 2 
1- P 1- 7 


where h=, | is the intrinsic impedance of uniform plane wave in a lossless dielectric medium. 




















To 


Nre = (7.127) 














(b) Intrinsic wave impedance for TM modes in circular waveguides: For 7M waves, from 
Eq. (7.118), it is given as 
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xus Se OP a E oa Mp ale 
™ H, H, œœ NB jo 7 fP 
where m1 — 4| E is the intrinsic impedance of uniform plane wave in a lossless dielectric medium. 


2 
ELI 5 (7.128) 
































NOTE 
In this section in circular waveguides, hpm E be replaced by h,,,, for all TE waves. For example 
for TE waves, the cut-off frequency is f, -X hn 


Example 7.29 A circular waveguide has an internal radius of 2.5 cm. Calculate the cut-off 
wavelength, the guide wavelength and the wave impedance of the guide when operated at a frequency 
of 8 GHz and propagating in TE; mode. 


Solution Here, n= 1, m- 1, f= 8 GHz, a - 2.5 cm = 0.025 m 


222m _ 3x10" _ 99375 m 


one 8x10 




















From Table 7.1, for TE, Krm = 1.84 
Zra- _ 20X25 _ 
Cut-off wavelength, A, = oa 384 ^ 8.54 cm 
Guide wavelength, A, = fie 8 MAE — 0.0417 m= 4.17 cm 
_ AP 0.0375 Ý 
1 5 f= 
X 0.0854 
Mm 020x 








— 419.64 Q 





Wave impedance, Nrg = 





m NR Res 
A2 0.0854 


Example 7.30 A circular waveguide has an internal diameter of 5 cm. Calculate the cut-off 
frequency in it for the following modes: (a) TE,,, (b) TM. 


Solution Here, a= 2.5cm = 0.025 m 
From Table 7.1, for TE,,, An = 1.84 


Cut-off frequency is given as 


= LR Vo 2 Vo z 7 3x108 7 
i 27 ue = Oa m Ina ma Ix 0.025 (184 3.5 GHz 








From Table 7.2, for TM), A,m = 2.4 


nm 
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Cut-off frequency is given as 


= hpm _ Vo _ Yo _ 3x108 s 
7 2m ue 27 ™ 2ma nma = > x 0.025 247 4.58 GHz 








Example 7.31 A lossless air-filled circular waveguide of inside diameter 3 cm is operated at 15 
GHz. For the 7M,, mode, find the cut-off frequency, the guide wavelength and wave impedance. 


Solution Here, a= i =1.5cm, f-10GHz 
From Table 7.2, for TM, mode, the cut-off frequency is given as 


h Vo Vo 
n nm as pem h 





8 
sA 53 = 10.19 GHz 
2z x1.5x10 





The guide wavelength is given as 











8 9 
js Xo -- n» | 3x10 ibe eee, 
ee i A i (1229) 
f? f? 15 


The wave impedance is given as 


fe 1249] — 
Tiny =o; Lg 7120 1- [47] 2219640 


Example 7.32 Find the radius and guide wavelength in an air-filled circular waveguide for the 
dominant mode at f= 30 GHz = 1.5 f.. Will TM,, mode propagate under these conditions? 
Solution Here, f= 30 GHz - 1.3 f, 





-.30. 
So= [5 = 20 GHz 


For circular waveguide, the dominant mode is TE}; mode. 
The corresponding cut-off frequency is given as 
Vo 


— Yo, . Vo 
p z m 2a a m 


8 
PE: 3x10 


= a x 1.84 = 0.44 cm 
2r f, "" 2mx20x10° 


The guide wavelength is given as 





8 9 
A Ao - — ws _ 3x10 /30 x10 =1.34cm 
Je Kc 
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For this radius, for TM|, mode, the cut-off frequency is 


8 
FO gg = eo ally, A x 3,83 = 41.63 GHz 
2n 2ra 27 x 0.44 x 107 





Since this is greater than 20 GHz, 7M,, mode will not propagate. 


Example 7.33 Calculate the radius and guide wavelength for 7M,, mode at f= 30 GHz = 1.5 f, 
in an air-filled circular waveguide. 


Solution Here, f= 30 GHz = 1.3 f. 
.30. 
i= 157 20 GHz 


From Table 7.2, for 7M,, mode, the cut-off frequency is given as 


Vo Vo 





hs 
f. = 


= = h 
2x HE 2g "m 2xa ^ K 


m 


ma | 3x10! 


a= ah, = x 3.83 = 0.914 cm 
anf, "" omx20x10? 





The guide wavelength 1s given as 


Ay v/f _ (3x 10°)/(30 x 10°) 





=1.34 cm 











*Example 7.34 Evaluate the ratio of the area of a circular waveguide to that of a rectangular one, 
if both are to have the same cut-off frequency for dominant mode. 


Solution Letr be radius of the circular waveguide and a be the larger dimension of the rectangular 
waveguide. 

From Tables 7.1 and 7.2, we understand that the dominant mode in circular waveguide is TE}; mode. 
For this mode, the cut-off frequency 1s given as 


2zr 





y 
rh, D 


hm = 36x; x 1.84 


For TE,, mode rectangular waveguide, the cut-off frequency is given as 


2 2 
_ Yo [m n\ _ Yo 
Je 2 (n) «(2 2a 


Since both will have the same cut-off frequency, we get 





Vo _ Yo 
DE x1.84= Ja 


or £ 20.586 


a 
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The area of the circular waveguide is, 4, = zr? 


For standard rectangular waveguide a : b = 2 : 1, so that the area of the rectangular waveguide is 


2 
a a 
A,-ax i22 


2.2 
A, mr 


A, "ain 





2 
- 2x2) = 27 x (0.586)? = 2.155 


*Example 7.35 Design an air-filled circular waveguide yielding a frequency separation of 1 
GHz between the cut-off frequencies of the dominant mode and the next highest mode. 


Solution The dominant mode in circular waveguide is TE,, mode and the next highest mode is 
TM, mode. The respective cut-off frequencies are given as 


TE _ V0 ,_ Vo 
ll ^na = zza x 1.84 





y 
EE 0 ahy = x 2.4 
a 


0 
2x 21a 


For a difference of 1 GHz between these two frequencies, we can write 





TM _ «TE _ 9_ Vo E 
c01 a 71x10 zrg í 1.84) Tra * 03556 


8 
a=——__ 9,556 = 2%) __ x 0.556 = 0.0267 m= 2.67 cm 
2n x1x10 27 X1x10 


The corresponding cut-off frequencies of this waveguide are 


TE _ 


Vo = 
cll = 3x3 x00067 x 1.84 = 3.286 GHz 


TM XDxQ08 x 2.4 = 4.286 GHz 


7.5 POWER TRANSMISSION IN WAVEGUIDES 


The power transmitted along any waveguide as well as the transmission losses can be determined with 
the help of the field equations obtained in the preceeding sections and using the concept of Poynting 
vector as explained in Chapter 5, Section 5.10. 

From Eq. (5.40), the total power carried by the fields along the guide direction (here z-direction) 
is obtained by integrating the z-component of the Poynting vector over the cross-sectional area of the 
guide. 


Pr= | Bwe d$ = | ReLEs x H5] dS (7.129) 
S S 


7.5.1 Power Transmission in Rectangular Waveguides 


The power transmitted in rectangular waveguide is obtained from Eq. (7.129) as 
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1 fo eel = sori 
Pea 5 Re[Es x Hs]-d5 = f 5 Re[E,H, - E,H,, Ja, dxdya, = f ag (P * |E, P )dxdy 
S S S 


where 1] is the wave impedance of the guide. 


For TE waves, the transmitted power is given as 











2 

1-7 Je 
ME ae 
Tg — 2T] 


a b 
| J GEP--LE,P)ayax 
x=0 y=0 








where "=, £ is the intrinsic impedance of uniform plane wave. 


For TM waves, the transmitted power is given as 





P 1 





Ts 2 
x-0 y=0 
27, E 3 


a b 
J f (EP IE, Pay 











7.5.2 Power Transmission in Circular Waveguides 


The power transmitted in circular waveguide is obtained from Eq. (7.129) as 


(7.130) 


(7.131) 


1 +, ug [l1 E or 
pe jRelEs x Hs]: d$ = f zReLE, Ho- EH, Ja, rdrdóa, = f ag 5 P LESP) rdrdó 
S S S 


where 1] is the wave impedance of the guide. 


For TE waves, the transmitted power is given as 








2 

TEA 
EC 
Te 2mo 





2n a 
J J (EP +|E,?)rdrdo 
o=0r=0 








where 1) 7 4| E is the intrinsic impedance of uniform plane wave. 


For TM waves, the transmitted power is given as 





1 


P 





Tru 2 
c 9=0r=0 
2No E 


T f QE, PHE P)rdrdo 











(7.132) 


(7.133) 


Example 7.36 For TE,, mode rectangular waveguide, calculate the time-averaged power 
transmitted along the guide. Also, calculate the energy density of the fields and determine the velocity 
by which electromagnetic energy flows through the guide. Establish that this velocity is equal to the 


group velocity. 
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Solution For TE, mode the non-zero field components are: 


The Poynting vector is obtained as 




















2 2 2 
is | s 2 1-45 ow m f 2 2| 7 
a 2:2 = i E 
P; 2n, JEI 2n, |E,| zm, if (z) Hő sin [Zs] 


The time-average power transmitted along the guide is obtained by integrating p, over the cross- 
sectional area of the guide. 








A 
ab 1- f? ol? T 2 ab m 
P, = | | p-dxdy = | | HJ f sin? [Ead 
00 00 


21], h^ \a 





fe 
1- 2 


f eujen 3l (2r J 
H, 1— cos | — x] |dxd 
4T] ht \a iJ] ae 














2 2 2 
For TE,, mode, p-(zm) +("| -(2) 


a 


2/212 2 
pulo pede 
4mo h2 H2 


We now calculate the distribution of electromagnetic energy along the guide, as measured by the time- 
averaged energy density. The energy densities of the electric and magnetic fields are given as 


212 2 
w -Ine|1e£.£4]- | eg p- 1: SH (z) Hsin? (Z x] 
e 4 y a a 























25919 49 i 
2 
wip 7-H*\=4 24g eyed ; sz) im? (Zx) (e. 
Wy = Re( 4H H -44H,| «nb-dud E 7) sm ix + cos "is 


Energy distribution per unit length 1s obtained by integrating the above two quantities over the cross- 
sectional area of the guide. 
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ab 20 2 ab 262 2 
Ws fwd- A (z) H | f sin? [2 x}axay = L9 H (z) Hiab 
00 





= Ife turii E (2 j sin z x} + cos? (2 m 


2 
Uu B (2) 
= re pa 
Although these two expressions look different, they are actually the same as derived below. 


2 2 2 
For TE,, mode, we = (nm «(m -() 


a 








2 2 2 2 
c 1 h+ 
W,, - Auges E] |- a uHĝab iie E f- tungan EE | 


_1 2 a? uE o u? 
= L urga x ete i Hàab - W, 





Hence, the total energy density per unit length is obtained as 


2,2 
W-W,W,-25£,-lg9 H Hab 
e m e 4 2 0 











25,2 
W-ie 23 Hab 


The velocity by which electromagnetic energy flows through the guide is given by the ratio of the time- 
averaged power transmitted to the total energy density per unit length. 


3 


1 
P, DE Ln f= [eth 
y.g-— 
emn y. o we z UE 
LF a 
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By Eq. (7.51), this is the group velocity of the wave, i.e., the velocity with the energy is transported. 


Example 7.37 A lossless air-filled rectangular waveguide has dimensions a = 7.214 cm and b 
= 3.404 cm. For the dominant mode propagation at 3 GHz, find the average power transmitted if the 


excitation level of the E field is 10 kV/m. 


Solution Here, a= 7.214 cm, b = 3.404 cm, f= 3 GHz, E, = 10 kV/m 
For the dominant mode, i.e., TE}; mode, the cut-off frequency is given as 


2 2 8 
z (sj «(n nio IT a cos URGES 
J= Na b} 2a 2x7214x10? ^" 





Hence, from Example 7.36, the average power transmitted is given as 


2 2 
E KY aoxioy P (298) 
P, m” 1 (4) ispir Ne tA x0 5, 1-[—2— 


=115.92 Watt 





Example 7.38 A lossless air-filled rectangular waveguide has dimensions a = 7.214 cm and 
b = 3.404 cm. For the dominant mode propagation at 2.6 GHz, the guide transports 200 W of average 


power. Find the level of excitation of the E field. 


Solution Here, a= 7.214 cm, b = 3.404 cm, f= 3 GHz, Ey = 10 kV/m 
For the dominant mode, i.e., TE}; mode, the cut-off frequency is given as 


2 2 8 
= (2) «(2 xl KE. c cH 
477a b] 2a 2x7214x10? ^ 


Hence, from Example 7.36, the average power transmitted is given as 








B.X4mn 200 x 4 x 1207 
2 2 
f -4 -(28) 
op-(4 7214x3404x 10 41- Um 


Example 7.39 For TE), mode, 


= 143.03 V/cm 








| 642 Electromagnetic Field Theory 





Find the average Poynting vector and the total average power transmitted across the guide. 


Solution The average Poynting vector is given as 
"E ny Pore ere ee 
Pave — 25 Rel Es x Hs] un 2; 05. + |E,| )a, 
where 1] is the wave impedance of the guide. 


OME p sin (Z Jer, E,-0 





In this problem, E£, = 


205272 
Ss O° u^n 9/0. \- 
Pave 54 = 2np i Hg sin? £yJa. 
Total average power transmitted across the guide is i as 

wn 
s 2n "2x 
b a 
Sees Lele] 

sin dxd 

~ 2nb?h4 iu ud á 


b a 
2 oum m Hoo Í deer vee 
Ly 
"Anl 
— Anb h y-0x-0 


^-[5 LE. a, - dxdyā, porum Hj sin? (= yay 








_ OWT 72 
mr Ru 
mmy (ny m 
z A 
Here, p(z) enn) om 
305 3d d 
P,=—2 ET Hiab o pul H? 
[r 4nz 
4nb p 


Example 7.40 Ina lossless circular waveguide of radius 1 cm with dielectric of permittivity £, 
— 2.1, the transmitted power in the dominant mode at 15 GHz is 2 W. Find the level of excitation for 
the magnetic field. 


Solution Here, a= 1 cm, f= 15 GHz, P = 2 Watt, &, 7 2.1 
The cut-off frequency for the dominant mode, i.e., for TE}; mode is 
Vo 3x10 


a hn = ah — X1.84- 8.785 GHz 
2ra 2z x1x10 





The average power transmitted for this mode is given as 


on fy XY er dos 
MEDIE em 





fe 
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From the knowledge of Bessel’s function, the value of the term within third bracket comes to be 0.239, 
as follows. 
(1.84? -1 


RET x (0.58)? = 0.239 


(ahy? 


So, the average power transmitted is written as 


2 2 
n Íe 
P,= b mpra Z) -(£) x 0.239 


[est lirano- 








f 
H, 4x Ew =13.16 A/m 
TA Lr 
2 € 
xma x| 1-| = | x0.239 
La (4) (4) 


7.6 POWER LOSSES AND ATTENUATION IN 
WAVEGUIDES 


In earlier discussions, we assumed a lossless waveguide (o = 0, o, = œ) for which the attenuation 
constant œ = 0 and the propagation constant y = jf. However, in general, the guide walls are not 
perfectly conducting and the dielectric is lossy (0 + 0, 0, # œ) and there is a continuous loss of power 
as a wave propagates through the waveguide. 

Consequently, for waveguides with conducting walls, the power (transmission) losses are primarily due 
to the following two causes: 


1. Dielectric losses in the medium filling the space between the conductors in which the fields 
propagate, and 
2. Ohmic losses or conduction losses due to conducting walls. 


From Chapter 5, Section 5.11.5, the power flow in the guide is according to the equation, 
Pre Pe (7.134) 


From the law of conservation of energy, the rate of decrease of Py must be equal to the time average 
power loss, i.e., 


dP, 


inge cm 2a Pe?” -2«P. 
LIP. 
e 7.135 
a E ) ( ) 


The attenuations in the wave due to the two types of losses are characterised by the attenuation constants 
a, and a, respectively, so that the total attenuation constant of the waveguide is represented as 


= Qt Oy (7.136) 


1. Dielectric losses: This occurs in the medium filling the space between the conductors in which the 
fields propagate. The attenuation in the wave due to this loss is characterised by attenuation constant 
0. 
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Determination of o: For lossy dielectric, we replace the permittivity € with the complex permittivity 
£, given as 


—le_ ;o — (el. je” 
«-[r JZ) (E - je ) 
Hence, the propagation constant for the lossy dielectric is given as 
ry \ ry xY 
rentem ee] o er e e 


Squaring on both sides, 








2 2 
oà- Bi 2o B, - (8) «(m oue + jQuo 


Equating the real and imaginary parts, 








2 2 
os) «en -o — 


LO 
2B, 


For weakly conducting dielectrics, a? << B3 and we may make the approximation: 


2 2 
oå- Bj -Bi- [5] +(%) -oue 


20,D;- ouo or oc,- (7.137b) 





a 


ife EET 8] t i 


This is identical with Eq. (7.94). Substituting this in Eq. (7.1375), we have 











Eg 
_ QUO _ QUO E ON 


2p, 2 2 2 
20 i E 2! E 2! E 


where, y=, | £ is the intrinsic impedance of uniform plane waves. 


Qq 























OT]o 
21-4 


2. Ohmic losses or conduction losses: This occurs due to the conductivity of the guide walls. The 
attenuation in the wave due to this loss is characterised by attenuation constant o. 

Determination of o: The conduction losses are more complicated to calculate. In practise, the 
following approximate procedure is adequate. 


0, = (7.138) 
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(a) First, the fields are determined on the assumption that the conductors are perfect. 
(b) Second, the magnetic fields on the conductor surfaces are determined and the corresponding 


induced surface currents are calculated by J,=4, x H , where à, is the outward normal to the 


conductor. 
Third, the ohmic losses per unit conductor area are calculated as 
Wa 385 |Js| (7.139) 








OU we _ l i : z 2 
where Ry=,| 2c TA] 2c z 90H is the surface resistance of the conductor and 6 =, | Quo 


is the skin depth. 
Integrating Eq. (7.139) around the periphery of the conductor, we obtain the total power loss 
per unit z-length due to that conductor. 


P= $T Rs sf all (7.140) 
S 


(c) Fourth, total power transmitted through the guide is obtained from Eq. (7.129). 
(d) Finally, the attenuation constant is calculated using Eq. (7.135) as 





1 = 
5 Rs lIs al 
S 





(7.141) 


[4 


TE )- 
Mr)? [TReEsx H5]-48 
S 











The attenuation constants for different modes of propagation in different waveguides are given in Table 
7.4. 

The variation of the attenuation constant with frequency for TE, TM and TEM modes are shown in 
Fig. 7.13. 
















A 
Attenuation 
a Region of Region of wave 
no wave propagation 
propagation 
for TE and TM waves 
TM modes Y 


“TEM waves 


TE waves 








> 
9 fc 48 fe Frequency, f 


Fig. 7.13 Variation of attenuation constant (œ) with frequency 


In a particular case, we find out attenuation constant for TE ọ wave in rectangular waveguide as follows. 
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Calculation of Attenuation Constant for TE,, Waves in Rectangular Waveguide In this 


case, only the components E,, H, and H, exist. Also, h = (z) : 


Hence, the time-average power transmitted through the guide is 


2 
NE: 


2 a b 
R= Í Í (E Doa 
TE10 2o 


x=0 y=0 














ESAMI 


x=0 y=0 
































f? 
G2 242 a 
= f 9 " il z sin (22x)] 
Ano (2) 2x a B 
a 
2 
er ou 
22 0 0 FR? ab 
4n x? ° 
2 
a ^ ow 
= 2,3 
4n, E, Hgjab (7.142) 


Similarly, total power loss for TE, waves is obtained as follows. 


sop dor ase 
i J 25s sl dl 


x= 


= LR | (H2 + H2 )dx 
0 





Lrgio y= 2 








x- 





648 Electromagnetic Field Theory 


1 a 8. [27 M à c dor 
-4 5H G B bor sin[ > JL eben err 























T 
1 2 2 a? 
=—R, Hal 1+ B?| S 
4 1 
1 2 2 a? 
Pj p= qRsHoal 1+ B? | — (7.1432) 
p= 4 T 
Similarly, 
by is 1 5 
alee f 5s MsP dl =5Rs J (Day 
ze x=0 y=0 x=0 
1.2 
0 x=0 
i zt 
= z RsHo [dv 
0 
1 
=5RsHőb 
Pil, =a RSHàb (7.143b) 
Hence, total power loss is obtained as 
P us -2(B le o+ Pilx= o) 
-2x [Leiche (ss Jj Jesna! 
22 
= RH? «d g= pa | (7.144) 
x? 


From Eqs. (7.142) and (7.144), we get the attenuation constant for TE) wave as 


[56 5) 
R H| b+2} 14+ 
. sas e ees 
2 2 
TE0 2 2 f omar icd 
\ f oe Ha 3p $ 
n? 


AN 


Trgio 





After some simplifications, we get the attenuation constant for 7E,, wave as 
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(25) 
Rsi ITS 


Oui Nod f (7.145) 














Similarly, we can find out the attenuation constant for 7M,, wave by putting m = n = 1 in the equation 
of attenuation constant for 7M mode of rectangular waveguide as, 








1 a+b : 
(attenuation constant for 7M,, wave) (7.146) 











*Example 7.41 A brass waveguide (o, = 1.1 x 10’ mho/m) of dimensions a = 4.2 cm, b= 1.5 cm 
is filled with Teflon (e, = 2.6, o = 1075 mho/m). The operating frequency is 9 GHz. For TE 19 mode: 

(a) Calculate ox; and o... 

(b) What is the loss in decibels in the guide if it is 40 cm long? 


Solution Since the guide is filled with Teflon (£, = 2.6, o = 10? mho/m) where conductivity is 
very small, the intrinsic impedance of the medium is given as 


u [Ho 120g 1207 
| 233.80. 
" 'E Ee, de, 26 


For TE,, mode, m = 1, n = 0. Hence, the cut-off frequency is 























pal (eam mud AE OE EE. 
ç 2 a b 2a 2a Jue 2a 4 Mo€0€, 2a,/ e, 





B 3x108 
2x 0.042 x 4 2.6 
= 2.21 GHz 


At 9 GHz operating frequency, the attenuation constant due to dielectric loss is 


on, 1071 x 233.8 


2-4 nf 27) 


For TE,) mode, the attenuation constant due to ohmic loss is obtained from Eq. (7.145) as 


Oy = = 1.206 x 107'? Np/m 
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9 -7 
Here, R, = mfu | {EXIXIOX4TxlO s 683x1029 
: o, 1.1x 107 


iau jb 
Ju ^ 5689 X107 0.042 V 9 


2 
9 











Uere = Tp qj 2338x0015 § 
1- f 1-| 
= 1.744 x 10? Np/m 





Since, &, «« Œ, the total attenuation constant is 


= = =2 
O no = Copy 71744 x 1074 Np/m 


For a length of 40 cm, the power loss is given as, P; = Pae% 
To convert it into decibels, we have 


B P) 10 P) 10 Bey. 20 " 
P, -10 eas g 23026 nF) 23026 n( B 23026 (az) =8.686(az) 
Hence, the power loss is 


P, = 8.686(0(z) = 8.686 x 1.744 x 10 2 x 0.4 = 0.0606 dB 





Example 7.42 Find o, for TE, mode propagating through an air-filled parallel plane guide of 
dimension d = 2.5 cm operating at 10 GHz. Given: o= 5.8 x 107 mho/m and 0, = 10? mho/m. 


Solution Here, n -1, d= 2.5 cm, f= 10 GHz, o= 5.8 x 10’ mho/m, o, = 10? mho/m 


8 
The cut-off frequency is given as f.— n |. nc | 1x3x10 


2d 4 us & 2d 2x2.5x10? 








= 6 GHz 


Ogo _ 103x120 

2 2 
zahi- ali (5 
f 10 


Example 7.43 Ifa rectangular waveguide is made of copper with o= 5.8 x 10’ mho/m, find the 
attenuation constant in neper/metre for TE, mode at f= 1.5 f.. Waveguide dimensions are a = 8 cm and 
b=4cm. 


Qq 











= 0.2356 Np/m 





Solution Here, m= 1, n= 0, a= 8 cm, b = 4 cm, 
So, the cut-off frequency is given as 


2 2 8 
_ Vo m n MV. 3x10 = 
J= (2) +(2] Cay ZKI n CHE 
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So, the operating frequency is 
f=15f,=1.5 x 1.875 = 2.8125 GHz 


The propagation constant is given as 


may , (nz \ zy o? 
m 2 = A| We 
re) +] me A] -s 
| z J (27 x 2.8125 x 10°)? 


\ 8x 107 (3.x 10°)? 
= j43.9 

















Since the propagation constant is purely imaginary, the attenuation constant is zero. 


*Exampe 7.44 An air-filled rectangular waveguide has brass walls (u = Jy, 0 — 16 MS/m) with 
a = 2.286 cm and b = 1.016 cm. Find the attenuation constant in dB/m due to the wall losses when the 
dominant mode is propagating at 9.6 GHz. 


Solution Here, u= uo, 0 7 16 MS/m, a = 2.286 cm and b = 1.016 cm, f= 9.6 GHz 
For the dominant mode, i.e., TE, mode, the cut-off frequency is given as 


2 2 8 
=m) (2) i ON ee rs 
2\\a b} 2a 2x2286x10? ` 


The attenuation constant due to the wall losses 1s given as 


2b T | 
1 1+ 
ru taf) Jafu a ^ 


Orc, 
TE10 f Nob f 


fx 9.6 x 10° x 4n x 1077 P -2286 
416 x 106 x 1207 x 1.016 x 107? je "d 


= 0.0246 Np/m 




















The attenuation in dB/m is given as 
Orc... (in dB) = 0.0246 (in Np) x 8.686 = 0.214 dB/m 


*Exampe 7.45 A waveguide with dimensions a = 2.286 cm and b = 1.016 cm has perfectly 
conducting walls and is filled with lossy dielectric (0; = 367.5 wS/m, €, = 2.1, u, = 1). Find the 
attenuation constant in dB/m for the dominant mode of propagation at a frequency of 9 GHz. 


Solution Here, a= 2.286 cm and b = 1.016 cm, o; 367.5 uS/m, &, = 2.1, u, 7 1, f= 9 GHz 
For the dominant mode, i.e., 7E,; mode, the cut-off frequency is given as 
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n: (=) (2) = vy | 3x105/42.1 








= 4.53 GHz 
2 Na b) 2a 2x2286x10? 
The attenuation constant is given as 
-6 
ae gM . 3675x10 x 12077/¥ 2.1 = 0.0553 Np/m 





ah- ah (585) 


The attenuation in dB/m is given as 
Oc. e (in dB) = 0.0553 (in Np) x 8.686 = 0.48 dB/m 


Exampe 7.46 An air-filled rectangular waveguide of cross section 5 cm x 2 cm is operating in 
the TE,, mode at a frequency of 4 GHz. Determine: 
(i) the group velocity 
(ii) the guide wavelength 
(iii) the attenuation to be expected at a frequency which is 0.95 times the cut-off frequency (assuming 
the guide walls to be made of perfect conductors) 


Solution Here, a= 5cm, b -2cm, f= 4 GHz m=1,n=0 
The cut-off frequency is given as 


2 2 8 
_ Yo (2) «(2 E Vo = 3x10 =3 GHZ 
fe 2 2a 2x5x1072 





The group velocity is given as 


de 3)’ 
Vg = Vo Io PAS i-(3) =1.98 x 105 m/s 


The guide wavelength is given as 
Ay w/f | Gx105y(4x10)) 


MR OMS 


For attenuation, the operating frequency is 
f =0.95 f, = 0.95 x 3 = 2.85 GHz 


The propagation constant is given as 
may .(na\ zy) o? 
EAT RSS UU | og ye = J (24) —4— 
y= (22) +] da 5 c 


E zn Y Qnmx285x109? 
5x107? (3 x105)? 


= 19.62 


Since, the propagation is purely real, the attenuation constant is 19.62 Neper/m 





= 0.1134 m - 11.34 cm 
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Example 7.47 An air-filled circular waveguide with radius 5 mm operates in the 7M), mode 
at a frequency f= 1.3 f... Find the attenuation constant in dB/m due to wall losses in a short section of 
copper (o = 5.8 x 10’ mho/m). 


Solution Here, a - 5 mm, o= 5.8 x 10’ mho/m 





2 fo _ 1 
f-13f = AREE: 


For TM, mode, the cut-off frequency is given as 


Vo Vo 3x 108 
= = ah = x 2.4 = 22.92 GHz 
fe 2m "" 2ga "" IOnx5x«K107 





f =1.3f,=1.3 x 22.92 = 29.794 GHz 


The attenuation constant is given as 


Rs 1 = JAnzfulo 
aio 


1 
OTM 
TA ^ R8 
f S 


4x 29.794 x 10° x Ag x 107 1 


5.8x107 x 5x10? x120z [p 
Pare 











= 0.0374 Np/m 
= 0.0374 x 8.686 
= 0.325 dB/m 


Example 7.48 Show that the attenuation constant for TM, wave in parallel plane waveguide is 


a minimum at a frequency which is V3 times the cut-off frequency. 


Solution For 7M mode, the attenuation constant is given as 
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Example 7.49 (a) Show that for a rectangular waveguide, the dominant mode exhibits a 
minimum attenuation due to conductor loss at a certain frequency. Find that frequency in terms of the 
cut-off frequency of the mode. 

(b) If a = 3b, find the frequency for minimum attenuation. 
(c) For a square waveguide, show that attenuation œ, is minimum for TE ọ mode when f= 2.962 f.. 


Solution 
(a) For a TE, mode rectangular wave, the attenuation constant is given as 


(24) 
_ Rs n e 
































Creio Mb 2 
Vor 
Substituting the value of the surface resistance R, = Y , we have 
evn MEE rS 2b f: 2b f 
Tu [n a ZE 72 f a fm 
= =— K 
C 
TE10 Nd iz f? Nob i= f m y? 
f? qo f2 
zu 
where K =+—°~ is constant. 
Mb 


For the attenuation constant to be minimum, 


dac _ 


df E 
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or =0 














or =0 


FON NEN. 5 WN 
« elar 8 7 ae] 
1 1 3b f O35 fo. JR. mfi 
or "EG 2 f52 a gon + a fz f a p 
1 b b) bf 
73(5+4)% ta fi PS 
af^ — 3a * 2b) f? f? + 2bf? =0 




















or 


Solving this equation and taking only the positive root, we get 





| (a 25) f2 | Na+ 2b}? f^ — Babf/ 











y 2a 
[3(a*2b) | |[3a-2b)|) 2b 
| 2a t \ l 2a | a le 














1 
2 2 
pppoe +f | -2 f 


2a 2a a 








This is the frequency corresponding to the minimum attenuation due to conductor loss. 
(b) If a = 3b, we have 


1 
 |3Gb«2b  |[3Gbe20 2P 
r-| 2x 3b 2 2x3b [um fe- 


f - 2.205 f, 





T 
N[n 
+ 

»| 
| 
wry 
ll 
N 
e) 
Ss 
aA 
T^ 














(c) For square waveguide, a — b, so that we get 
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1 
2 2 
ESSE AERE 20 12 [8-2 =2.900, 


7.7 CAVITY RESONATOR OR RESONANT CAVITIES 


A cavity resonator or resonant cavity is a device where the inside space is completely enclosed by 
conducting walls that can contain oscillating electromagnetic fields and possess resonant properties. 

Waveguide resonators are used in place of the lumped element RLC circuit to provide a tuned circuit 
at high frequencies. For this reason, at high frequencies, the ordinary LC resonant circuits are replaced 
by electromagnetic cavity resonators. 














7.71 Rectangular Cavity Resonator 


The rectangular waveguide resonator is basically a section 
of rectangular waveguide which is enclosed on both ends by 
conducting walls to form an enclosed conducting box. 

Figure 7.14 shows a rectangular cavity the same cross- 
sectional dimensions as the rectangular waveguide (a, b) and 
z-length equal to c produced by replacing the sending and 
receiving ends of a rectangular waveguide by metallic walls. 

A forward-moving wave will bounce back and forth from 
these walls, thus resulting in a standing-wave pattern along 
the z-direction. 5 

In a cavity resonator, only those standing wave patterns Fig, 7.14 Cavity resonator 
will exist which satisfy the boundary conditions at each of the 
six walls. These boundary conditions on the cavity walls force the fields to trap electromagnetic energy 
only at certain quantized resonant frequencies. 

Here, we will explain the different field configurations inside a resonant cavity both for TE and TM 
modes and determine the resonant frequency and quality factor in each case. 





Field Equations for Transverse Electric (TE) Mode in Rectangular 
Cavity Resonator 
In this case, E, = 0 and we let, 
HQ y, z) - X(x)¥(y)Z(z) (7.147) 


Following the same procedure to solve Eq. (7.63) by separation of variables method as in Section 7.3, 
we get 


X(x) = A cos K,x + A, sin K,x (7.1482) 
Y(y)= 4 cos K,y + A,sin K,y (7.148b) 
Z(z) = A cos K,z + A;sin K,z (7.148c) 


where K?=K}+K}+K?=o7pe (7.148d) 
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H,(x, y, z) = (4 cos K,x + A, sin K,x)(A; cos K, y + A, sin K, y) (7.149) 
(45 cos K,z + A; sin K,z) 

The boundary conditions for this case are: 
E.—-0 at x=0,a (7.1502) 
E.-0 at y=0,6 (7.150b) 
E,-0,E,-0 at z=0,c (7.150c) 

Hence, from Eq. (7.64) to Eq. (7.67), the boundary conditions become, 

oH, 
ae at x=0,a (7.151a) 

oH 

z = = .1 1 

F 0 at y=0,b (7.151b) 
H,=0 at z=0,c (7.151c) 


Applying the boundary conditions of Eqs. (7.151a) and (7.1515) to Eq. (7.149), we require that A, = 
0 = A, and 


where, m=0, 1, 2,3,... andn=0, 1, 2, 3,... 
Applying the boundary condition of Eq. (7.151c), we require that, A; = 0 and 














sin K,c=0 
> K,c= pn, 
P 1, 2; 3, 
or K,- PL 
C 
Hence, 
KEPE, ee. Mae oe (7.152) 
* a » b TEE 
Substituting this in Eq. (7.149), 
HL (x, y, z) =H, cos (22 cos (z » sin (222) (7.153) 





where, Hy = A, A; Ag. 
The other field components are obtained from Eqs. (7.153) and (7.64) to Eq. (7.67) as follows. 


_ ,0u 0H. | ou (nz mx). [nz |. (pr 
E= J ng oy =/] n | b || E x} sin b y) sin z z) (7.154a) 
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_ œu ðH, — paua 4 (22) (z Js (22) 
v a ET 3e Ip A Ho sin q *¥)eos p yj PE 














| 1 0H, | Lm E23 l us | [= (= } 
H,= pow wii P Hygsin z "eos p yes 772 




















m - E (menn) [rs ; = | (2r 
H, 22-290 Eb " Ho cos t sin p| cos 2 





NOTE 


(7.154b) 


(7.154c) 


(7.154d) 


The integers m and n cannot be zero at the same time as in that case, the field components will be 
zero. The mode that has the lowest resonant frequency for a given cavity size (a, b, c) is known as 
the dominant mode. For example, for a resonant cavity with a > b < c, TE,4, mode is the dominant 


mode whereas for a cavity with a < b < c, TEg4, mode is the dominant mode. 


Field Equations for Transverse Magnetic (TM) Mode in Rectangular 
Cavity Resonator 
In this case, H, = 0 and we let, 


E(x, y, z)  XQG)YQ)ZG) 


(7.155) 


Following the same procedure to solve the Eq. (7.59) by separation of variables method as in Section 


7.3, we get, 
X(x) 7 B, cos K,x + B, sin K,x 
Y(y) = B cos K,y + B,sin K,y 
Z(z)= B; cos K,z + B, sin K,z 
where K? =K? +K? + K? =œ ue 


E, (x, y, z) = (Bj cos K,x + B, sin K,x)(B, cos K,y + By sin K,y) x 
(B5 cos K,z + B; sin K,z) 


The boundary conditions for this case are: 
E,=0 at x=0,a 


E,=0 at y=0,b 


E,=0,E,=0 at z=0,c 


(7.156a) 
(7.156b) 


(7.156c) 
(7.156d) 


(7.157) 


(7.1582) 
(7.158b) 
(7.158c) 


Applying the boundary conditions of Eqs. (7.158a) and (7.1585) to Eq. (7.157), we require that 


B, =0 = B, and 


where, m = 1,2, 3,... and n = 1, 2, 3,... 
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In order to apply the boundary condition of Eq. (7.158c), we get by combining Eq. (7.615) and Eq. 
(7.62a) that 


jock, = 





oH, — 1 XE. QE, 
dy  jæu\ oz  Oxoz 


and with H, = 0, this reduces to 











, cd (FE, FE, 
jock, jon | a os | (7.1592) 
Similarly, combining Eq. (7.61a) and Eq. (7.625) with H, = 0, we get 
TR, E 
Jo€E, PUT | DE 322 (7.159b) 


Now, applying the boundary condition of Eq. (7.158c), from Eqs. (7.159a) and (7.1596), we require 
that B; = 0 and 

















sin K,c- 0 
— K,c= pm, 
p=9, 1, 2, 3.,... 
or K.= pr 
C 
Hence, 
ELLE zx. SN LO 
K,= K, bo K, E (7.160) 
Substituting this in Eq. (7.157), 
E, (x, y, z) = Ey sin (22 sin (z ») cos (222) (7.161) 











where E, = B, B, Bs. 
The other field components are obtained from Eqs. (7.161) and (7.61) and Eq. (7.62) as follows. 





















































2 
ar ema a da URe) erem 
1 VE,  1(nx\( pa . [mz nz |. m 

En ee US M" 

H =j OE ae: je PT |E sin (22) cos (>) cos (222) (7.162c) 
5 h? oy mb d a b c 

H 2. #8 OE, oe (mz) cos {x} sin (22 |cos( 222] (71624) 
y J n? Ox J h2 a 0 a b y m . 
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NOTE 
Here in TM mode, both m and n can simultaneously be zero because even in that case the field 
components are not zero. Here also, the dominant mode depends on the cavity size. For a cavity with 
a > b >c, the dominant mode is TM. 


Determination of Resonant Frequency for TE and TM Modes in 

Rectangular Cavity Resonator 

The expression for the resonant frequency will be same both for TE and TM mode waves in cavity 
resonator, except some restrictions in the values of m and n. This obtained as follows. 

The phase constant is obtained from Eq. (7.148d) and Eq. (7.152), as 


p= x= [ere - eem] «Cun (22) 


Since, f? = œ? ue, we have the resonant frequency as 


s fox Lem] (e) =(22) 


i-e ome 


is the phase velocity of uniform plane wave in free space. 

















or 

















1 
where y, 2 —— 
0 liE 


The corresponding resonant wavelength is given as 











ART Fra (7.164) 


The lowest order modes in a rectangular cavity are the TMi 10, TE101, and TE ,; modes. Which of these 
modes is the dominant mode depends on the relative dimensions of the resonator. 





Determination of Quality Factor for TE and TM Modes in Rectangular Cavity 
Resonator In an ideal case, a resonant cavity will have walls of infinite conductivity. However, 
in a practical cavity resonator, the walls have finite conductivity resulting in power loss. This loss is 
measured in terms of the quality factor of the resonator. 

The quality factor of a cavity resonator is defined as 





gs Time average stored energy  _ LAUS A 
— ^^ Energy loss per cycle of oscillation ^^ PT ^ P, 
1 2x. ; ; M 
where T = F a the time period of oscillation 
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W—is the total time average energy stored in the electric and magnetic fields within the cavity 
P,—1s the time average power loss in the cavity due to the wall ohmic losses (plus other losses, such 
as dielectric losses, if present) 


: P, . i : : 
The ratio A@ = F is usually identified as the 3-dB bandwidth of the resonator centered at frequency 
æ. Therefore, the quality factor may be written as 


Time average stored energy _ _W_@o 





























= ee = B 
Q Energy loss per cycle of oscillation p P, Ao (rea 
In a particular case, for TE „op mode, the quality factor is given as 
[ 2 
gis ("| (2) 
TE. a c 
Ter" DBs | zy m ma Y m 
e jme] 4 

a 

(7.1662) 








where ô= zs is the skin depth. 
au 


For TE o; mode (m = 1, n = 0, p = 1) of cavity resonator, the quality factor is given as 


..] abc(a? + c°) 7.166b 
Oreo x l 2b(@ + c*) ac(a? +c?) Ws ; 

















Example 7.50 A rectangular cavity resonator has dimensions a = 3 cm, b = 6 cm, c = 9 cm. 
If it is filled with polyethylene (€ = 2.5€,), find the resonant frequencies of the first five lowest-order 
modes. 


Solution The resonant frequency is given as 
^ed 446) «0 NE ola) (2) 
roy ue Va b c) 2d b c 
5 ssec dee WA = vestes 108 
ere, 0 
Jue 4 Mof0€, JE, 42:5 


























=1.89 x 108 m/s 
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p= 189x108 E j- » « p ) 
2 0.03 0.06 0.09 


= 9.54] 0.11m? + 0.02787? + 0.0123 p? GHz 














We know that for TE,,,,,, modes, any two indices have to be non-zero; whereas for 7M,,,,, modes, all 


the indices have to be non-zero. Since, c > b > a, the lowest order mode will be TEp,,;. The next higher 
order modes will be TE 01, TE 110; TE,,, & TM, 1, TE\92, TE», TE». 
The corresponding resonant frequencies are given as follows. 


f, = 9-54] 0 + 0.027 + 0.0123 = 1.9 GHz 

Fro, = 9-5x 0.11 + 0 + 0.0123 = 3.333 GHz 

faa = 9-5 0.11 + 0.027 + 0 = 3.535 GHz 

f= 9-5x 0.11 + 0.027 + 0.0123 = 3.689 GHz 
f, = 9-Sxf 0.11 + 0+ 4x 0.0123 = 3.8 GHz 

faa = 9.5404 4x 0.027 + 4x 0.0123 = 3.8 GHz 
fan = 9-5 0.11 + 4 x 0.027 + 0 = 4472 GHz 














Hence, the first five lowest order modes with their resonant frequencies are given in the table below. 























Mode Resonant Frequency (GHz) 
TE, 1.9 
TE 19 3.333 
TE 10 3.535 
TE, & TM, 3.689 
TE, & TE 99 3.8 














Example 7.51  Arectangular cavity resonator has dimensions a = 3 cm, b= 2 cm, c = 4 cm. Find 
the resonant frequencies of the first three lowest-order modes. 


Solution The resonant frequency is given as 
1 my [nV p ^ my (ny p 2 
NH Ru e ZO. p d £ 
^-3 m: (2) «() +(2) 2 (=) «(2 «(£) 


pox k ) +( n j« p ) 
^ 2 0.03 0.02 0.04 


=154/0.11 m? + 0.25 n? + 0.0625 p? GHz 














We know that for TE „np modes, any two indices have to be non-zero; whereas for 7M,,,,, modes, all 


the indices have to be non-zero. Since, c > a > b, the lowest order mode will be TE,,;. The next higher 
order modes will be TE), & TE. 
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The corresponding resonant frequencies are given as follows. 
Sig = 1540.11 0 + 0.0625 = 6.25 GHz 
5 9.540 + 0.25 + 0.0625 = 8.385 GHz 
Jaa 7 9.54/0.11-- 0.25 + 0 29.014 GHz 





Example 7.52 An air-filled resonant cavity with dimensions a = 10 cm, b = 4 cm and c = 5 cm 
is made of copper (o = 5.8 x 10’ mho/m). Find the resonant frequency and the quality factor for the 
dominant mode. 


Solution Since a> c> b, the dominant mode is TE, mode. 
The resonant frequency for TE,,, mode is given as 


2 2 2 $ 5 J 5 
ovo {fm n p) 3x10 (4 (4) (2) " 
f 2 (2) «(7 +(2) 2x10 2 N M0 Tix. 3.354 GHz 
The quality factor for the dominant mode is given as 


2.1.52 2.552 
Qr, = ;| abc(a* * c^) |- Verus abc(a* * c^) | 


2b(aà? +c?) +. ac(a? +c?) 2b(a? c?) + ac(a? +c’) 


= 10x 4x 5100 + 25) E 
d 9 7 7 2 
=4/7 xX3.54x10' xA4z x10 x5.8x10 pL 


= 14,366.54 

















Example 7.53 A cubical cavity resonator made of copper (o = 5.8 x 10’ mho/m) is to be 
operated at 15 GHz. Find the dimensions of the cavity, its quality factor and the bandwidth if it is 
operated in the dominant mode. 


Solution The dominant mode in resonant cavity is TE;), mode. For this mode, for a cubical cavity, 
the resonant frequency is given as 


Niel e 2) e PT a 


This is given as 15 GHz. 














reie 
2a 

aB Spe 

J2x15x100 ` 


Hence, the dimensions of the cavity are: 1.414 cm x 1.414 cm x 1.414 cm. 
The quality factor for TE), mode is given as 


1 abc(a? + c?) 
ô| 2b(à? + c3) + ac(a? +c?) 





Orz,,, = 
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For cubical resonator, 





a? (a? +a’) |- a 


2a(@ +a) +a? (a° +a?)| 36 


where, skin depth, 6 = ER 3 l = ; = 5.396 x10 ^m 
mfUo WNzxl5x10?x4zx107x5.8x10 


a | 0.01414 


1 
QTE o = 1l 











= = 8736.4 
Gren = 35 7315 396x107 
The bandwidth of the resonator is 
mm: 
BW = O 7 87364 =1.717 MHz 


7.7.2 Circular Cavity Resonator 


A circular cavity resonator is formed by shorting the both ends AZ 

of a circular waveguide as shown in Fig. 7.15. This circular 

resonator is also used in microwave signal propagation. The C HO 
tuning of the resonant frequency is done by the movable top 


wall. 

For a cavity resonator with radius a and height d, we can 
calculate the resonant frequency as follows. 

Fora circular waveguide, the propagation constant is obtained 


fro Eq. (7.120) as 
Yum = N Din T o? ue 


In the propagation condition, y,,, — j,,,.. Replacing this 





p= i 


x 
Fig. 7.15 Circular cavity resonator 
De. a YD 2 
os E hs -o HE 
2 EV) 2 
or o HE == ham * Ds 


Also, for a circular cavity resonator, the condition for propagation is that B.,,,,= (27) as explained for 
rectangular cavity resonator. Hence, we have 


2 
2 2 2 pr 
O UE = hin + Bim = hs, (2) 


- «dee 











2 

1 2 (25) 
= ——._,| h, +| — 7.167 
^7 pe hin s (7.167) 
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This is the expression for the resonant frequency for TE and TM waves except the fact that for TE 
waves, „m should be replaced by h’. 


^ nm 


7.8 DIELECTRIC SLAB WAVEGUIDES 


A dielectric slab waveguide is a planar dielectric sheet or thin film of some thickness. A thin dielectric 
layer is deposited on another dielectric slab, called substrate. The dielectric constant of the deposited 
dielectric layer is greater than that of the substrate. 

A schematic dielectric slab waveguide of thickness d is shown in Fig. 7.16. 


^ Evanescent 


Region 2 
wave 


(cladding) | 


Ho; €2 








Region 1 

(core) Propagating 
Ho, €1 > £o wave 

x=-d 

Region 2 | 
(cladding) | 

Ho, £2 | Evanescent 

, Y wave 


Fig. 7.16 Dielectric slab waveguide of width 2d 


We consider a dielectric slab that is surrounded by another dielectric material that has a lower 
permittivity. A representative slab is shown in Fig. 7.16. 


Salient Features 


1. The waveguide thickness is 2d and the centre region (core) has a higher permittivity than the two 
outer regions (cladding) (£; > &;). 

2. The wave propagation in the z-direction is by total internal reflection from the top and bottom 
walls of the slab. 

3. The propagating fields are confined primarily inside the slab; however, they also exist as 
evanescent waves outside it, decaying exponentially with distance from the slab. 

4. Since the guide is infinitely extended in the y-direction, there are no boundary conditions of the 
fields along the y-direction, i.e., fields are independent of y. 

5. Pu e wave is propagating in the positive z-direction. Hence, the z-variation can be expressed 
as e "7, 


Therefore, we can write the electric and/or magnetic field as 

E, (or Hz) = X(x)e-/P* 
We assume the permittivity of the region inside the dielectric slab as €; and outside the slab as & (€; 
> £j) 


Since the dielectric waveguide is intended to guide the wave, the fields in the cladding region should 
be evanescent or decaying in amplitude away from the slab. This guiding property requires the incident 
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angle to be more than the critical angle 
0 » 6c 


or oss B] 
€ 

or @>sin7! 2 
Th 


where, 1], and m, are the refractive indices of the two regions, respectively. 
This requires the propagation constant to be in the range, 


Niko sin 0, < B < rk, sin 90° 
or Nako < P < mko 
We can use the concept of computing E, or H, as in the metallic waveguides and then applying 
Maxwell’s equations we can obtain the remaining field components. 
Points to remember: 


1. In case of the dielectric waveguide, due to the symmetry of the geometry, the fields will either 
be symmetric (even) or anti-symmetric (odd) about the y—z plane. 

2. In order for the field to be guided by the high-permittivity dielectric slab, the fields outside 
the slab must be evanescent, i.e., they decay in the x direction. We will use these observations 
in the formulations that follow. 


We will now find the solutions for TE and TM modes. 


7.8.1 Field Equations for Transverse Electric (TE) Mode in 
Dielectric Slab Waveguide 


In this case, E,=0 
The electric field for TE modes must satisfy the wave equation as given by 
2 2 2 
V^E, +@ueE,=0 
2 2 2 
Q^E, -g-E, ÒE 











or + +— +o peE,=0 
ox? 9y? oz? m 
9^E, 2 2 
or 38 *0- ^E, + o ueE,-0 
2 
E, 2 2 
3d *(otue — p^)E, 20 (7.168) 
X 


Equation (7.168) is valid for all values of x in all regions. However, we must remember that the 
permittivity is different in the two regions. 
Inside the dielectric slab: The solution of Eq. (7.168) inside the slab may have any of the two forms 


E,—-Acosk,x (even TE modes) (7.1692) 
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or 
E,-Bsink,x (odd TE modes) (7.169b) 
where, kı, is a real quantity. 
Here, we have taken the sinusoidal (or cosinusoidal) forms rather than the exponential forms because 


we know that the fields within the slab will form standing waves. 
Substituting Eq. (7.169) in Eq. (7.168), we have 


kj, oue, - p^ = ky - p? 


(7.170) 
Outside the dielectric slab: The fields outside the slab (cladding regions) are also of the basic form, 
E,-Ccosk,x (even TE modes) (7.1712) 
Or 
E,-Dsink,x (odd TE modes) (7.171b) 
where, k, is an imaginary quantity. 
Or equivalently, 
E (d Het for xod (7.171c) 
or 
E,=Del* for x<-d (7.171d) 


Substituting Eq. (7.171) in Eq. (7.168), we have 

k3, = @ Me, — p’ = kj — p (7.172) 
Here, in order to maintain guiding, the fields outside the slab (cladding region) must be evanescent 
or decay in amplitude with distance from the slab. This requirement caused the propagation constant 


to be in the range of (N, ky < D). Therefore, the propagation constant in the cladding regions must be 
imaginary. 


Let k,,=+ja 


where, a=+,/ B°- k? 


The sign of £j, is chosen such that the fields decay with distance away from the waveguide. This leads 
to 


ky,=—-ja for x2d and k,.=ja for x&-d 


The resulting fields in the cladding regions are given by 


E,-Ce& and x2d (7.1732) 


or 


E,-De* and x&-d (7.173b) 


Therefore, the electric field in the various regions is given by (let, k,, = kp), 
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Electric fields for odd TE modes 





E=E,e 7G, for x2d 
-E,sinkxe P3, for |x|€d (7.1742) 
=-E,e™ PG, for x&-d 








Electric fields for even TE modes: 





E-EgUÉ3 for x2d 
= E,cosk,xe/P?a, for |x|<d (7.174b) 
= Exe Pg for x€-d 











The magnetic fields can be computed by using Faraday's law as follows. 


a) 
&) 
&) 





x y 2 
NES z 1.9 a ð 
a rT E jou|ox ody oz 

0 E, 0 


Substituting the values of E, from Eq. (7.173), we get the magnetic fields for different regions as given 
by: 
Magnetic fields for odd TE modes: 





UE NU REO 
202 9 O-JB2(_ gg — f 2d 
H oU e (-Ba,- jaa,) or x 
- aL Cf sin k,xa, + Jk, cos k,xa,)e/P? for |x|<d (7.174c) 
Lr TERM 
= IPF (— f <-d 
Dit (-Ba, + joa.) or x 





Magnetic fields for even TE modes: 





[7 E, -ax- jp = Puts 
xr Jic for x2d 
à au © (- Ba, - joa.) or x 
-2p cos k xà, — jk, sin k,xa,)e/P? for |x|<d (7.174d) 
E, æx-jß > ee 
cute ede for x€-d 
au © (-Ba,* jaa.) or x 











In Eq. (7.174), there are four unknown quantities, E,/E,, k,, œ and fJ. We require four constraints for 
determining these unknowns. 
From Eq. (7.170) and (7.172), replacing kı, = k, and k,, — jo, we have 








k2 + B= @* ue = k? (7.175) 


-a + B’ =? ue, = k? (7.176) 
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These two give two constraints. The other two constraints are obtained by applying the boundary 
conditions as follows. We will consider both the even and odd fields. 


Solution for Odd TE Modes The tangential component of the electric fields must be continuous 
at the core-cladding interface. Therefore, at x = d, 


E, sin (k,d)e-/P* = Eye 94 e JB? 


sin (k,d)E, =e" E, (7.1772) 


Note that applying the continuity at x = —d results in an identical equation and thus does not help us. In 
fact, this stems from the symmetry of the problem and in reality we have already used this symmetry 
to break the problem into even and odd modes. 

The other constraint equation is obtained by applying the continuity of the tangential component (1.e., 
z component) of the magnetic field at the boundary. At x — d, 


k ŽL = jBz = ja P2 reds ib: 
jh, D cos (k,.d)e -- ja DU. e 





k, cos (k,d) E,» — «e E> (7.177b) 
Again, we get the identical equation at x = —d. Combining Eq. (7.177a) and (7.1775), we get 
k.cos(k,d) _ 
sin (kd) 
ad =-(k d) cot (k,d) (7.178) 











Equations (7.175), (7.176) and (7.178) give the constraint equations solving which by some numerical 
method, we can get the different fields. Actually, these three equations can be combined as follows. 
Subtracting Eq. (7.176) from (7.175), 


Di pin Dee aa cd 3.2 
ky + O° = @ UE — OUE, = 0" Hig£y(£,4 — €,5) = O MoE (Tp — TI) 


(Kd) + (Od) = © use, (ny — Md? 

















(7.179) 
Substituting the value of o from Eq. (7.178), 
k? + kz cot? (kd) = o ugeg (i, — 15) 
2 22.5 
or 1+ cot? (kd) = s BL m) 
2 2 2 
or cot? (k,d) = E Bc m) 1 
2 PEE 
cot (k,d) = | 2 us Mm) _ (7.180) 











We can solve this simultaneous equation with the help of digital computer. 


Solution for Even TE Modes The procedure is the same as for odd modes. The tangential 
component of the electric fields must be continuous at the core-cladding interface. Therefore, at x = d, 
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E, cos (k,.d)e7/8? = E,e- eP? 


cos (k,d)E, =e“ E, (7.181a) 


By applying the continuity of the tangential component (i.e., z component) of the magnetic field at the 
boundary, at x = d, 


ee ~jB2 jg £2 gad g-iB2 
jk, au sin (k,d)e -- ja am e 


k, sin (k,d)E,= ae "* E, (7.181b) 
Combining Eq. (7.181a) and (7.1815), we get, 


k.sin(k.d) _ 
cos(k,d) - 


ad = (k,d) tan (k,d) (7.182) 


We combine Eq. (7.175), (7.176) and (7.182) as follows. 
Subtracting Eq. (7.176) from (7.175), 





ki + a^ = o UE, — o ue; = O° uig£y(£,4 — £,5) = O ge (Me — 13) 
Substituting the value of o from Eq. (7.161), 
ki + ky tan^(K,d) = o? ggg (rij — 03) 
o ug£ Tl; — 13) 














or 1+ tan? (k,.d) = g 
2 25 27 
or tan?(k,d) - 2 zer m) 
2 2r 23 
tan (k,d) E aut Mm) _ (7.183) 











We can solve this simultaneous equation with the help of digital computer. 


Characteristics of TE Modes in Dielectric Slab Waveguide The following features for TE 
modes are observed in a dielectric slab waveguide. 
1. For odd TE modes, solutions in the range (m — 1)7/2 € kd € m 7/2, m= 1, 3, 5,... are known as 
odd TE,, modes. Similarly, for even TE modes, solutions in the range (m — 1)7/2 < k,d < mn/2, m 
— 2,4, 6,... are known as even TE,, modes. 
2. Cut-off occurs when the mode is no longer guide, which occurs as soon as œ becomes negative. 
So, we define the cut-off frequency as the frequency at which « = 0. 
Using Eq. (7.178) and (7.182), at cut-off frequency, 


cot(kK,d)-0 => kd - (m -1)5, m — 2,4, 6,... for odd TE modes 
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and, 





tan(k,d)=0 => k,d - (n - 15, m — 1,3, 5,... for even TE modes 


Also, using Eq. (7.179) with o = 0, we have 





c(m — 1) 


fem" 4d] u,&, -1 


This is the cut-off frequency both for odd and even TE modes. 
This is seen that for m = 0, f; 9 = 0. This implies that the lowest order mode propagates at any 
frequency. 


(7.184) 











Also, at cut-off frequency, B = k, and 9? - k?= kẹ? , the angle of incidence of the wave on the 
dielectric boundary can be expressed as, 


0,— sin! B -sin! ha =sin! EL 0, 
JP HT k £ 


where, 0, is the critical angle of incidence. So, cutoff occurs when the angle of incidence on the 
boundary is smaller than the critical angle. 
This may also be noted that the cutoff condition of 6 = k, means that the propagation constant 
becomes that of the surrounding medium. 

3. From Eq. (7.175), we have 








=o ue- k 


x 


From Eq. (7.179) at cut off, 


k,— 94 ME, — £5) 


From these two relations, we conclude that 


o ue, x B x o. ue, (7.185) 


4. As the frequency is increased, œ — oce. This means that the field decays very rapidly outside the 
dielectric. The behaviour of the mode becomes like that of a parallel plane waveguide filled with 
a dielectric. 

5. Here, k, is frequency dependent, unlike in the rectangular waveguide. 














7.8.2 Field Equations for Transverse Magnetic (TM) Mode 
in Dielectric Slab Waveguide 

We follow the same procedure to find the fields in 7M modes. 

In this case, H,=0 

The magnetic field for TM modes must satisfy the wave equation as given by 


V*H, + o? EH, = 0 
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H, OH, PH 











y 2 a 
or ad + ay + 3 *o' ueH,-0 
oH, 2 2 
or 3d *0- B^H,* o^ueH,-0 
X 
°H, 2 2 
=~ + (o ue — B^)H, =0 (7.186) 
ox 


This Eq. (7.186) is valid for all values of x in all regions. However, we must remember that the 
permittivity is different in the two regions. 
Inside the dielectric slab: The solution of Eq. (7.186) inside the slab may have any of the two forms, 
H,= Acos kx (even TM modes) (7.187a) 
or 
H,-Bsink,x (odd TM modes) (7.187b) 


where, kı, is a real quantity. 

Here, we have taken the sinusoidal (or cosinusoidal) forms rather than the exponential forms because 
we know that the fields within the slab will form standing waves. 
Substituting Eq. (7.187) in Eq. (7.186), we get the relation of Eq. (7.175) as of TE mode. 


ki, = o? ue, - B^ = kt — p? (7.188) 


Outside the dielectric slab: The fields outside the slab (cladding regions) are also of the basic form, 


H,-Ccosk,x (even TM modes) (7.1892) 
or 
H,-Dsink,x (odd TM modes) (7.189b) 
where k», is an imaginary quantity. 
Or equivalently, 
H, =C" for x2 (7.189c) 
or 
H,-De/*w for x&-d (7.189d) 


Substituting Eq. (7.189) in Eq. (7.186), we get the relation of Eq. (7.176) as 
k-oue,-?^-k2- p? (7.190) 


Here, in order to maintain guiding, the fields outside the slab (cladding region) must be evanescent 
or decay in amplitude with distance from the slab. This requirement caused the propagation constant 
to be in the range of (N, ky < B). Therefore, the propagation constant in the cladding regions must be 
imaginary. 


Let k,,—7 X ja 


where 





a=+ JB- k? 


to, 


ky,=—-ja for 
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The sign of k), is chosen such that the fields decay with distance away from the waveguide. This leads 


x2d and k,,— ja for xs-d 
The resulting fields in the cladding regions are given by 
H,=Ce®™ for yeu 
or 


H, = De for x<-d 


Therefore, the magnetic field in the various regions is given by (let, kj, = 


Magnetic fields for odd TM modes: 











H-H Beg for x2d 
-H,sink,xe Pa, for xsd 
=-H,e% ibza, for x&-d 
Magnetic fields for even TM modes: 
Hehe Pg, fo x2d 
-H,cosk,xe "a, for |x|Sd 
= Hye JP a, 





x<-d 
The electric fields can be computed by using Ampere’s law as follows 





a. dà 





y & 
"A SUNT NEST ME E 
Bg TE ox oy oz 


O H, 0 
by, 


Electric fields for odd TM modes: 
poa 
WE 





e *-JP*(Ba + jo,) for x2d 
1 


= EGER. sin k,xa, — jk, cos k,xà, )e- /9* for |x|<d 
WE, 


2 .ax-j ~ STA 
sao JP*(Ba. — joa.) 


fo x<-d 








(7.1912) 
(7.191b) 


ky), 


(7.192a) 


(7.192b) 


Substituting the values of H, from Eq. (7.192), we get the electric fields for different regions as given 


(7.193a) 
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Electric fields for even TM modes: 





E- Ho veiba 4 jæā,) for x2d 
QE, 
= L (f cos K xà, * jk, sin K xd, e for |x|<d (7.193b) 
2 
H, ax- jp ^ OPEM 
2742 Q0x-jBz = f <-d 
we, * (Ba,— jaa,) or x 








In Eq. (7.192) and Eq. (7.193), there are four unknown quantities, H,/H,, k,, œ and f. We require 
four constraints for determining these unknowns. 
The two constraint equations remain the same as those for TE modes given as 





kb-p-oys-k (7.175) 


-o?* [? - o? ue, = k? (7.176) 


The other two constraints are obtained by applying the boundary conditions as follows. We will consider 
both the even and odd fields. 














Solution for Odd TM Modes The tangential component of the magnetic fields must be continuous 
at the core-cladding interface. Therefore, at x = d, 


Ay sin (k,d)e /P* = Hye 4 e-/P* 


sin (k ,d)H =e 4H, (7.194a) 


Note that applying the continuity at x = —d results in an identical equation and thus does not help us. In 
fact, this stems from the symmetry of the problem and in reality, we have already used this symmetry 
to break the problem into even and odd modes. 

The other constraint equation is obtained by applying the continuity of the tangential component 
(i.e., z component) of the electric field at the boundary. At x = d, 


H ; H : 
— jk, — cos (k,d)e"/P* = jan ete IB? 
WE> j WE, 


k, cos (k,d)H, = — oe, (7.194b) 
1 


Again, we get the identical equation at x = —d. Combining Eq. (7.194a) and (7.1945), we get, 


k.cos(k,d) _ P 
sin (k,d) — E 








ad = -<L(k,d) cot (k,d) (7.195) 
2 











Equations (7.175), (7.176) and (7.195) give the constraint equations, solving which by some 
numerical method, we can get the different fields. Actually, these three equations can be combined as 
follows. 

Subtracting Eq. (7.176) from (7.175), 
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k? +07 = o? ue, - O° ue, = 0 LoEo (£4— €,2) = 0 ug£ a xs nj) 
(kd)? + (ad = o? uE (rj — n; )d? (7.179) 


Substituting the value of o from Eq. (7.195), 


2 
€ 
k? +k? (à) cot? (k d) = e? UE) (n? — r2) 

















2 2 2 2 
or 1+ (2) cot? (k,d) = O* Moo (M — 13) 
£) ‘ k? 
27 2 25. n2 7 
or cot? (kd) =| & | | 2 Mofo = m2) _ , 
: & ie | 
2 Dd 
cot (k,d) -(2 | Ef E TB) (7.196) 











We can solve this simultaneous equation with the help of digital computer. 


Solution for Even TM Modes The procedure is the same as for odd modes. The tangential 
component of the magnetic fields must be continuous at the core-cladding interface. Therefore, at x — d, 


H, cos (k,d)e /P* = Hye 4 1B? 


cos (k,d)H, =e“ H, (7.197a) 
By applying the continuity of the tangential component (i.e., z component) of the electric field at the 
boundary at x = d, 


H, . ; H 
jk, — sin (k,d)e7 8? = ja ett eP 
QE, QE, 


k, sin (k,d)H, = ace H, (7.197b) 
1 
Combining Eq. (7.197a) and (7.1975), we get 
ksin (kd) [£ 
cos (kd) - i £i 











ad = (à Jaa tan (k,d) (7.198) 
2 








We combine Eq. (7.177), (7.176) and (7.198) as follows. 
Subtracting Eq. (7.176) from (7.175), 


Qu hd Be oo qu m 135 
kt a^ = 0 ue, — 0^ UE, = 0" UpEo lE, — €,5) = euge (p — Nz) 


Substituting the value of a from Eq. (7.198), 
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2, 
ke + k? (2) tan? (k.d) = @ oE (N — 13) 





2 2 23-4552. 
ói l+ £p tan? (k,d) - 2. Ho€o(M™ — 13) 
£5 k? 
27 42 2: 2 
or anka (4 |? = ei T 
1 x 











2 d. ud 
tan (k,d) i (s J o a 1) 1 
1 x 











We can solve this simultaneous equation with the help of digital computer. 


(7.199) 


*Example 7.54 How many modes exist in a dielectric waveguide that has the following 


parameters? 

Index of refraction of the core = 1.6 

Index of refraction of the cladding = 1.5 

Wavelength = 1.0 um 

Waveguide core thickness, 2d = 4 um 

What is the waveguide thickness required for single mode operation? 


Solution From Eq. (7.203), (7.204) and (7.205), we have the following equations: 


ad = kd tan (k,d) 
ad — —k,d cot (k,d) 


2 
2 
(dy (ad = 0 use n np? = (2) ent - nb 





E TELLS o 2n 
ee JA ar^ c a) 
Now, if we put, k,d =x and ad = y, we can write, 
y-xtanx 
y=-xcotx 
gu [Om ee eee 2s 
and Xy cp (m-n)-r 


This is the equation of a circle for which the radius is 


20 2x 
r= Qna) m-ni) = = 2) J16- 1.5? = 2.237 =7 um 


The equation xtanx=0 
when x=0, T, 27, 37,..., MT 


and x tan x = oo 
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when 


Similarly, the equation 


when 


and 
when 
Also, at x = 0, 





-7 3m 5m [Ema] 





DE Qt er 

-x cotx=0 

x-7 3m 5r (Z+ mn} 
271277 19 ND, 

—X COt x = oo 


x —0, T, 27, 37,..., mx 
-x cotx--1 


Since, the radius of the circle is r = 2.237: = 7 um, there are three even possible modes ((x = 0, 7, 27) 
z 3n) 
272 


For single mode operation, we require that 


and two odd possible modes E - 


pee 
2 
2 
or (aN (mp - 3) <> 
a 

or d < —————— 

44 Qj — n2) 
or d « 0.449 


Thus, for single mode operation, the waveguide thickness should be 2d = 2 x 0.449 = 0.9 um. 


7.9 TRANSMISSION LINE ANALOGY FOR WAVEGUIDES 


In this section, we will learn that there is an anlogy between the electric and magnetic field components 
of TE and TM waves in a waveguide and the voltages and currents of a transmission line. Based upon 
this analogy, one can easily draw an equivalent transmission line circuit of a waveguide to deal with 
many waveguide problems. 


7.9.1. Analogy for TE waves 


We have the two Maxwell’s equations, 
Vx H = joeE (7.200a) 
VxE--jouH (7.200b) 
For TE waves, E, — 0. Substituting this in Eq. (7.200a), we get 
(Vx H),-0 


This implies that the curl of the magnetic field in the xy-plane is zero and hence, we can represent H, 
and H, as a gradient of a scalar magnetic potential as 
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ag dQ 
EIGENS =- .201 
H, 8 and H, > (7.201) 
From Eq. (7.9a) and Eq. (7.10a) for TE waves, 

9E, 

FA = jouH, (7.2022) 

oH 
(n aa d | = jo£E, (7.202b) 


Analogy for voltage equations Using Eq. (7.20) and Eq. (7.23a), we get, 


= 28 A J-- n Er] 











og ox ) J Hy 
o jou ae 
or 2 - n, )= joug (7.203) 


(0€ 
The term (n j has the dimension of voltage and @ has the dimension of current so that Eq. 


(7.203) can be written as 


oV — 
XU (7.204) 
where y= SEH, I-ó and Z- jou 


Equation (7.204) 1s analogous to the voltage equation of a transmission line. 
Analogy for current equations: Using Eq. (7.64), Eq. (7.201) and Eq. (7.2025), we get, 











oH 
a Sa T 
; Ae 
or w - [ene ijs. 
or ~ = pn + joe (2% 4. (7.205) 


As mentioned earlier, the term JOH y has the dimension of voltage and @ has the dimension of 
P 7 


current so that Eq. (7.205) can be written as 


3 


Ol __yy (7.206) 
Oz 
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; 2 
where y-2J9 Qu [26 and Y= joc+t— 
h JOU 
Equation (7.206) is analogous to the current equation of a transmission line. 
Based upon the voltage and current equations of Eqs. (7.204) and (7.206), we draw transmission line 


equivalent circuit of a waveguide for TE waves as shown in Fig. 7.17. 


jou 

















Fig. 7.17 Transmission line equivalent circuit of a waveguide for TE waves 


7.9.2. Analogy for TM Waves 


We have the two Maxwell's equations, 
VxH- jocE (7.2002) 
VxE-- jouH (7.200b) 
For TME waves, H,= 0. Substituting this in Eq. (7.199a), we get 
(Vx E),20 


This implies that the curl of the electric field in the xy-plane is zero and hence, we can represent E, and 
E, as a gradient of a scalar potential V as 


pei! dug eee (7.207) 
X y 























QE. OE, 
a 3: )- jouH, (7.208a) 
9H, . 
g 4065 (7.208b) 
Analogy for voltage equations: Using Eqs. (7.21) and (7.208a), we get 
OE, OE, : ; joe OE, 
(E-E) na, nH 
dE, OE, wpe OE, 
Qr oz ox h? Ox 
dt 9 | ar dE, — oue OL, 
oz\ Ox ox RP & 
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oV ([o?ue 
or aa -( "o xs JB 
oV |., h?_\( joe 
or m | jau + | E z,) (7.209) 


[03 
The term (ez. has the dimension of current so that Eq. (7.209) can be written as 


OV _ 
where, I= JOE y and Z= j@u+ h 
R F 4 jJ@E 


Equation (7.209) is analogous to the voltage equation of a transmission line. 
Analogy for current equations: Using Eq. (7.21), (7.207) and Eq. (7.2085), we get 














aH, 
5? =~ jack, 
o( j@edE,)  . | ar) 

i 2( h2 x Joe 

or 2 IE p. - joeV (7.211) 


As mentioned earlier, the term = J has the dimension of current so that Eq. (7.211) can be 
written as h 


dl yy (7.212) 
Oz 
where r= p and Y= joe 


Equation (7.212) is analogous to the current equation of a transmission line. 
Based upon the voltage and current equations of Eqs. (7.211) and (7.212), we draw transmission line 
equivalent circuit of a waveguide for 7M waves as shown in Fig. 7.18. 

It must be mentioned here that both Fig. 7.17 and Fig. 7.18 have the high-pass filter characteristics. 
For Fig. 7.17, the cut-off frequency occurs when shunt suceptance 1s zero. For Fig. 7.18, the cut-off 
frequency occurs when the series reactance is zero. In both the cases, the result is the same as follows. 





h = o0 ue 
h2 
jou JOE 
TO | t ^66 1k * “SO tk ? 
= = jwe m = 














Fig. 7.18 Transmission line equivalent circuit of a waveguide for TM waves 
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This is the same result as obtained for TE or TM waves from the classical wave theory. 
For Fig. 7.17 for TE wave, the characteristic impedance of the line is obtained as 


z(TE)=\|2 =- |— JOH AR l ues ted 
2 2 
ZEB Jie 








which is the same as the wave impedance of TE waves. 
For Fig. 7.18 for TM wave, the characteristic impedance of the line is obtained as 
jou + 


Eu 
zam- [4 = ae = ff (0,10? = m41- (0,10) 


which is the same as the wave impedance of TM waves. 


2 











7.10 APPLICATIONS OF WAVEGUIDE 


Waveguides are used to transfer electromagnetic power efficiently from one point in space to another. 
Some common guiding structures are shown in Fig. 7.19. These include the typical coaxial cable, the 
two-wire and microstrip transmission lines, hollow conducting waveguides, and optical fibres. 


Ce LL AL 


Two-wire Dielectric 
line Microstrip Rectangular waveguide 


(9 line line waveguide 








Fig. 7.19 Typical Waveguide structures 


In practice, the choice of structure depends upon some factors, such as: 
(a) the desired operating frequency band, 
(b) the amount of power to be transferred, and 
(c) the amount of transmission losses that can be tolerated. 


Coaxial Cables These are widely used to connect RF components for frequencies below 3 GHz. 
Above that, the losses are too excessive. For example, the attenuation for different frequencies ranges 
for coaxial cable are as follows. 

3 dB per 100 m at 100 MHz 

10 dB/100 m at 1 GHz, and 

50 dB/100 m at 10 GHz. 


The power rating of coaxial cable is limited primarily because of the heating of the coaxial conductors 
and of the dielectric between the conductors. Typical power rating is of the order of 1 kW at 100 MHz, 
but only 200 W at 2 GHz. However, special short-length coaxial cables do exist that operate in the 40 
GHz range. 
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Another issue in choice of waveguide structure is the single-mode operation of the line. At higher 
frequencies, in order to prevent higher modes from being propagated, the diameters of the coaxial 
conductors must be reduced, diminishing the amount of power that can be transmitted. 


Two-Wire Lines These are not used at microwave frequencies because they are not shielded and 
can radiate. One typical use of two-wire line is for connecting indoor antennas to TV sets. Microstrip 
lines are used widely in microwave integrated circuits. 


Rectangular Waveguides These are used routinely to transfer large amounts of microwave power 
at frequencies greater than 3 GHz. For example at 5 GHz, the transmitted power might be one megawatt 
and the attenuation only 4 dB/100 m. 


Optical Fibres Optical fibres operate at optical and infrared frequencies, allowing a very wide 
bandwidth. Their losses are very low, typically, 0.2 dB/km. The transmitted power is of the order of 
milliwatt. 


Summary 


e Awave guide is a hollow conducting pipe, of uniform cross section, used to transport high frequency 
electromagnetic waves (generally, in the microwave band) from one point to another. 


e Waveguides can be generally classified as either metal waveguides or dielectric waveguides. 


e There are different mode of wave propagation through a waveguide, e.g., TE mode, TM mode, TEM 
mode and Hybrid mode. 


— For TE mode, no component of electric field exists in the direction of wave propagation. 
— For TM mode, no component of magnetic field exists in the direction of wave propagation. 
— For TEM mode, no component of either electric or magnetic field exists in the direction of 
wave propagation. 
— For hybrid mode, both electric and magnetic field exists in the direction of wave propagation. 
e For parallel plane waveguide, consisting of two infinite parallel conducting planes, there exist three 
modes of wave propagation, e.g., TE mode, TM mode and TEM mode. 


e Different parameters for parallel plane waveguide are given in the table below. 























Parameters TE and TM modes TEM mode 
ný 
Propagation constant =,| |24] — @ = jo UE 
pag y | 3 O° UE Y= JOv 
pe d 
Cut-off frequency c— 9d Jue f.=0 
Cut-off wavelength A= 2d A=% 
Guide wavelength i (" A | l- A A= A 
"Qd A2 
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Phase velocity 

















Group velocity 











Wave impedance 














"rem = m 








A rectangular waveguide is formed by placing four conducting planes. 


For rectangular waveguide, four modes of wave propagation, e.g., TE mode, TM mode, TEM mode 
and hybrid mode, exist. For TE,,, mode, m = 0, 1, 2, ...; n = 1, 2, 3, ..., For TM,,, mode, m = 1, 2, 


3,..5n=1,2,3,... 


Different parameters for rectangular waveguide are given in the table below. 





Parameters 


TE and TM modes 





Propagation constant 








Cut-off frequency 





Cut-off wavelength 





Guide wavelength 











27 i Ay 
NN 





Phase velocity 














Group velocity 
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Intrinsic wave impedance 





n DES; 
Nrg = g z^ o ]-—5 
| S 
l= fi 
and E 
where, n= ft n 


e For TEM mode in rectangular waveguide, a= 0, B = @Ņ UE , so that Y = jo UE . 


e TEM wave cannot exist in a single-conductor waveguide. 











e Cylindrical or circular waveguides are those that maintain a uniform circular cross-section along 
their length. Two modes of propagation, i.e., TE and TM exist in circular waveguides. 


e Different parameters for circular waveguide are given in the table below. 





Parameters 


TE and TM modes 





Propagation constant 


Phase constant 


Yum = N hea- oue 
where, h 2 4 y? o?) ue 
Bum = N oue = hen 



































Cut-off frequency PAE RENA m 
2n jue 2% 
Cut-off wavelength A= 2z 
AR 2x = Ag 
Guide wavelength oue — hiy 1-: A 
LAS 
v,= e = Yo 
Phase velocity i J oue — h;,, is 
V? 
(d 
Group velocity Vo= Yoa] 1—7 r 





Intrinsic wave impedance 
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e Ina waveguide, since the guide walls are not perfectly conducting and the dielectric is lossy (o + 
0, 6, + œ), there is a continuous loss of power as a wave propagates through the waveguide. These 
losses are mainly due to two reasons, represented by two attenuation constants: 





[ ; : ; 
0,5-— —— , attenuation due to dielectric losses, and 
2, |1—- fe 
\ f 
P, . : 
a,= Xx) , attenuation due to conduction losses 
T 


e The attenuation constants due to conduction losses in a parallel plane waveguide for three different 
modes are as 








(4) 
_| 2m Xv) = 20€ | eu e |ou 
TE d? gi Tm 2 \ 20 and Orem = Bq 20 
Omo Í 2 nn 
lea d,| o ue —|— 
F d 


e The attenuation constant due to conduction losses for TE„„ waves in a rectangular waveguide is 
given as 








e The attenuation constant due to conduction losses for TM,,,, waves in a rectangular waveguide is 
given as 





2R; mb pha? | 


a, = P eee 
abņ,| 1- -5 
f 


e The attenuation constant due to conduction losses for TE „„ waves in a circular waveguide is given as 


"NN E m? 
O'cnm 2 (4) 4 i 
ano IgE 











* A cavity resonator, usually used for energy storage at high frequencies, is one in which the 
electromagnetic waves exist in a hollow space inside the device. 
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e The rectangular waveguide resonator is basically a section of rectangular waveguide which is 
enclosed on both ends by conducting walls to form an enclosed conducting box. 


e The resonant frequency in a rectangular cavity resonator for TE and TM mode waves is given as 


i-e «8 +(2) 


e The quality factor of a cavity resonator is defined as 





Time average stored energy = W | i W 
Energy loss per cycle of scillation BT B, 





Q-2z 


e For the dominant mode in a rectangular cavity resonator (i.e., TE), mode), the quality factor is 
given as 





1 l abc(a? + c?) | 


Ora, = ô| 2b(aà? +c?) + ac(a? +c?) 


e The resonant frequency in a circular cavity resonator for TE and TM mode waves is given as, 


1 pr i 
r7 hin + (27) 
^ 274) UE d 








Exercises 





NOTE: * marked problems are important university problems] 
p 


e Easy 
1. A parallel plane waveguide with plate separation of 20 cm with TE, mode is excited at 1 GHz. 
Find the phase constant. [13.85 radian/m] 


*2. A pair of perfectly conducting planes is separated by 8 cm in air. For a frequency of 5000 MHz 
with TM, mode excited, find cut-off frequency, phase shift, phase velocity and group velocity. 
[1.875 GHz, 97.08 radian/m, 3.236 x 10* m/s, 2.781 x 108 m/s] 
3. Determine the separation between the planes of a parallel plane waveguide so that an 
electromagnetic wave of a frequency 10 GHz may propagate in a mode having three as the 
number of half cycles of the electric field (n = 3) and guide wavelength equal to 6.88 cm. 
[5 em] 
*4. A frequency of 3 GHz is impressed on a hollow rectangular waveguide of dimensions 6 cm 
X 4 cm. Compute (a) cut-off wavelength, (b) guide wavelength, (c) phase constant, (d) phase 
velocity, (e) wave impedance for the TE), mode of propagation. 
[12 cm, 18 cm, 35 radian/m, 5.4 x 108 m/s, 676.5 Q] 
5. Arectangular waveguide has the following dimensions a = 2.54 cm, b = 1.27 cm and waveguide 
thickness = 0.127 cm. Calculate the cut-off frequency for TE}, mode. [13.2 GHz] 
*6. An air-filled recatngualr waveguide with dimensions of a = 8.5 cm and b = 4.3 cm is fed by a 
4 GHz carrier from co-axial cable. Determine the cut-off frequency, phase velocity and group 
velocity for TE}; mode. [3.909 GHz, 14.14 x 10° m/s, 0.6362 x 10* m/s] 
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e Medium 


7. 


8. 


The cut-off wavelengths of a rectangular waveguide are measured to be 8 cm and 4.8 cm for TE}, 
and TE,, mode respectively. Determine waveguide dimensions. 
[a = 4 cm, b = 3 em] 
What do you mean by dominant mode? A rectangular waveguide has dimensions of 2.5 cm and 
5 cm. Determine the phase constant, phase velocity and group velocity at a wavelength of 4.5 cm 
for the dominant mode. 
[124.5 radian/s, 3.359 x 10° m/s, 2.679 x 10%] 


e Hard 


*9, 


10. 


11. 


12. 


13. 


14. 


*15. 


16. 


17. 


A waveguide has an internal breadth “a” of 3 cm and carries the dominant mode of a signal of 
unknown frequency. If the characteristic impedance is 500 ohm, what is the signal frequency? 
[7.61 GHz] 
A circular waveguide operated at 11 GHz has the internal diameter of 4.5 cm. For a TE), mode 
propagation, calculate A and A,. Given: (ha), = 2.405. [2.727 cm, 11.756 cm] 
Given a circular waveguide of internal diameter 12 cm operating with an 8 GHz signal propagating 
TM, mode. Calculate Ao, 1, A, and ,. Given: (ha). = 8.42. 
[3.75 cm, 4.47 cm, 6.89 cm, 692.65 Q] 
A lossless rectangular waveguide with a dielectric medium of permittivity ¢,= 1.8 has dimensions 
a = 7.214 cm and b = 3.404 cm. For the dominant mode propagation at 2.6 GHz, the guide 
transports 200 W of average power. Find the level of excitation of the E field. — [106.8 V/cm] 
In a lossless air-filled circular waveguide with 1 cm radius, the transmitted power in the dominant 
mode at 15 GHz is 2 W. Find the level of excitation for the magnetic field. [0.11 A/m] 
Find the inside diameter of a lossless air-filled circular waveguide so that a TE}; mode propagates 
at a frequency of 10 GHz, with the cut-off wavelength of the mode being 1.3 times the operating 
wavelength. [2.28 em] 
An aluminium waveguide (a = 4.2 cm, b = 1.5 cm, 0, = 3.5 x 107 mho/m) filled with Teflon (LL 
= 1, €, = 2.6, o,= 10? mho/m) operates at 4 GHz. Determine (a) œ, and «t, for the TE,) mode. 
(b) the waveguide loss in dB over a distance of 1.5 m. 
[8.868 x 10? Np/m; 1.403 x 107? Np/m; 0.1154 dB] 
A TE, wave at 10 GHz propagates in a rectangular waveguide made of brass (o = 1.57 x 107 
S/m) with inner dimensions a = 1.5 cm and b = 0.6 cm, filled with polyethylene (£, = 2.25, 
H, = 1), loss tangent = 4 x 10%. Determine (a) the phase constant, (b) the guide wavelength, 
(c) the phase velocity, (d) the wave impedance, (e) the attenuation constant due to loss in the 
dielectric, and (f) the attenuation constant due to loss in the guide walls. 
[(a) 234 rad/m, (b) 0.027 m, (c) 2.68 x 10° m/s, (d) 337.4 Q, (e) 0.084 Np/m or 0.73 dB/m, 
(f) 0.0526 Np/m or 0.457 dB/m] 
Find the first five resonances of an air-filled rectangular cavity with dimensions of a= 5 cm, b= 
4 cm and c = 10 cm (c > a» D). 
| Fig: = 3-335 GHz TE 


Sy, = 4.040 GHz TE, 

f, = 4243 GHz TE 02 

Í- = 4.800 GHz TM) 19 
f- =5.031GHz TE, TM; 
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18. 


19. 


20. 


21. 


An air-filled copper circular waveguide (a = 5 mm, o — 5.8 x 10’ mho/m) is operated at 30 GHz. 
Determine the attenuation constant in dB/m for the 7M), mode. [0.3231 dB/m] 
A resonant cavity with dimensions a = 10 cm, b = 4 cm and c = 5 cm is filled with a lossless 
dielectric (u, = 1, £. = 3) and is made of copper (6 = 5.8 x 10’ mho/m). Find the resonant 
frequency and the quality factor for the dominant mode. [1.936 GHz, 10916.21] 
A rectangular cavity resonator excited by TE), mode, at 20 GHz, has the dimensions a = 2 cm, 
b = ] cm. Calculate the length of the cavity. [0.809 cm] 
A cubical cavity resonator made of copper (o = 5.8 x 10’ mho/m) is to be operated at 10 GHz. 
Find the dimensions of the cavity, its quality factor and the bandwidth if it is operated in the 
dominant mode. [10693, 0.935 MHz] 





Review Questions 





NOTE: * marked questions are important university questions. 
q p yq 


*1. 
2. 
3. 


Explain, from fundamental principles, why a waveguide behaves as a high-pass filter. 
Show that the waveguide acts as a high-pass filter. 
Give the theory of propagation of microwaves between two parallel conducting planes considering 


the TE, mode. Show, from inference conditions that the cut-off wavelength is given as 4, = 2d : 
n 


where d is the separation between the planes. 


. (a) Derive an expression for the attenuation factor for the TM, wave between parallel conductin 
p 1 p g 


planes. 
(b) Verify that the attenuation is a minimum at a frequency which is V3 times the cut-off frequency. 


. Discuss the propagation of TE and TM mode in a rectangular waveguide. Can TEM wave 


propagate in a rectangular waveguide? If not, why? 


. Explain wave impedance of a rectangular waveguide and derive the expression for the wave 


impedance of TE, TM and TEM waves. 


. Show that the wave impedance is real above a certain frequency and imaginary below that. What 


is the implication of the result? 


. A rectangular waveguide is propagating in the TE,, mode. Draw its field pattern. How do you 


extract energy from a wave propagating in this mode of propagation? 


. Show that a rectangular or circular metal waveguide cannot carry the TEM mode. 

. Show that a closed metal waveguide cannot support the TEM mode. 

. Explain why a TEM mode propagation is not possible in a single conductor waveguide. 

. Explain the terms "cut-off frequency" and "guide wavelength". 

. Explain why the guide wavelength in a rectangular waveguide is greater than the free-space 


wavelength. 


. What is dominant mode in a rectangular waveguide and why is it called so? 
. What is meant by the term “dominant mode" in a rectangular metal waveguide? Sketch the field 


distribution inside the waveguide in this mode. 


. What are dominant mode and degenerate modes in rectangular waveguide? 
. Show that at frequencies much higher than the cut-off frequency, the Q of a rectangular guide 


carrying the dominant TZ,, wave approaches the value 
Qo ba, 


where, &,, —4/ 01,,0,,/2 is the attenuation factor for a wave propagating in the metal of the 
guide walls. Assume 4L, = Lo. 
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18. 


*19. 


What are the respective advantages and disadvantages of waveguides of rectangular and circular 
cross section? What is meant by H,, mode of transmission in a rectangular waveguide? What 
factors influence the choice of the dimensions for a rectangular waveguide used to transmit an 
Hy, wave? 

Show the following relationship between guide wavelength and group velocity in an arbitrary 
air-filled waveguide: v,A, = cA, where A, = 27/B and A is the free-space wavelength. Moreover, 
show that the A and A, are related to the cut-off wavelength 4, by: 


1 1 1 


az R 


. What is meant by cavity resonator? Derive the expression for the resonant frequency of a 


rectangular cavity resonator. 


. Derive the expression for electric and magnetic fields for the TE), mode of rectangular waveguide 


cavity resonator. Draw the field lines. 


. Derive an expression for Q of a cavity resonator working in TE),, mode. 
. Find out the expression for the Q factor of a rectangular cavity resonator excited in TE),; mode. 
. What is meant by a dielectric slab waveguide? Derive field expressions both for TE and TM 


waves in a dielectric slab waveguide. 





Multiple Choice Questions 





. The waveguide (a = 1.5 cm, b = 1 cm) is loaded with a dielectric (€, = 4). Which one of the 


following is correct? 

The 8 GHz signal will 

(a) pass through the waveguide (b) not pass through the waveguide 
(c) be absorbed in the guide (d) none of the above. 


. For a rectangular waveguide of dimensions: 


av 3 cm xa cm, the cut-off frequency for the TE,, mode is 2 GHz. What is the cut-off frequency 
for TM,, mode in the waveguide? 
(a) 1 GHz (b) 3.46 GHz (c) 4 GHz (d) 6 GHz 


. In an air-filled waveguide of dimensions a cm x b cm, at a given frequency, the longitudinal 


component of electric field of TM}, mode is of the form 
E. = 20 sin (60z x) sin (1007 y) 


Which form would £, have for the lowest order TM mode? 
(a) E, = 20 sin (207x) (b) E,=20 sin (20z y) 
(c) E,- 20 sin (207 x) sin (507 y) (d) E, = 20 sin (207 x) sin (1007 y) 


. The cut-off frequency of the dominant mode of a rectangular waveguide having aspect ratio more 


than 2 is 10 GHz. The inner broad wall dimension is given by 


(a) 3cm (b) 2cm (c) 1.5 cm (d) 2.5 cm. 
5. The dominant mode in a circular waveguide is a 
(a) TEM mode (b) TMo; mode (c) TE,, mode (d) TE;, mode. 


. Ina waveguide, the evanescent modes are said to occur if 


(a) the propagation constant is real (b) the propagation constant is imaginary 
(c) Only the TEM waves propagate (d) The signal has a constant frequency. 
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7. Inarectangular waveguide with broader dimension a and narrow dimension b, the dominant mode 
of microwave propagation would be 
(a) TE\ (b) TMio (c) TE, (d) TMo 
8. Ifthe height of a waveguide is halved, its cut-off wavelength will 
(a) be halved (b) be doubled 
(c) remain unchanged (d) be one-fourth of the previous value. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


. A rectangular waveguide measures 3 x 4.5 cm internally and has a 9 GHz signal propagated in it. 


The cut-off wavelength for TE), mode is 


(a) 5 cm (b) 10 cm (c) 15 cm (d) 9 cm 
Which of the following is not possible in a circular waveguide? 
(a) TE; (b) TE, (c) TE, (d) TE; 


When a particular mode is excited in a waveguide, there appears an extra electric component in the 
direction of propagation. The resulting mode is 

(a) transverse-electric (b) transverse-magnetic 

(c) longitudinal (d) transverse-electromagnetic. 

For a wave propagating in an air-filled rectangular waveguide 

(a) guided wavelength is never less than the free space wavelength 

(b) wave impedance is never less than the free space impedance 

(c) TEM mode is possible if the dimensions of the waveguide are properly chosen 

(d) propagation constant is always a real quantity. 

A cylindrical cavity resonator has diameter of 24 mm and length 20 mm. The dominant mode and 
the lowest frequency band operated are as 

(a) TE,,, and X-band (b) 7M,,, and C-band 

(c) TM, and Ku-band (d) TM, and X-band. 

For a hollow waveguide, the axial current must necessarily be 

(a) acombination of conduction and displacement currents 

(b) conduction current only 

(c) time-varying conduction current and displacement current 

(d) displacement current only. 

A cylindrical cavity resonates at 9 GHz in the TE,,, mode. The bandwidth 3 dB is measured to be 
2.4 MHz. The Q of the cavity at 9 GHz is 


9000 9000 9000 x 2.4/3 9000 
b EUGENE c py eee 
(a) D (b) WD (c) T Qa 


A cavity resonator can be represented by 
(a) an LC circuit (b) an LCR circuit (c) a lossy inductor (d) a lossy capacitor. 
The cut-off wavelength 4, for TE,) mode for a standard rectangular waveguide is 








(a) Z (b) 2a (c) a (d) 2a 


A cylindrical cavity operating in TE,,,; mode has a 3 dB bandwidth of 2.4 MHz and its quality 
factor is 400. Its resonant frequency would be 


(a) 9.6 GHz (b 2: GHz (c) 26 GHz () 95 GHz 
2 


42 45 J 
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19. Phase velocity v, and the group velocity v, in a waveguide (c is velocity of light) are related as 





m E 
(a) v,v, 7c (b v,+v,=¢ 
Vp 
(c) E constant (d) v, +v, =a constant 
g 
Answers 


1. (a) 2. (c) 3. (c) 4. (c) 5. (d) 6. (a) 7. (a) 8. (c) 
9. (d) 10. (a) 11. (b) 12. (a) 13. (a) 14. (d) 15. (d) 16. (b) 
17. (c) 18. (a) 19. (a) 








SOME TYPICAL SHORT ANSWER TYPE 
QUESTIONS WITH ANSWERS 


1. State the assumptions made while defining Coulomb’s law. 
Or 
Explain the limitations of Coulomb’s law. 
Answer: Limitations (Assumptions) of Coulomb’s Law: 
1. The charges must be point charges; it is very difficult to apply Coulomb’s law for charges of 
arbitrary shape. 
2. The charges must be stationary. 
2. Show that the work done in moving a charge from one point to another in an electrostatic 
field is independent of the path between the points. 
Answer: We will consider a point charge Q, be moved from a point A to another point B in an electric 
field E. 
By Coulomb’s law, the force on Q is, F = QE 


-. Work done for a displacement of dl is dW 2 -F.dl- -QE -dI 
Hence, the total work done in moving the charge Q from A to B, i.e., the potential energy required is 


B 
W --Q[E-dl 
A 
The potential energy per unit charge (W/Q) is known 
as the potential difference between the two points A 
and B, denoted by V,,. 
W fe p 
Vjg-2—--j|E:dl 
AB Q J 
Since V= -[E -dI and É is in the radial direction, 
l 
any contribution from a displacement in 0 or ó 
direction is cancelled out by the dot product. Hence, E dl = Edl cos 0 = Edr . 
Thus, the potential is independent of the path. 
For a closed path, $E -dI =0 . Applying Stokes’ theorem, $E di = Jv x E)-dS=0. 
I l S 





Fig. 1 Potential difference due to a uniform 
electric field 


VxE=0 
Thus, electrostatic field is conservative or irrotational. 
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3. (a) A conducting body is in the electric field of static charges. Explain why the net electric 
field at any point inside the conducting body will be zero. 
(b) Use the result of (a) to show that 
(i) the net volume charge density at any point inside the conductor is zero, and 
(ii) the conductor is an equipotential body. 
Or 
For a conducting body in the electric field of static charges, explain what will be the 
(a) net electric field inside the conductor, and 
(b) volume charge density at any point inside the conductor. 
Answer: i n Bk 
(a) Whenan electric field, E is applied to a conductor, the electrons = . >E 
will experience a force (F — —eE) . As the electrons are not free - E, + 
in space, they will not be accelerated by the field; but they suffer = + >E 
constant collisions with atomic lattice and drift from one atom = "us * 
to another. This is called drifting of electrons. = io T >E 
After some time, the electrons will attain a constant average E à 
velocity, called drift TEIG (U ) which is directly proportional Fig: kolaedcondiciok 
to the applied field (U 2 — LE; uis the mobility of electrons). under static electric field 
The current associated with this drifting is known as the drift (£=0, p,—0; V= 0) inside 
current or conduction current (J = GE; ois the conductivity of | conductor 
the conductor). 
For a perfect conductor, the conductivity is infinite (o — ee) . As the conduction current is 
(J 2 GE), to maintain a finite current density (J), the electric field (E) must be zero inside 
an isolated conductor. All positive charges will move along the direction of E and negative 
charges will move in the opposite direction. Thus, all charges will accumulate on the surface 
and these induced surface charges will set up an internal induced field, E; which cancels the 
externally applied field E. 
(b) (i) As field is zero inside a conductor (E — 0), by Gauss’ law of electrostatics, the volume charge 
density at any point inside the conductor will also be zero (v -E= A ; vVES02p- o) f 
(ii) As field is zero inside a conductor (E =0), from the relation between field and potential, the 
potential inside a conductor is constant (E =—VV; *: E = 0 = V must be constant). Hence, 
a conductor is an equipotential body. 
4. Derive Gauss’ Law from Coulomb's Law. 


Answer: Derivation of Gauss’ Law from Coulomb's Law 


Gauss' law can be derived from Coulomb's law, which states that the electric field due to a 
stationary point charge is 


[EE 





where 
a, is the radial unit vector, 
r is the radius, |r|, 


q is the charge of the particle, which is assumed to be located at the origin. 
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Using the expression from Coulomb’s law, we get the total field at 7 by using an integral to sum 


=$ 


the field at 7 due to the infinitesimal charge at each other point 7” in space, to give 


p-.l Oy 
Ane D Ir =r] 





where p is the charge density. If we take the divergence of both sides of this equation with respect 
to 7, and use the known theorem 





V-| — |- 4nó(r^) 
Ir | 
where ó(r^ is the Dirac delta function, the result is 


VES i PESC — F)dv 


Using the shifting property of the Dirac delta function, we get 


v.plB 
E 


which is the differential form of Gauss’ law. 
5. Derive Coulomb’s law from Gauss’ law. 


Answer: Derivation of Coulomb’s Law from Gauss’ Law 
Gauss’ law provides information only about the divergence of the electric field intensity, E 
and does not give any information about the curl E . For this reason, Coulomb’s law cannot be 
derived from Gauss’ law alone. 
However, we assume that the electric field from a stationary point charge has spherical symmetry. 
With this assumption, which is exactly true if the charge is stationary, and approximately true if 
the charge is in motion, Coulomb’s law can be proved from Gauss’ law. We consider a spherical 
surface of radius r, centered at a point charge Q. Applying Gauss’ law in integral form, we have 
$E.4$- 2 
E 
By the assumption of spherical symmetry, the integrand is a constant and can be taken out of the 
integral as 
Anr^a,E m 
€ 
where a, is a unit vector directed radially away from the charge. Again by spherical symmetry, 


E is also in radially outward direction, and so we get 
E- oa 
4z£r 





If another point charge q is placed on the surface, the force on that charge due to the charge Q is 
given as 





which is essentially equivalent to Coulomb's law. 
Thus, the inverse-square law dependence of the electric field in Coulomb's law follows from 
Gauss' law. 
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6. Prove that electric field lines are perpendicular to the equipotential surfaces. 
Answer: Since E - — VV, it can be shown that the direction of E is always perpendicular to the 
equipotential through the point. Below we give a proof. 
Let the potential at a point P(x, y, z) be V(x, y, z). The difference in potential at a neighbouring 
point P(x + dx, y+ dy, z+ dz) is given as 


dV =V(x+ dx, y + dy, z + dz) - V(x, y, z) 
= aV aV aV 
7 [re y,z)t+ x dx + 3 dy + 3z a V(x, y, z) 
oV OV g aV 








dx + dz 


ox oy iir 











O 


Fig.3 Change in V when moving from one equipotential curve to another 


With the displacement P(x, y, z) vector given as, dl = dxa, + dya, + dza,, we can rewrite dV as 





oV oV oV V- VV- | OV - & z zs 
dV = x dx + ay dy + a &-[ d a. 97 ay a2 à.) diis dya, + dza,) 
=(VV)-di 
=-E-dl 


If the displacement dl is along the tangent to the equipotential curve through P(x, y, z), then 
dV = 0 because V is constant everywhere on the curve. This implies that E is perpendicular to V 
along the equipotential curve. 
7. Calculate the force between the plates of a capacitor. 
Or 
Show that the force experienced by the plate carrying the charge +q of an isolated air-filled 


where A is the plate area. 





, 


2 
parallel-plate capacitor is — 4 
26 


Answer: Let d be the separation distance between the plates. 
: dunt £9A 
Capacitance of the capacitor is C= S 
[41-9574 
2C 2&4 2&4 
d 





Electrostatic energy is given as W 
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F . "ES E = 
orce experienced by the plate is given as F 25,4 De A 


dW d{qd)\ dq 
dd dd i 





HEUS 


2&4 











8. Explain how the current flowing through a capacitor differs from the normal conduction 
current. 

Answer: The conduction current model does not characterise the capacitor current. The ideal capacitor 
is characterised by large, closely-spaced plates separated by a perfect insulator (Oç = 0) so that 
no charge actually passes throughout the dielectric [Je (t) = ocEc(t)]. The capacitor current 
measured in the connecting wires of the capacitor is caused by the charging and discharging the 
capacitor plates. Let Q(f) be the total capacitor charge on the positive plate. 

Hence, the capacitor current, also termed as the displacement current is given as 




















. : dO(t dv(f) £A dv(t v(t dE(t d aD(t 
ee ee deny i 
So, the displacement current density 1s given as 
dD(t 
7,0) - 220 


As D may vary with space, the displacement current density 1s written as 


Jj, Ce 2m 








9. Show that the displacement through a capacitor is equal to the conduction current if the 
supply voltage is v = V, sin ot. 


Answer: Here the applied voltage is, v = V,, sin wt 
We consider a parallel plate capacitor of capacitance given as, C — er 
where A is the area of the plate and d is the distance between the plates. 
The conduction current is given as, 
dv £&Ad £A : 
= — = I 
142 C5 => y MW sin of] = V, E cos ot (i) 
However, as the medium between the plates 1s dielectric, there is no conduction current in a 
capacitor. A displacement current may be considered to flow which is given as 
|».,,d0E .,d|v| &Ad £A 5 
I1,-€A E Led ¥l- 7 dr Um sin oft] = V,07 cos Qt (ii) 


From (i) and (ii), it is seen that the displacement in a capacitor is equal to the conduction current. 











10. Show that the solution of Poisson’s equation V = f pe satisfies the Poisson’s equation, 
yvy =f. 
E 
Answer: We have the solution V= f pdv 


4rer 


Some Typical Short Answer Type Questions with Answers 697 





Taking Laplacian on both sides, 


2p wap PX  [ P (2 
Vy =V?{ Ja ves 





4z£r r 
With r z 0, y2 (1-145 (..1]- o (i) 
r]! rdgr r 


At r= 0, it is defined. However, we can find the value of jv? (4) dv atr = 0, by the following 
procedure: Í 


1 
viia eme a 
Iv geet ae errors ad 
1 bad r 3a? 
Now, v2 = = 
| m zzi Pe (r2 +a)’ 











id» 
Lim [V2| ——— |dv =L - Urs sin 6dédoa 
Lim J [ara] V riasy pm sın dr 
=Li 12 dr ii 
Lin] "boss 25g s | ( ) 
Now, 
i or? ic oa? tan? 0a sec? 040 Let, r = a tan 0 
VUES NND E 
o 0? o2 y? o? (1+ an? gy? ndi a a 0d0 


mi2 2 2 mi2 
= CERLALC f sin SF cos! 040 = ] sw 0 cos 040 


0 sec? 0 9 cos? 


-[p?dp | íLetsinO-p ..cos04d0 = dp) 





fr? +a? 


Hence, Wy = -P (4g) "m 7 
€ E€ 


From Eq Gi), Lim [V?| ——L— | dy = Lim] -12r f —-"— ar |=-121 x} = 4x 
a0 o (r? 3 


Thus, it satisfies the Poisson's equation. 


NOTE 


Equations (i) and (ii) can be represented by a single relation, 


v? (+) = —Anó(r). 
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11. 


Differentiate between potential and EMF. 


Answer: Differences between Potential (V) and EMF (6) 


12. 


1. Potential field, i.e., electric field generated by static charges, is conservative; but emf- 
producing field is non-conservative. 


f Ec: dl =0; but, $E, dl #0=E(emf) 
I l 
2. Electric field produced by charges is not able to maintain a steady current; but emf-producing 
field can maintain a steady current. E 
3. Potential (V) is the negative of the line integral of the static field Eç while emf € is the line 


integral of E,. Thus, between two points a and b, 
Be 8 Dew. etu 
Vy,-(V,-V)--|Esd ^ ad  £,-[E,.dl 


Here, V,,, is independent of the path of integration between a and b, but € , is dependent on the 
path. 
‘Any initial charge density in a conductor dissipates in a characteristic time t= £/o, where 
€ is the permittivity and o is the electrical conductivity of the material’. Establish this 
statement and discuss how 7 determines the quality of a conductor. 

Or 
Show that a charge placed anywhere in a conducting medium of conductivity o and 
permittivity € decays exponentially with a time constant £/o. 


Answer: We consider a conductor carrying a surface current density J, flowing perpendicular to the 


area dS, having volume charge density py 
Thus, the total current coming out of the closed surface is 


I=$]. dS 
S 
Now, charges cannot be created or destroyed. Since, the current is simply the motion of charge, 


the total current flowing out of some volume must be equal to the rate of decrease of charge 
within the volume. 


This equation is known as the integral form of the equation of continuity. 
From this equation, we get 





Ir 
E Jv jdv- -jPa 
v. jo 95 
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From the above equation, we have 


D 
E 








-2 -v.j-v (ol) e ev cov [ ]-2v-5-25, 


ot — 


(Here, we have used, Ohm's law: J=oE ; Gauss’ law: V. D= p, and the constitutive relation: 


D-eE) 
ie ot 
Py E 
Py t 
Integrating J 9p, _ - [at 
Po Py 0 £ 


where pọ is the initial charge density at time ¢ = 0. 


Py = Poe "= poe" (3.29) 





This equation shows that whenever some charge is introduced at some interior point of a 
material, there is a decay of volume charge density p,. This decay is associated with the movement 
of charge from the interior point to the surface of the material. 

The time constant of the decay, called the relaxation time or rearrangement time, is given as 


r= 
Oo 
The relaxation time is inversely proportional to the conductivity of the medium. This means that 
the value of 71s very small for good conductors and very large for a good dielectric. 
For example, for copper, o = 5.8 x 107 mho/m, and £= 1, so that the value of relaxation time 
for copper is 
E€ EE,  &854x10 ? x1 


= 1.53 x 107? seconds 
o o 5.8x107 





13. Establish the relation Ga, where G and C are respectively the conductance and 


capacitance between the two electrodes; o and € are respectively the conductivity and 
permeability of the intervening medium. 
Or 


Deduce the relation G=C : and show that the total electrical conductance between any 


configuration of conductors embedded in a conducting medium of o may be obtained by 
replacing permittivity € by o in the expression for the capacitance of the configuration 
where they are embedded in a dielectric of permittivity c. 


Answer: 


By definition of capacitance, C= 
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But, at the surface of conductors, by boundary condition, &E, = Q, 
ef E,-dS 
Laus i 
dE eR 4 
JE-dl 
1 
For the current flow, the conductance is 


JJ, 4$. ojĒ, d5 
Los Ens (ii) 





G= TIT oe 
JE-d fE-dl 
1 1 


Combining (i) and (ii), we get G-Cx z 





G 
o 


Thus, the conductance may be obtained at once by replacing € by o in the expression of the 











capacitance. 


NOTE 
je 


Insulation resistance of the configuration is, R — G^c x B 


14. A certain volume of dielectric has a polarisation P C/m’. Write the integral expression for 
the potential at any point due to this dielectric. Explain the different terms in this expression 
through a figure. 

Answer: We consider a block of dielectric with polarisation P (dipole moment per unit volume). 
We want to calculate the potential and field at an exterior point P. 
By the relation of potential for a dipole, 
1 P-a, l 
= () 
NE r 








dV 


for an elemental volume d^ at (x^, y^, z^) at the field point (x, y, z). 
1 Pa 3 
= |} I 
ATE, J r? ( ) 
where, r2 (x-x)i +y- yj € G- zXk E 
r 


From Eq. (ii), 
(iii) 
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By the vector identity for a scalar S and a vector V, 
V-(SV)=S(V-V)+V-VS 


Putting s=(4) V =P, we get 
v(5)-1v.5«»-v(t) — P.v(L-v.(£)-1&.5 
r r r r 
From Eq. (iii), we get 
= 1 ,. P Lok ’ p , 
r-xelv B = P): 


1 P.dS 1 1 E , P 
— Ane, J r Ane, J r nodus de 








(By divergence theorem) 

Both of the terms in the above equation have 
the form of potentials produced by the charge 
distribution; i.e., dv ^ P 


e asurface charge density, 0, =P: 7 » Fig.4 Block of dielectric with polarisation (P) 
e a volume charge density, p,- —V'(P) 
Thus, the potential at any point due to this dielectric is given as 
o,dS dt’ 
y-— jet Po 
4mé)|5 r Or 
v 

















Significance of Terms: 

Bound surface charge density o,: We consider a small 

volume inside the dielectric. 

Let, 

E—electric field due to combined effect of an 
external field and the field due to the dipoles, 
/—separation distance between positive and 
negative charges due to the influence of E, 
dS—elemental surface, 








Fig.5 Illustration of bound charge 


dt— elemental volume (=/ - d$), and densities 
dQ — amount of charge crossing the elemental 
surface dS 


dQ-NOI:d$  Qi-p NOl=P 
dQ =P. dS 
If dS 1s on the surface of the material, this charge accumulates there in a layer of thickness [n 


(which is small, of molecular dimensions) and the charge can be treated as a surface layer with 
density, 





6, - dQ/dS - P- ñ 
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Bound volume charge density p,: 
Total charge flowing out of the surface bounding volume 7, is the integral of this over the surface, 
i.e., 


Q=|P-dS 
S 


and net charge remaining within is —Q. 
If the density of this remaining charge is p,, then 


[pdt 2-Q--[P-dS$ 2 - (V P)ac 
v S v 





pr=-V-P 











i.e., the bound charge density is numerically equal to minus the divergence of the polarisation 
vector. 
15. Justify the statement ‘Most of the electrical machines are working on electromagnetic 
principles rather than the electrostatic principles’. 
Answer: We know that the electric force on a stationary charge Q kept in an electric field E, given by 
Coulomb’s law is 
F,- QE 
Since this force is in the same direction as the electric field, no torque is created. 
When a stationary loop is kept in a time-varying magnetic field an emf induced given as 
-irda 
£,-$E.dl =- jor 
C E 
This emf induced by the time-varying current (producing time-varying magnetic field) in 
a stationary loop is called transformer emf. This emf cannot produce any movement of the 
conductor. 
But, when a charge is moving in the presence of a static magnetic field B, the force on the charge 
is 
F =qvxB 
where q is the amount of charge, v is the velocity of movement. 
Since this force acts in a direction perpendicular to both v and B, it creates a torque on a 
closed loop. Thus, if a conducting loop is moving with a velocity v, then a field is produced and 


an emf (E,,) is induced in the loop, known as motional emf or flux-cutting emf, given as 


E, yxp 
q 
This emf can produce the rotation of the conductor. 
From the above discussion, we can conclude that most of the electrical machines are working on 
electromagnetic principles rather than the electrostatic principles. 


Some Typical Short Answer Type Questions with Answers 703 





16. Differentiate between magnetic scalar potential and magnetic vector potential. 


Answer: Differences between magnetic scalar potential and magnetic vector potential 





Magnetic Scalar Potential (V) 


Magnetic Vector Potential (A) 





1 


. It is defined as, 
H --VV, 


. It is expressed in Ampere. 
. Magnetic scalar potential is defined only in 


regions where the current is zero (J =0). 

. It satisfies Laplace’s equation in source-free 
regions. 

. It is not a single-valued function. 

. The concept of magnetic scalar potential is a 
useful tool in describing the magnetic field 
around a current source. 


1. It is defined as, 


B=VxA 


2. It is expressed in Weber per metre (Wb/m) 


or in Newton per Ampere (N/A) or in Volt- 
second per metre (V-s/m). 


. It is defined in regions with any finite value 


of current. 


. It satisfies Poisson’s equation in a region 


with a source. 


. It is always a single-valued function. 
. The concept of magnetic vector potential is 


extremely useful for studying radiation in 
transmission lines, wave guides, antennas, 
etc. 











17. ‘Ampere’s law is bound to fail for non-steady currents’. Justify the statement. How did 


Maxwell remove this defect in Ampere’s law? 


Answer: Inconsistency in Ampere’s law for time varying fields: 


According to Ampere’s circuital law in differential form, we have 
VxH=J (i) 
Taking divergence on both sides, 
V-(VxA)=V-J=0 


(Since, the divergence of curl of any vector is zero.) 
However, according to the continuity equation of current, we have 


Therefore, we see that Ampere’s law is not applicable for time-varying fields. In order to make it 
compatible for time varying fields, we modify the law. 


Modified Ampere’s Law for Time Varying Fields 
Maxwell removed this defect in Ampere’s law by introducing an additional term in Eq. (i), known 
as displacement current. 

TUN (i) 
where J} is to be determined and defined. 
Taking divergence on both sides of Eq. (11), 


V-(VxXA)=V-J+V-J,=0 
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; OD pa 
J,7 E (iii) 











This J q is known as displacement current density and J is the conduction current density 
(J=cE). 

Now, substituting Eq. (iii) into Eq. (ii), we get 

aD 


VX aot 





This is the modified Ampere s law. 
18. Can a magnetic field exist in a good conductor if it is static or time varying? Explain. 
Or 
Can a static magnetic field exist in a good conductor? Explain. 


Answer: Yes, magnetic field can exist in a good conductor whether the field is static or time-varying. 
The conductivity of a good conductor is high. When the conductor carries some current, it 
produces some flux which can exist inside the conductor. Due to this flux, a magnetic field exists 
at any point inside a good conductor. 

19. Starting from Maxwell’s equations, establish Coulomb’s law. 


Answer: We will consider a spherical surface of radius r, centre at a point charge Q. Applying Maxwell 
equation (Gauss’ law) in integral form, we have 


fE-dS = o 
s € 
By the assumption of spherical symmetry, the integrand is a constant and can be taken out of 


the integral as 


4nrla,E = g 
€ 


where a, is a unit vector pointing radially away from the charge. Again by spherical symmetry, 
E is also in radially outward direction, and so we get 
E = cO 
4n£r 


If another point charge q is placed on the surface, the force on that charge due to the charge Q is 
given as, 


e EU NES 
F = qE =—~a 
3 Aner? ^ 


This is essentially equivalent to Coulomb's law. 


20. Show that the equation continuity V - J+ 9p. — 0 is contained in Maxwell’s equation. 


ot 
Answer: By Maxwell’s equation (modified Ampere’s law), 
VxH=J+ ap 
ot 
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Taking divergence on both sides, 














v-(Vxi=v-(F+22)=0 
vius og 
ot 
2 9 a 
or, V-J+=~(V-D)=0 
ot 
; : 5. 9p 
By Maxwell’s equation, D= m 
Vi ooh =o 
ot 
; , p. 0B 79D > 
21. Starting from Maxwell’s equation V x E = -3 and Vx H=J+ 3r show that V. B=0 
and V. D- p. 
Answer: By Maxwell's equation 
j= OB 
VxE= 3r 


Taking divergence on both sides, we get 


= 9B 
v.x8-os-v. (38) 


OB )_ d po B- 
v.(38)-o — zV P709 = V.B-constant 


As isolated magnetic monopole does not exist, we have 








V.B-0 








Taking divergence on both sides, we get 


v-(Vxi=0=V-(7+22) 


ot 
v-(7+22)=0 => v.j--v (2) 
ot ot 
Again by continuity equation, we know 
vy 74220 
ot 
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22. Show that a uniform plane wave is a TEM wave. 


Answer: An electromagnetic wave which has no electric or magnetic field components in the direction 
of propagation (all components of E and H are perpendicular to the direction of propagation) is 
called a transverse electromagnetic (TEM) wave. 

A wave is said to be a plane wave, if 

1. The electric field E and magnetic field H lie ina plane perpendicular to the direction of 
wave propagation. 

2. The fields E and H are perpendicular to each other. 

3. E and Ë are uniform in the plane perpendicular to the direction of propagation (i.e. E and 


H vary only in the direction of propagation). 
Figure 6 shows the propagation of a uniform plane wave. 


Direction of propagation Ex H 








Fig. 6 Propagation of uniform plane wave 


This uniform plane wave has only a z-component of electric field and an x-component of magnetic 
field which are both functions of only y. 

Since a uniform plane wave has no electric or magnetic field components in the direction of 
propagation, it is always a TEM wave. 


direction of 
propagation, ay 





Xx 


Fig.7 Uniform plane wave 


23. Show that the plane electromagnetic waves in free space travel with the velocity c. 


Answer: The wave propagation in free space 1s obtained as follows. From three-dimensional wave 
equation, 
VAE,-y^E, and " V^H.Sy^H; 
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where y is known as the propagation constant, given as 
y =y jon(o + joe) — (a + jp) 
In free space, 0 = 0, € = £y, U= Up, so that 
Y-N -0° use, = jB 
The wave equation becomes, 
VE c= Es=-@ WEE, and V?H,- yY?H,- -o?)u€,H, 
Attenuation constant, a=0 
Phase constant, B= ox uses. = 2 


So, the velocity of wave propagation is given as 


w l 
B V Hoo 


This shows that the electromagnetic wave travels with speed of light in the free space. 
24. Prove that electric and magnetic fields in a uniform plane wave are perpendicular to each 
other. 





v c =3 x 105 m/s, speed of light 








Answer: We consider a uniform plane wave propagating in the z-direction. According to the definition 
of plane wave there will be no field component in the z-direction. 
Now, we consider the dot product of two fields, given as 


E-H=E,H,+E,H, {E,=0,H,=0} 


Also, by the definition of intrinsic impedance 


É-H-E,H,*E,H,- [BH Hs [BPH H,=0 


Dot product of two vectors is zero only when the two vectors are perpendicular to each other. 
This shows that the electric and magnetic fields in a uniform plane wave are perpendicular to 
each other. 
25. Show that the ratio of Poynting’s vector to energy density is < 3 x 10° m/s. 





Answer: Average power can be calculated using Poynting vector as 
= 1 * 
Pave = z Rel Es x Hgs] 
Now, for a perfect dielectric medium 


E =n == and if E = E cos (œt — Bx)ag; and H =H, cos (@t — Bx)a,, then 
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"EXC zx) m dr purae Vira. A org A 
ve = => (Eo| = (Ae X ay) = 5 |E a, => |E EUa, 
B, zx Ja, m=z Eo Tere eta 
where a, is the unit vector in the direction of wave propagation, normal to both E and H. 


Now, the electromagnetic energy density ‘u’ is given by the sum of the electric energy density 


[us = sé : D| and the magnetic energy density EE = 1B : A| : 


Seb e SMH? (^ D=eE B= pH) 








epe ppe 
u zE D*4B H 
where E=E,cos(wt—Bx)a, and H =H, cos (ot — Bx)á; 


s lE] cos? (ot — Bx) + i UH? cos? (ot — Bx) = Jlez? + H2 ]cos? (ot — Bx) (5.49) 


So, the time-averaged energy density in the wave is 


i24 1 1 
(Ug) = [s f 3le 5; + LH? | cos? (ot — Bx)dt = QU 5 + uH2] v (cos? wt) = 5 
0 
Ems "E IT 
- s © N= a 
E 2 E; _1 2 
Ve 





So, the average power is given as 


_ 1 gad EX. La 
Bave= 5 EI EP à, = 8 Eo ug ^7 Ua) ue 


Pave e (Ua), ac = v(U,)à, 


where v is the velocity of the wave in the medium. 
The above equation shows that the ratio of Poynting vector to energy density is always less 
than the velocity of light. 

















Pavey — C «3x108 m/s 
(Ua) Ie, 


26. Show that in a conductor, the energy is not shared equally between the electric and the 
magnetic fields. 
Or 
Show that for an electromagnetic wave propagating in a conducting medium, the density of 
magnetic energy is greater than that of electric energy. 


Some Typical Short Answer Type Questions with Answers 709 | 





Answer: From earlier answer, we get for a conductor, the time-averaged electric energy density given as 


27. 


1 
Ug — zE |EP 


and the time-averaged magnetic energy density given as 











2 
E. zal Eg. |_1o pp 
uy — UH “ts 7g P 
PEE e" 
uM Oo 


This shows that for an electromagnetic wave propagating in a conducting medium, the density of 
magnetic energy is greater than that of electric energy, or in other words, the energy is not shared 
equally between the electric and the magnetic fields. 
(a) Show that the magnetic field lags the electric field in time by a phase angle in an 
electromagnetic field propagating in a lousy dielectric medium. 
(b) Show that in a conductor, the electric and the magnetic fields are not in phase. 
Or 
Show that in a conductor, the magnetic field lags the electric field in time but leads the 
electric field in position. 
Or 
Show that the magnetic field lags the electric field in time by a phase angle in an 
electromagnetic field propagating in a conductor. Obtain an expression for the phase 
angle. 


Answer: We will consider the wave propagation along the y-direction, so that the electric field E has 


only z-component, E, and the magnetic field has only x-component, H,. Then the solution of 
wave equations gives 


E (y,t)= Ee "" cos(ot — By)a, and, H,(y,t)= Hge "" cos (at — By)a, 
Ey SCA lien : 
where Hy = PE n = intrinsic impedance of the medium 


For a lousy dielectric medium 
Here, we have the condition, l <<] 
WE 


Hence, the intrinsic impedance for the lousy dielectric is given as 


| je _|uf 1 -#| -2 ]- 
n= | £ o | Ve 1+ I 5 me INA 6, 


























/£ 
where In| = E 0,— Lun g | 











| 710 Electromagnetic Field Theory 





Hence, if the electric field is given as, E= Ege * cos (ot — By)a, and, then the magnetic field 
will be 


e N E, : n 
H = Hye cos (at — By)a,=—e-” cos (ot — By — 0,)a, 


In| 


This equation shows that the electric and magnetic fields in a lousy dielectric are not in phase; the 


magnetic field lags behind the electric field by some angle 6, = E tan! (=| . 


For a conductor 


; fo) MM ET. 2 TE 
In a conductor, o >> WE, i.e., pm >>, so that the intrinsic impedance is given as 








n=| jou _ [| jeu pra 


Thus, if the electric filed is given as E — Ege ?" cos (œt — B y)a, and, then the magnetic field 
will be 





E: " E, x: 
H = Hye cos (at — B y)a, =—Ke™ cos (ot — By — 45°)a, 
ou 
o 


Therefore, in a conductor the magnetic field lags behind the electric field by an angle of 45°. 
28. Show that if a transmission line is precisely half wavelength long, the input impedance is 
equal to the load impedance. 


Answer: If the length of a transmission line is exactly half wavelength | = A) , we have 
SITA 
Bl = ae x p = 
cos Bl/=cost=-l1 & sin B/=sina =0 
So, the input impedance is given as 
Z-R Zg cos BI * jRysin BI) | -Zg + JO -7 
1 O| Rocos BI + jZ, sin BI -R+ j0 R 








Z,-Z, 


l 


Thus, if the transmission line is precisely one-half wavelength long, the input impedance is equal 
to the load impedance, regardless of Z, and f. 


29. Show that for a lossless transmission line the impedance of a line repeats over every 4 
distance. 


Answer: The input impedance at any point on the transmission line is given by the ratio of voltage to 
current at that point. 
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Inserting the expressions for the phasor voltage and current [(V,(z)] and [/,(z)] from the 
original form of the transmission line equations gives 
Volz), Vae + Voge? 
Ig(z) °° Vine? — Vege"? 





Zin(Z) zs 


Inserting the expressions of voltage coefficients in terms of the load voltage and load current, 
we have 
+Z I 
v= : 0^R Je'- 2 (Zg + Zo)” 


— I 
Vo= (us on = > (Zr = Ze 





Z.G)-Z Vee? + Vege"? 5 et 2(Z, + Zo) + e Y 9?(Z, — Zo) 

bz) = 

i Vyvedteyxet e n qa aa tt (Fi Zo) 
Zgle t? Te10-2]4 Zp ler? — e71 (-2)] 


0 Zgle t? = g- 10-9] ES Zole”? d e 10-2] 








yl _ ony yl -yl 
Now, we know that sinh y/ = < & coshyl- EE 


Zy [e ? Te10-2]4 Zg[e' 0-2 ert) 
Zr [e 7-2 = eve-2)] +4 Zg[e'-? FE e 1072] 
Zp cosh[y(/ — z)]+ Zp sinh[y(/ — z)] 

~ 707, sinh[y(/ — z)] + Zp cosh[y(/ — z)] 

_ = £g t Z, tanh[y(/ — z)] 

(00 Zo + Zp tanh[y (1 — z)] 





Zin(Z) = Zo 








Thus, the input impedance at any point along a general transmission line is given as 





Zg + Zo tanh[y (/ — z)] 
Zo + Zp tanh[y (/ — z)] 





Zin(Z) = Zo 


For a lossless line, Z is purely real, i.e., Z; = Ro, y —j. The hyperbolic tangent function reduces to 
tanh[y (/ — z)] = tanh[jB(/ - z)]= j tan [BC — z)] 


So, the input impedance at any point along a lossless transmission line becomes 





_ » Zg* jRytan [BC — z)] 
Zin(Z) = Ro Rt X. tan [B (1 — z)] 














Two special cases are considered: 
1. Open-circuited lossless line 


Here, Zg ee and T, - 1. 
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Input impedance becomes 


.R 
Zp+ jRytan[f( — z)] big 7 cun TP] 


Lim Z, (z)- Li -L 
2m we) im | UTE 22 p 








R 
z tan [B (/ — z)] 





SUETON JR, cot [B(/ — z)] = Zoc (2) 


2. Short-circuited lossless line 
Here, Z,j 0 and L'; --1. 
Input impedance becomes 





. : Zpt jRytan [B (I — z)] JR, tan [B — z)] 
Lim Z,,(z) = L E = 2 
Z,30 n) Limf 0 Ry + jZp tan [B (I — z)] Ry 
= jR, tan[B(I — z)] = Zc (2) 
The variations of these impedances with the length of the line are shown in Fig. 8. 
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Fig.8 Input impedance of a lossless transmission line (a) when open and (b) when short 


Figure 8 reveals that the impedance of a lossless transmission line repeats over every A/2 
distance. 
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30. Show that a short-circuited lossless transmission line can offer reactances of any value by 
simply changing the length of the line. 


Answer: For lossless transmission line, R = 0 and G = 0. 
a=0 & B=aJ/LC 
y = AQ joLX(G + joC) =a + jB = jo LC 
B -odLC 
The input impedance is given as 


Zg cos Bl+ {Ry sin BI Zg + JR tan BI 
Z= Ry aus =R / 
R, cos DI * jZpsin BI Ro + jZp tan BI 
If the line is short-circuited at the receiving end, i.e., Zp = 0, then the input impedance becomes 


: sin BI ] 
Z,- Zs = jro (S5 )- jRy tan Bl 




















Zsc = JR tan BI 


This equation shows that a short-circuited lossless line can offer reactances of any value simply 
by changing the electrical length (BN of the line. 
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(a) like a capacitor when the receiving end is open-circuited, and 
(b) like an inductor when receiving end is short-circuited. 


31. Show that a lossless transmission line with length ( «« A) behaves 


Answer: For lossless transmission line, R = 0 and G = 0. 
a=0 and B=a@VLC 
y 24 (R+ joLY(G + joC) =a + jB = jed LC 


B-odLC 


The input impedance is given as 


Zg cos BI 4 jRysin DI Zg * jRytan Dl 
Z;- Ro = IN 








R, cos DI * jZpsin BI Rot jZp tan BI 


(a) If the line is open-circuited at the receiving end, i.e., Zp = oo, then the input impedance 
becomes 


_ _ 1 M 
Z= sco [gr a} jRo cot BI 
Zoc=— jR cot BI 
1 


Since | << E => fl ««1, cot Bl= cun and the input impedance becomes 
m a 


M 
npl Bl’ 





714 Electromagnetic Field Theory 








JRo „|L 1 J 
Zoc=-— jR cot pI = = x = 
This equation shows that the line behaves like a capacitor. 
(b) If the line is short-circuited at the receiving end, i.e., Zp = 0, then the input impedance 
becomes 


.„ { sin Bl ' 
Z= Zs If ( SEE) = jRy an Bl 











Zsc = jR, tan BI 








Since / << A = fl ««1 tan DI « Dl, and the input impedance becomes, 


Z;c = jRytan BL» jRBI - j| xov LC x1- joLl 
This equation shows that the line behaves like an inductor. 


32. Show that a lossless 4 length line terminated as open circuit, behaves like a capacitor. 


Answer: From earlier answer, we get the input impedance of a lossless line given as 


Z= Zpcos Bl+ jRosin BI \_ Zg + jR tan Bl 
i= Ry cos Bl+ jZ,z sin BI 9| Ry t+ jZ, tan BI 


In this case, the receiving end 1s kept opened. So, the receiving end current is zero. 





Vs. 
Ia- (Iss BI — j sin pi}=0 
Ro 
Hence, the input impedance is 


Vs || .,fcosBl\ , 
a is m js Sr) = JR, cot B1 








Zoc =- jR, cot BI 











If the length of a transmission line is / — 2 we have 


8 » 
eee c He 
p ga 
mon fJ 
cot BI = cot 4 1 
So, the input impedance is given as 
Zoc=-jRo 


This negative reactance shows that a lossless i length line terminated as open circuit, behaves 
like a capacitor. 
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33. Show that if a transmission line is precisely one-quarter wavelength long, the input 
impedance is inversely proportional to the load impedance. 


Answer: If the length of a transmission line is exactly one-quarter wavelength | = A) , we have 


È À n 
cmd 


cos B/ - cos 7. - 0 & sin BI - sin 5 =1 


So, the input impedance is given as 


z = p.{ ZRcos BL jRosin BI) p ( Zex 0 jRoxl E. 
| 0| R cos BI + jZ,p sin BI OL RyXO+ jZa X1) Zp 





EO 
eru 


Z.: = —— 
1 Zn 
Thus, if the transmission line is precisely one-quarter wavelength long, the input impedance is 
inversely proportional to the load impedance. 
If Zp = 0, i.e., the receiving end is short-circuited, the input impedance is infinity (Z; = ©); 
thus, a quarter-wave transmission line transforms a short-circuit into an open-circuit and vice 
versa. 


34. Show that an open-circuited transmission line with length less than 4 is capacitive. 


Answer: We know that the input impedance of a lossless line 1s given as 





Ze Zpcos BI + jRosin BI \ | Zg * jRytan Dl 
TUN R, cos Bl+ jZpsin Bl) *| Ry jZp tan Bl 


If the receiving end is open circuited, Zp = œ and the input impedance becomes 


cos DI 


zu ani) == fen Bl 


Zoc = at 





[Zoc- — jR cot pi 





If the length of a transmission line is / < 2 , we have 


we pm 


Hence, cot fi is finite positive. So, the input impedance is always a negative reactance. 


This negative reactance shows that an open-circuited lossless line with length less than 4 is 
capacitive. 
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35. Show that a short-circuited transmission line with length less than 4 is inductive. 


Answer: We know that the input impedance of a lossless line is given as 





Z- Zpcos Bl+ jRosin BI) | Zg + jR tan BI 
Ps Ry cos BI + jZ,sin BI 9| Ry t+ jZ, tan BI 


If the receiving end is short circuited, Zp = 0 and the input impedance becomes 


i sin DI J 
ze RE J= 1k tan Bl 


Zsc = jR tan BI 


If the length of a transmission line is / < 4 we have 





T l.giz2R yA_E 
Bl«y Iegr- 2n xA. n] 


Hence, tan fJ is finite positive. So, the input impedance is always a positive reactance. 


This positive reactance shows that a short-circuited lossless line with length less than 4 is 
inductive. 
36. Show that if the load in a transmission line is purely reactive, then the input impedance will 
also be purely reactive, regardless of the length of the line. 


Answer: When the load in a transmission line is purely reactive, i.e., Z; = jX;, the input impedance is 
given as 





Z- Z, cos BI + JR, sin Bl 
| “SUR, cos Bl + jZ; sin BI 
uH jX, cos DI + jR, sin Dl 

Ry R, cos Bl + j- jX, sin Bl 


_ p [ X, cos BI + Rosin Bl 
9| Ry cos BI — X, sin BI 








Thus, if the load 1s purely reactive, then the input impedance will also be purely reactive, 
regardless of the length of the line. 

37. In a waveguide, show that the wave impedance is real above a certain frequency and 
imaginary below that. What is the implication of the result? 


Answer: The intrinsic impedance of TE or TM wave in parallel plane waveguide 1s obtained as 


. JOU 
Y 





E, 
Nre =ru = H 
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Now, the propagation constant is given as 


p - o? ue 
d Hu 
The cut-off frequency of the waveguide is given as 
1 
f- SH s 


When the frequency is below the cut-off frequency (f< f): 
The propagation constant yis real, ie. y= œ, B=0. 
So, the intrinsic impedance is given as 


where no = 4 Mo/€q is the intrinsic impedance of free space. 


n 











Nre = "lr A - 








Since f < fo; V >1 and hence, the intrinsic impedance is imaginary. 


When the frequency is above the cut-off frequency (f> f): 
The propagation constant will be imaginary, i.e., y=j p, œ= 0. This is given as 


2 2 
(nr -o?ue =; ue Ba - à = à UE 
= jo ue 


So, the intrinsic impedance is given as 











saje 























ae 
just E,| jou jou "RES No 
TE — "ITM H, y f f fi 
jo ue [1-5 Je D 
f f J 


Since f> f; fe <1 and hence, the intrinsic impedance is real. 


f 


This shows that the wave impedance is real above a certain frequency and imaginary below that. 
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NOTE 
Similar types of equations can be derived in case of rectangular waveguide, where the propagation 
constant and cut-off frequency are given as 








2 2 
Propagation constant, y= | ge, + z ) a ue 
Cut-off f vo (mf (nf 
ut-off frequency, EOLA ate 
q Y, f, 2 (m) «(2 


The implications of an imaginary value of wave impedance (i.e., reactance) below the cut-off 
frequency implies that no power is absorbed by the waveguide and no wave propagation takes place. 

On the other hand, a real value of wave impedance (i.e., resistance) above the cut-off frequency 
implies that real power is absorbed by the waveguide and wave propagation takes place. 


38. Evaluate the ratio of the area of a circular waveguide to that of a rectangular one if both are 
to have the same cut-off frequency for dominant mode. 


Answer: Let r be radius of the circular waveguide and a be the larger dimension of the rectangular 
waveguide. 
From Tables 7.1 and 7.2, we understand that the dominant mode in circular waveguide is 
TE,, mode. For this mode, the cut-of frequency is given as 


_ Yo _ Yo 
Je 27 Pam 2zr 





y 
Yo 
rh, 


m= 5g, X 1.84 


For TE,, mode rectangular waveguide, the cut-off frequency is given as 


V, e "E V 
awa —_ "0 
Je 2 ( «(2 2a 


Since both will have the same cut-off frequency, we get 





Vo "m 
FP x1.84= Ja 


or T 20.586 


a 


The area of the circular waveguide is 4, = zr? 
For standard rectangular waveguide a: b —2 : 1, so that the area of the rectangular waveguide is 


2 


a 
4,=ax 7 2 . 
A. nr? 


A, a^/2 





2 
- z^] = 2z x (0.586)? = 2.155 


39. Show that the attenuation constant for 7M, wave in parallel plane waveguide is a minimum 


at a frequency which is 43 times the cut-off frequency. 
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Answer: For TM mode, the attenuation constant is given as 

















40. (a) Show that for a rectangular waveguide, the dominant mode exhibits a minimum 
attenuation due to conductor loss at a certain frequency. Find that frequency in terms 
of the cut-off frequency of the mode. 

(b) If a = 35, find the frequency for minimum attenuation. 
(c) For a square waveguide, show that attenuation @, is minimum for TE,, mode when 
f= 2.962 f. 


Answer: 
(a) Fora TE,, mode rectangular wave, the attenuation constant is given as 








Substituting the value of the surface resistance Res JH we have 
o 


2 2 
pe) ENE (o 
Vo af) No e e eK E 
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zu 
where K =+—2~ is constant. 
Nob 
For the attenuation constant to be minimum, 
dae _ 
df — p 
2b fe 
r4) 
d feji 0 
df 2 d 
1- r 





or 

















Ea ape, ago? 2b fÈ pos 

BE hi- A am hear zi 
y. qur sy ADU. X. ON 

2 f Dfa a que a 475 gm a iac Be 


2 4 
GE A (1S 4 dL o 
2 2 alf? aft 








or aft—-3(a+2b) f? f? + 2bf4 =0 


Solving this equation and taking only the positive root, we get 








po Sat 2b) f a+ 2b)? f3—8abf! 
i 2a 
_|3(a+2b) |[3(a+2b)\? 2b 
Z | 2a E | 2a | B 2|, 


1 
030425 , [[31a425l 25 |. 
je 2a -l 2a | 1 fe 


This is the frequency corresponding to the minimum attenuation due to conductor loss. 
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(b) If a — 3b, we have 
2 2 
_|3Gb+26) , |[3Gb420| 2b |, ,1|5, [25 2. 
f | 2x3b 4l 2x3b 35 jj a ty g 3 2209 


f -2205f, 


(c) For square waveguide, a — b, so that we get 


1 
2 2 
EN [3a +20] à £a [Ea eos; 
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